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Abstract

The effect of two different pair correlation functions, used to model multi-
ple scattering in a slab filled with randomly located spherical particles, is
investigated. Specifically, the Percus-Yevick approximation is employed and a
comparison with the simple hole correction is made. The kernel entries of the
hole correction have an analytic solution, which makes the numerical solution
of the integral equations possible. The kernel entries of Percus-Yevick approx-
imation are integrated numerically after a subtraction of the slowly converging
part in the integrand. Several numerical examples illustrate the effect of the
two pair correlation functions, and we also make a comparison with the pre-
dictions Bouguer-Beer law gives.

1 Introduction
Electromagnetic wave propagation in particulate media serves as an instrument to
infer the underlying properties and characteristics of the medium, such as shape, size,
and density of the particles, but also parameters as attenuation of the transmitted
field. The topic has a long tradition and many successful results have been reported
in the past. A review of the field can be found in the references [7,13,15,18,22,24].

Here, the approach employed to find the coherent (ensemble averaged) electro-
magnetic field in a slab is an extension of the integral equation method, which is
presented in detail in [15]. This approach applies to a general problem (any confine-
ment, particle shape, or excitation), but, for simplicity, we here restrict ourselves
to a plane wave impinging at normal incidence on a slab filled with spherical parti-
cles. To further develop the method, we study the effect of different pair correlation
functions — the hole correction (HC) and the Percus-Yevick (P-Y) approximation
— on transmission and reflection. This problem has been studied earlier [3, 4, 23],
and also compared to experimental data [27], but with the use of another method
— the homogenization method, which for higher frequencies is less accurate. The
Percus-Yevick approximation alters the particle distribution in the vicinity of a par-
ticle. The particles at the boundary of the slab also show a modified distribution
(they have only particles on one side), but how this modification should be modeled
is not well understood, and this contribution is not modeled in this paper.

The traditional method to find the coherent (ensemble averaged) field in a slab
or half space is by assigning a wavenumber to the medium found by fitting a trial
exponential function to a set of integral identities, see e.g., [24]. This is essentially
a homogenization method, and it is successful if the frequency is low, but at higher
frequencies or larger particle size, several wavenumbers play an equal role and no
single material parameter can be assigned to the slab [8–10]. When the homoge-
nization method applies, the material artificially looks like a homogeneous material,
and it can be characterized by a bulk permittivity ϵeff and permeability µeff . The
integral equation method employed in this paper avoids this identification with a
homogenized medium. A comparison of the present method and the traditional
homogenization has been reported earlier, see e.g., [12].



2

O

1

2

N

Op

rp

r′
p

r

Ap

ϵ, µ

k̂i

Figure 1: The geometry of the collection of N particles. The positions of the local
origins are rp, p = 1, . . . , N , and the radius of the minimum circumscribed sphere
of each individual particle is Ap. A plane wave impinges on the configuration from
the left in the direction k̂i.

This paper starts with a short overview of the deterministic multiple scattering
problem in Section 2. In Section 3, the solution of the coherent field is stated, and
the reflection and transmitted fields are stated in Section 4. The main numerical
results of this paper are presented in Section 5, which are also discussed in the
concluding Section 6. The paper ends by a series of appendices, where the notation
used in the paper is explained, and where some detailed calculations are presented.

2 Multiple scattering — deterministic problem
The geometry of the deterministic problem is depicted in Figure 1. There are N
different or equal particles located in a lossless, homogeneous background with per-
mittivity ϵ and permeability µ. The wavenumber of the background material is
denoted k. The local origin, Op, of particle p is positioned at rp, p = 1, 2, . . . , N ,
with respect to the common origin O.

The deterministic multiple scattering problem can be formulated and solved by
the employment of the integral representation of the electric field [17]. The other
important tool in the solution of the problem is the decomposition of the Green
dyadic for the electric field in free space in regular and radiating spherical vector
waves, vn(kr) and un(kr), respectively (see Appendix A for details and definitions
of the spherical vector waves). The details of the solution are presented in [15, 17],
and here we only give the final result. The most relevant incident electric field in
this paper is a plane wave of arbitrary strength and polarization E0.

Ei(r) = E0e
ikk̂i·r =

∑
n

anvn(kr)
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where the expansion coefficients, an, are given by [17]

an = 4πa∗
n(k̂i) ·E0 (2.1)

The (complex-valued) vector spherical harmonics, an(k̂i), are defined in (A.1), and
the summation over the multi-index n = {τ, σ,m, l} is over τ = 1, 2, σ = e, o,
m = 0, 1, 2, . . . , l, and l = 1, 2, 3 . . ., see also Appendix A and [17] for more details.

The scattered electric field has the form [15]

Es(r) =
N∑
p=1

∑
n

fp
nun(k(r − rp)), |r − rp| > Ap, p = 1, 2, . . . , N (2.2)

The coefficients fp
n depend on the positions, rp, and the properties of all the particles.

These coefficients satisfy the linear system of equations (p = 1, 2, . . . , N)

fp
n = eikk̂i·rp

∑
n′

T p
nn′an′ +

N∑
q=1
q ̸=p

∑
n′n′′

T p
nn′Pn′n′′(k(rq − rp))f

q
n′′ (2.3)

In this linear system the expansion coefficients of the incident field an, the transition
matrix T p

nn′ of particle p, and the translation matrix Pnn′(k(rq − rp)) are known.
The transition matrix of particle p is defined as the mapping from the expansion
coefficients of the exciting field in regular spherical vector waves to the expansion
coefficients of the radiating field in outgoing spherical vector waves [17]. The trans-
lation matrices of the spherical vector waves, Pnn′(kd), are found in Appendix B.
Finally, through (2.2), the scattered field is evaluated by the use of the solution fp

n

in (2.3).

3 Randomly distributed particles in a slab
We now confine the positions rp in (2.3) to a slab [0, d], see Figure 2, and we
also let rp be random variables. Moreover, we assume all particles identical and
that the plane wave impinges normally to the slab. This assumption of identical
particle simplifies the analysis, and the particles are characterized by a common
transition matrix Tnn′ , which does not depend on the position. In the final numerical
illustrations, we let the particles be spherical, homogeneous spheres of radius a.

The analysis follows closely [6,15,22,24,26], and we here only give the final result.
Assuming the Quasi Crystalline Approximation (QCA) [7], the conditional average
⟨fn⟩ (z) of (2.3), keeping one particle fixed, is [15]

⟨fn⟩ (z) = eikz
∑
n′

Tnn′an′ + k
∑
n′

∫ d−a

a

Knn′(z − z′) ⟨fn′⟩ (z′) dz′, z ∈ [a, d− a]

(3.1)
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Figure 2: The geometry of the slab. Notice the difference in thickness of the slab
[0, d], and the possible locations of the local origins [a, d− a].

where the kernel entries have the form

Knn′(z) =
n0

k3

∑
n′′λ

Tnn′′An′′n′λIλ(−z) (3.2)

The number density of the local origins is denoted n0. Note that the conditional
average is only a function of the depth variable, z, due to the translational in-
variance of the problem, and that the integration is carried out over the possible
locations of the local origins [a, d − a]. The set of integral equations is solved with
Nyström’s method and Gauss-Legendre quadrature points [14]. An′′n′λ are pure real
numbers (containing Wigner 3-j symbols), see Appendix B.1. The integrals Iλ(z)
are presented in the next section.

3.1 Kernel entries

The integrals of the kernel entries in (3.2) have the form [15]

Il(z) = k2
∫ ∞

0

g(r(rc, z))h
(1)
l (kr(rc, z))Pl(z/r(rc, z))rc drc (3.3)

where r(rc, z) =
√
r2c + z2, and g(r) is the pair correlation function [20]. To handle

the numerical integration, we divide the pair correlation function g(r) in two parts

g(r) = H(r − 2a)
(

1︸︷︷︸
HC

+ g(r)− 1︸ ︷︷ ︸
P−Y corr

)
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where the first term is the hole correction and the second is a correction term subject
to the analysis of Percus-Yevick [21].

The kernel entries of the hole correction have an analytic solution [16]. The
result is

IHC
l (z) = k2

∫ ∞

0

H(r(rc, z)− 2a)h
(1)
l (kr(rc, z))Pl(z/r(rc, z))rc drc

=



ile−ikz, z ≤ −2a

− 2kah
(1)
l+1(2ka)Pl(z/2a)

+

[l/2]∑
k=0

(−1)k(2l − 4k + 1)h
(1)
l−2k(2ka)Pl−2k(z/2a), z ∈ (−2a, 2a)

i−leikz, z ≥ 2a

This analytic result of the integrals IHC
l (z) is instrumental for the approach presented

in this paper. Due to very poor convergence of the infinite integrals, a numerical
solution of these integrals is extremely hard. The symbol [x] denotes the integer
part of x.

The correction term, containing the Percus-Yevick approximation, can most con-
veniently be done by numerical integration, provided the convergence rate of the
integral is improved. We have

ICorr
l (z) = k2

∫ ∞

0

H(r(rc, z)− 2a) (g (r(rc, z))− 1) h
(1)
l (kr(rc, z))Pl(z/r(rc, z))rc drc

(3.4)
where the pair correlation function is analyzed in detail in Appendix D. The result
is

g(r) = 1 +
9fR

2r

1 + f

(1− f)3
+

2R

rπ

∫ ∞

0

(
xF (x)

1− 24fF (x)
−G(x)︸ ︷︷ ︸

O(1/x3)

)
sin(rx/R) dx

where the explicit form of the functions F (x) and G(x) are given in (D.1) and (D.2)
in Appendix D. Here, the volume fraction is denoted f . Some examples of the pair
correlation function g(r) are depicted in Figure 3.

The relation between number density n0 and volume fraction f for spherical
particles with radius a in a slab of thickness d is

f = n0
4πa3

3

(
1− 2a

d

)
Note the factor (1− 2a/d), which is an effect of different volume references for the
number density and the volume fraction (n0 refers to the volume of possible local
origins, while f refers to the confining volume), see Appendix C. For small ratios
a/d, this difference in volume reference can be neglected, and the factor can be set
to 1.
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Figure 3: The hole correction (HC) and the Percus-Yevick approximation for vol-
ume fraction f = 0.1, f = 0.2, and f = 0.4.

4 Reflection and transmission
With the solution of the integral equations (3.1), we can now compute the coherent
(ensemble averaged) transmitted and reflected fields by the particulate slab. The
average scattered field of the slab, shown in Figure 2, is obtained by the use of (2.2)
and a representation of the radiating spherical vector waves in plane waves [15]. The
average transmitted and reflected fields are [15]

⟨Et(z)⟩ = E0e
ikz +

2πn0

k2
eikz

∑
n

an(ẑ)

∫ d−a

a

e−ikz′ ⟨fn⟩ (z′) dz′, z > d

and

⟨Er(z)⟩ =
2πn0

k2
e−ikz

∑
n

an(−ẑ)

∫ d−a

a

eikz
′ ⟨fn⟩ (z′) dz′, z < 0

respectively. The complex vector spherical harmonics an(±ẑ) are explicitly given
in (A.2) and (A.3) in Appendix A. Under the assumption of the QCA, these expres-
sions are the exact solution of the coherent transmitted and reflected fields. These
exact expressions can be the starting point to various approximation, such as ten-
uous approximation and low frequency approximations. These approximations are
found in [15].
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The transmissivity T and the reflectivity R of the slab are defined as

T =
|⟨Et(d)⟩|2

|E0|2
=

∣∣∣∣∣E0 +
2πn0

k2

∑
n

an(ẑ)

∫ d−a

a

e−ikz′ ⟨fn⟩ (z′) dz′
∣∣∣∣∣
2

/ |E0|2 (4.1)

and

R =
|⟨Er(d)⟩|2

|E0|2
=

∣∣∣∣∣2πn0

k2

∑
n

an(−ẑ)

∫ d−a

a

eikz
′ ⟨fn⟩ (z′) dz′

∣∣∣∣∣
2

/ |E0|2 (4.2)

respectively.

5 Numerical illustrations
We illustrate the results from above in a series of numerical computations. In all
illustrations in this paper, we let the particles be lossless dielectric spheres of radius
a, permeability ϵ = 1.332, and permeability µ = 1 (non-magnetic material). Three
different parameters remain to be varied: the effective electric size ka, the thickness
d/a, and the volume fraction f . The effects of varying these three parameters are
illustrated in the sections below.

In general, the computations with the Percus-Yevick approximation are much
more time-consuming than with the hole correction. This is due to the numerical
integration of the integral ICorr

l (z) in (3.4), which lengthens the computation time
considerably. However, all computations shown in this section are conveniently made
on a simple personal computer.1

5.1 Frequency variation

In Figures 4–5, we illustrate the transmissivity T and the reflectivity R as a function
of effective electric size ka for a slab thickness of d/a = 50. We show the result with
the hole correction (HC) and the Percus-Yevick approximation (P-Y).2

In addition to the HC and P-Y curves, we also show transmissivity predicted by
the Bouguer-Beer (B-B) law [2,13,19]

It,coh
I0

= e−n0σext(d−2a) (5.1)

where I0 is the intensity of the incident wave. Notice that no reflected field is
predicted by the Bouguer-Beer law. The thickness of the slab in the Bouguer-Beer
law is d − 2a, which is an effect of the reduction that has to be made in replacing
the particulate media with a homogeneous slab, see [12] for further details on this
reduction of slab thickness.

1AMD A8-7600 Radeon R7, 10 Compute Cores 4C+6G 3.10 GHz, 16 GB RAM.
2The transmission curve for the P-Y approximation is truncated below. The numerical precision

(15 digits) is not enough to calculate the exact value at the minimum. Note the strong cancellation
that takes place in (4.1) at the minimum.
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Figure 4: Transmissivity T as a function of ka for the hole correction (HC), the
Percus-Yevick (P-Y) approximation, and the Bouguer-Beer (B-B) law. Data of the
particles: ϵr = 1.332 and µr = 1. The thickness of the slab is d = 50a, and the
volume fraction f = 20%. The insert shows the extinction cross section for the
individual spherical particles.
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Figure 5: Reflectivity R as a function of ka for the hole correction (HC) and the
Percus-Yevick (P-Y) approximation. Data of the particles: ϵr = 1.332 and µr = 1.
The thickness of the slab is d = 50a, and the volume fraction f = 20%.
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Figure 6: A closeup at low frequencies of the transmissivity T and R + T as a
function of ka showing the ripple pattern at low frequencies. The solid lines show
the P-Y approximation and the B-B law. The dashed lines show the HC. The line
R+ T = 1 is also displayed for clarity. Data of the particles: ϵr = 1.332 and µr = 1.
The thickness of the slab is d = 50a, and the volume fraction f = 20%.

The difference between the HC and the P-Y approximation is larger at trans-
mission than in reflection. This is a general results in all our computations — the
pair correlation function affects the reflection field less than the transmission field.
The Bouguer-Beer law gives quite inaccurate results for the transmission, which is
not surprising, since it is a heuristic model that assumes a linear loss of energy, at
transmission, with respect to path length. The Bouguer-Beer law does not consider
reflection of coherent energy, which is the reason it is not part of the comparison of
the reflectivity results.

Notice the very low transmission values in Figure 4 at frequencies around ka =
6.6. This is due to the high scattering properties of the individual particles at these
frequencies, see the insert in Figure 4. At these frequencies almost all energy is con-
verted into the incoherent contribution, i.e., the wave scattered in other directions
at the expense of the energy in the coherent field.

There is another effect present in these computation, which is too small to be
visualized in the Figure 4, but clearly seen in reflection in Figure 5. This effect is
illustrated in detail in Figure 6. In the closeup, we notice a minute interference effect
(note the scale on the ordinate) between waves with energy transport in the positive
and negative directions. This ripple in the transmissivity T and the reflectivity
R vanishes at higher frequencies due to increasing attenuation of the internally
reflected waves, causing the interference effect to gradually disappear. The ripple
has a larger amplitude in reflection, since the interaction originates from a field



10

internally reflected once at the trailing edge. In transmissivity, the interaction is due
to a field internally reflected twice at the trailing and leading edges, respectively.
Notice that this ripple effect is a consequence of the interference that takes place due
to the slab geometry and the monodisperse suspension of spheres, and the effects
modify if the conditions change.

In Figure 6, we also show the transmissivity and reflectivity added together, i.e.,
R + T . Notice that there is no ripple in this sum, neither for the HC nor for the
P-Y approximation — the ripple effects in the reflectivity and the transmissivity
have opposite phase giving a monotonically decreasing curve. Another remarkable
effect shown in Figure 6 is that the sum R + T for HC extends above the line
1, which indicates that energy conservation is violated (remember all particles are
lossless). We conjecture that this energy violation indicates that the hole correction
distribution is not possible to realize for denser media (f = 20%). No such violation
of energy conservation is found for the Percus-Yevick approximation. Instead, for the
Percus-Yevick approximation, the difference between R+T and 1 gives an indication
of the total power contribution of the incoherent or diffuse wave. This fact restricts
the use of the hole correction to low volume fractions, and it should not be used
with dense media.

5.2 Volume fraction variation

We continue the presentation of numerical results with some transmissivity and
reflectivity graphs where the volume fraction f varies, and the frequency, ka, and
the thickness, d/a, are fixed.

In Figures 7–8, we illustrate the variation of the transmissivity T and the re-
flectivity R vs the volume fraction f at two frequencies, ka = 3, 5. As expected,
the difference between the curves for the two different pair correlation functions
vanishes at low volume fractions. This is a consequence of a vanishing difference
between the pair correlation functions of the Percus-Yevick approximation and the
hole correction. At higher volume fractions, the transmissivity with HC and P-Y
approximation starts to deviate. The P-Y approximation gives a higher attenua-
tion, which could be an effect of a higher probability for the particles to be closer
to each other compared to the HC. As a consequence, the medium looks denser or
the particles look artificially bigger.

The HC and the P-Y approximation distributions also agree well with the trans-
missivity predicted by the Bouguer-Beer law at low volume fractions. In denser
media, the difference between Bouguer-Beer law and the solution of the integral
equation becomes larger, and caution has to be taken if the Bouguer-Beer law is
used to evaluate the individual extinction cross section of the particles, see (5.1). At
the lower frequency, ka = 3, the Bouguer-Beer law predicts a smaller transmission
than the solution to the integral equation, but at the higher frequency, ka = 5, the
situation is the opposite (compare Figure 4, f = 20%, ka = 3 and ka = 5).

No ripple effect is present in these figures, since the frequency ka and the thick-
ness d/a are kept fixed, see Sections 5.1 and 5.3 for a discussion of this ripple effect.

The difference in the result between the two pair correlation functions is again
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largest for the transmitted field. There is hardly any difference in the result between
the two pair correlation function at reflection, and the difference in transmissivity
appears only for denser media.

5.3 Slab thickness variation

The effect of varying the thickness of the slab, kd = ka d/a, keeping the frequency,
ka, and volume fraction, f , fixed, is illustrated in Figures 9–10. The difference
between these figures and the results depicted in Figure 4–5 is that in the latter ones
the geometry, d/a, is fixed and the effective electric size varies, while in Figures 9–
10, the frequency, ka, is fixed and the thickness of the slab, kd, varies, all lengths
measured in relation to the wavelength of the incident wave.

At the lower frequency, ka = 1, the differences in transmissivity between the hole
correction, the Percus-Yevick approximation, and the Bouguer-Beer law are quite
large. Again, the ripple effect, due to interaction between forward and backward
propagating waves, is larger at reflection than at transmission, for the same reasons
as discussed in Section 5.1. The period of the ripple stays the same in these compu-
tations since the period is determined by the value of kd and not by the size of the
particles. Moreover, the ripple effect gets smaller at higher frequencies, ka, and with
increasing thickness, kd, due to larger attenuation of the internal waves at higher
frequencies.

6 Conclusions
In this paper, we compare the scattering properties of a particulate slab subject
to two different pair correlation functions — the hole correction and the Percus-
Yevick approximations. A comparison with the predicted transmission obtained by
the use of Bouguer-Beer law is also made. These comparisons are made possible
by the solution of a set of integral equations, which gives the exact value of the
ensemble averaged fields, provided the Quasi Crystalline Approximation holds. The
exact value of the coherent field is suitable for comparisons made in this paper, but
also for comparisons with e.g., Monte Carlo simulations, the effect of QCA, and the
effective wave number approximation.

The simplest distribution is that of the hole correction, which states that the
pair correlation function is unity everywhere in space except inside a ball of radius
2a. The Percus-Yevick approximation gives a higher probability for the particles to
gather close together. Transmission obtained by the Percus-Yevick approximation
distribution is in general lower than transmission obtained by the hole correction
distribution. With the hole correction distribution, the slab seems to have an ap-
parently lower volume density, which gives somewhat higher transmission. Another
interpretation or explanation is that particles do not form clusters with the hole
correction distribution, and therefore the particles have an apparently smaller size,
and thus higher transmission.

The Percus-Yevick approximation gives a more realistic distribution of the par-
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Figure 7: Transmissivity T as a function of the volume fraction f for the hole
correction (HC), the Percus-Yevick (P-Y) approximation, and the Bouguer-Beer
(B-B) law. Data of the particles: ϵr = 1.332 and µr = 1. The thickness of the slab
is d = 50a, and ka = 3 (left) and ka = 5 (right).
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Figure 8: Same as Figure 7, but shows reflectivity R as a function of the volume
fraction f for the hole correction (HC) and the Percus-Yevick (P-Y) approximation.
As in Figure 7, ka = 3 (left) and ka = 5 (right).
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Figure 9: Transmissivity T as a function of the thickness kd for the hole correction
(HC), the Percus-Yevick (P-Y) approximation, and the Bouguer-Beer (B-B) law.
Data of the particles: ϵr = 1.332 and µr = 1. The frequency is ka = 1 (left) and
ka = 5 (right) and the volume fraction f = 20%. Note the linear scale on the
ordinate on the left-hand figure.
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Figure 10: Same as Figure 9, but shows reflectivity R as a function of the thickness
kd for the hole correction (HC) and the Percus-Yevick (P-Y) approximation. The
frequency is ka = 1 (left) and ka = 5 (right). Note the linear scale on the ordinate
on the right-hand figure.
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ticles in the slab. This is corroborated by a study of the energy balance connected
to the lossless spherical particles in the slab. The hole correction distribution vio-
lates energy conservation at low frequencies and dense media. It is conjectured that
the reason for this is that the hole correction distribution generates an unrealizable
distribution of particles. No such conflicts seems to appear with the Percus-Yevick
approximation. As a consequence, hole correction distribution has a limited use in
dense media.

The transmissivity obtained by the Bouguer-Beer law is quite erroneous, due to
lack of near field interaction and edge interference effects. The Bouguer-Beer law
is often used for extinction cross section measurements, but our calculations show
that caution is recommended.
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Appendix A Functions and transformations

A.1 Vector spherical harmonics and spherical vector waves

The vector spherical harmonic are [17]
A1σml(r̂) =

1√
l(l + 1)

∇× (rYσml(r̂)) =
1√

l(l + 1)
∇Yσml(r̂)× r

A2σml(r̂) =
1√

l(l + 1)
r∇Yσml(r̂)

A3σml(r̂) = r̂Yσml(r̂)

or explicitly in the spherical unit vectors

A1σml(r̂) =
1√

l(l + 1)

(
θ̂

1

sin θ

∂

∂ϕ
Yσml(r̂)− ϕ̂

∂

∂θ
Yσml(r̂)

)
A2σml(r̂) =

1√
l(l + 1)

(
θ̂
∂

∂θ
Yσml(r̂) + ϕ̂

1

sin θ

∂

∂ϕ
Yσml(r̂)

)
A3σml(r̂) = r̂Yσml(r̂)

The spherical harmonics are defined as [17]

Yσml(θ, ϕ) =

√
εm
2π

√
2l + 1

2

(l −m)!

(l +m)!
Pm
l (cos θ)

{
cosmϕ
sinmϕ

}
where the indices σ,m, l take the following values:

σ =

{
e
o

}
, m = 0, 1, 2, . . . , l, l = 0, 1, . . .
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and where the Neumann factor is defined as

εm = 2− δm0, i.e.,

{
ε0 = 1

εm = 2, m > 0

The complex vector spherical harmonics, an(r̂), are3

an(r̂) = i−l+τ−1An(r̂), τ = 1, 2 (A.1)

In particular, 
a1σml(ẑ) = −δm1i

−l

√
2l + 1

8π
ẑ ×

{
x̂
ŷ

}
a2σml(ẑ) = δm1i

−l+1

√
2l + 1

8π

{
x̂
ŷ

} (A.2)

and 
a1σml(−ẑ) = −δm1i

l

√
2l + 1

8π
ẑ ×

{
x̂
ŷ

}
a2σml(−ẑ) = −δm1i

l+1

√
2l + 1

8π

{
x̂
ŷ

} (A.3)

The outgoing (or radiating) spherical vector waves uτn(kr) are
u1n(kr) = h

(1)
l (kr)A1n(r̂)

u2n(kr) =
(krh

(1)
l (kr))′

kr
A2n(r̂) +

√
l(l + 1)

h
(1)
l (kr)

kr
A3n(r̂)

and regular spherical vector waves vτn(kr) as
v1n(kr) = jl(kr)A1n(r̂)

v2n(kr) =
(krjl(kr))

′

kr
A2n(r̂) +

√
l(l + 1)

jl(kr)

kr
A3n(r̂)

where jl(kr) and h
(1)
l (kr) are the spherical Bessel and Hankel functions, respectively.

Appendix B Translation matrices
The translation properties of the vector spherical waves are instrumental for the
formulation and the solution of the scattering problem of many individual particles.
These translation properties are well know, and we refer to, e.g., [1] for details.

Let r′ = r + d, see Figure 11. Then

vn(kr
′) =

∑
n′

Rnn′(kd)vn′(kr), for all d

un(kr
′) =

∑
n′

Rnn′(kd)un′(kr), r > d

un(kr
′) =

∑
n′

Pnn′(kd)vn′(kr), r < d

(B.1)

3Note the change in definition of an(r̂) compared to [17] (complex conjugate).
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O′

O

y′

z′

x′

y

z

x

d

r′

r

Figure 11: The relation between the translated origins O and O′ and the position
vectors r and r′ at the different origins.

Translation in the opposite direction is identical to the transpose of the translation
matrices, i.e.,

Rt(kd) = R(−kd), Pt(kd) = P(−kd)

Denote the spherical coordinates of r, r′, and d by (r, θ, ϕ), (r′, θ′, ϕ′), and
(d, η, ψ), respectively. The translation matrices for a translation d (d ≤ 0) are [1]

P1σml,1σm′l′(kd) = (−1)m
′
Cml,m′l′(kd, η) cos(m−m′)ψ

+ (−1)σCml,−m′l′(kd, η) cos(m+m′)ψ

P1σml,1σ′m′l′(kd) = (−1)m
′+σ′

Cml,m′l′(kd, η) sin(m−m′)ψ

+ Cml,−m′l′(kd, η) sin(m+m′)ψ, σ ̸= σ′

P1σml,2σ′m′l′(kd) = (−1)m
′+σDml,m′l′(kd, η) cos(m−m′)ψ

−Dml,−m′l′(kd, η) cos(m+m′)ψ, σ ̸= σ′

P1σml,2σm′l′(kd) = (−1)m
′
Dml,m′l′(kd, η) sin(m−m′)ψ

+ (−1)σDml,−m′l′(kd, η) sin(m+m′)ψ

P2σml,τσ′m′l′(kd) = P1σml,τσ′m′l′(kd), τ = 1, 2
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where

Cml,m′l′(kd, η) =
(−1)m+m′

2

√
εmεm′

4

×
l+l′∑

λ=|l−l′|

il
′−l+λ(2λ+ 1)

√
(2l + 1)(2l′ + 1)(λ− (m−m′))!

l(l + 1)l′(l′ + 1)(λ+ (m−m′))!

×
(
l l′ λ
0 0 0

)(
l l′ λ
m −m′ m′ −m

)
[l(l + 1) + l′(l′ + 1)− λ(λ+ 1)]

× h
(1)
λ (kd)Pm−m′

λ (cos η)

Dml,m′l′(kd, η) =
(−1)m+m′

2

√
εmεm′

4

×
l+l′∑

λ=|l−l′|+1

il
′−l+λ+1(2λ+ 1)

√
(2l + 1)(2l′ + 1)(λ− (m−m′))!

l(l + 1)l′(l′ + 1)(λ+ (m−m′))!

×
(
l l′ λ− 1
0 0 0

)(
l l′ λ
m −m′ m′ −m

)√
λ2 − (l − l′)2

×
√
(l + l′ + 1)2 − λ2h

(1)
λ (kd)Pm−m′

λ (cos η)

where εm = 2− δm,0 is the Neumann factor, and where
(
· · ·
· · ·

)
denotes Wigner’s

3j symbol [5], and

(−1)σ =

{
1, σ = e
−1, σ = o

Note that the factors il′−l+λ in Cml,m′l′(d, η) and il
′−l+λ+1 in Dml,m′l′(d, η) are always

real numbers, due to the conditions on the Wigner’s 3j symbol.
The translation matrix Rnn′(kd) is identical to Pnn′(kd) but with h

(1)
λ (kd) re-

placed with jλ(kd).
We notice that the translation matrices have the form

Pnn′(kd) =
l+l′∑

λ=|l−l′|+|τ−τ ′|

h
(1)
λ (kd)

(
Ann′λ(ψ)P

m−m′

λ (cos η) +Bnn′λ(ψ)P
m+m′

λ (cos η)
)
(B.2)

B.1 Average w.r.t. the azimuthal angle

The integral of the translational matrix w.r.t. the azimuthal variable ψ is relevant.
Specifically, the quantity Ann′λ =

∫ 2π

0
Ann′λ(ψ) dψ +

∫ 2π

0
Bnn′λ(ψ) dψ is of inter-
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est [15].

Ann′λ =

∫ 2π

0

Ann′λ(ϕ) dϕ+

∫ 2π

0

Bnn′λ(ϕ) dϕ

= 2π(−1)mδmm′



1e 2o 1o 2e

1e C D 0 0

2o −D C 0 0

1o 0 0 C −D
2e 0 0 D C

, m = 1, 2, . . .

and

Ann′λ =

∫ 2π

0

Ann′λ(ϕ) dϕ+

∫ 2π

0

Bnn′λ(ϕ) dϕ

= 2πδmm′



1e 2o 1o 2e

1e C 0 0 0

2o 0 0 0 0

1o 0 0 0 0

2e 0 0 0 C

, m = 0

where

C = Cmll′λ =
εm
4
il
′−l+λ(2λ+ 1)

√
(2l + 1)(2l′ + 1)

l(l + 1)l′(l′ + 1)

×
(
l l′ λ
0 0 0

)(
l l′ λ
m −m 0

)
[l(l + 1) + l′(l′ + 1)− λ(λ+ 1)]

D = Dmll′λ =
εm
4
il
′−l+λ+1(2λ+ 1)

√
(2l + 1)(2l′ + 1)

l(l + 1)l′(l′ + 1)

×
(
l l′ λ− 1
0 0 0

)(
l l′ λ
m −m 0

)√
λ2 − (l − l′)2

√
(l + l′ + 1)2 − λ2

Appendix C Number density vs. volume fraction
There is a subtle difference between the number density n0 and the volume fraction
f for the slab geometry. To see this, let V = xyz be the volume of a box with sides
x, y, and z, and let the number of spheres with radius a inside this box be N . Each
sphere has the volume Vsphere = 4πa3/3. Then the volume density is

f =
NVsphere

V
=
NVsphere

xyz
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On the other hand, the number density counts the number of local origins, N , which
lies in a slightly smaller box with sides x − 2a, y − 2a, and z − 2a. The number
density n0 then is

n0 =
N

(x− 2a)(y − 2a)(z − 2a)
=

fxyz

Vsphere(x− 2a)(y − 2a)(z − 2a)

Let x→ ∞ and y → ∞, keeping the volume fraction f constant, leads to

n0 =
f

Vsphere(1− 2a/z)
=

3f

4πa3(1− 2a/z)

Appendix D Percus-Yevick approximation
The kernel integral Il(z) in (3.3) determines the kernel entries of the system of
integral equations (3.2). This integral is

Il(k; z, a) = k2
∫ ∞

0

g(
√
r2c + z2)h

(1)
l (k

√
r2c + z2)Pl(z/

√
r2c + z2)rc drc, z ∈ R

For the hole correction (HC) g(r) = H(r−2a), we have an efficient way of computing
this integral [16]. The integral with general pair correlation function g(r) is most
conveniently solved by adding and subtracting the HC. The remaining integral to
calculate then is

ICorr
l (k; z, a) = k2

∫ ∞

h(z)

(
g(
√
r2c + z2)− 1

)
h
(1)
l (k

√
r2c + z2)Pl(z/

√
r2c + z2)rc drc

where

h(z) =

{√
4a2 − z2, −2a ≤ z ≤ 2a

0, |z| > 2a

D.1 Hard spheres

For hard spheres in a particulate material without boundaries, the Percus-Yevick
(P-Y) approximation [21] can be evaluated exactly. We follow [25, 28] closely, and
start by defining the function

h(r) = g(r)− 1, r ∈ R3

This function satisfies the Ornstein-Zernike equation

h(r) = c(r) + n0

∫∫∫
R3

c(r′)h(r − r′) dv′, r ∈ R3

where c(r) is the direct correlation function. The integral defines the indirect cor-
relation function h(r). Ornstein-Zernike equation is of convolution type, and its
Fourier transform is

ĥ(ξ) = ĉ(ξ) + n0ĉ(ξ)ĥ(ξ), ξ ∈ R3
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with solution
ĥ(ξ) =

ĉ(ξ)

1− n0ĉ(ξ)
, ξ ∈ R3

The structure factor S(ξ) is defined as

S(ξ) = 1 + n0ĥ(ξ)

The direct correlation function c(r) is now determined. It is convenient to in-
troduce a new function y(r) as (R = 2a)

y(r) =

{
−c(r), r < R

g(r), r ≥ R

D.2 The Percus-Yevick approximation

In the P-Y approximation, we replace h(r)−c(r) with y(r)−1 everywhere in space.
We then have

c(r) =

{
−y(r), r < R

h(r) + 1− g(r) = 0, r ≥ R

and the Ornstein-Zernike equation becomes

y(r)− 1 = −n0

∫∫∫
r′<R

y(r′)(g(r − r′)− 1) dv′, r ∈ R3

or
y(r) = 1 + n0

∫∫∫
r′<R

|r−r′|<R

y(r′) dv′ − n0

∫∫∫
r′<R

|r−r′|≥R

y(r′)(y(r − r′)− 1) dv′

This has a closed form solution for c(r), r < R can be obtained [28]

c(r) = c(r) =

{
α + β(r/R) + δ(r/R)3, r < R

0, r ≥ R

where 
α = −(1 + 2f)2

(1− f)4

β = 6f
(1 + f/2)2

(1− f)4


δ = −f (1 + 2f)2

2(1− f)4

f =
n0πR

3

6

with Fourier transform

ĉ(ξ) = ĉ(ξ) =

∫∫∫
R3

c(r)e−iξ·r dv = 4π

∫ R

0

(
α + β(r/R) + δ(r/R)3

)
j0(ξr) r

2 dr

=
4πR3

ξR

∫ 1

0

(
αx+ βx2 + δx4

)
sin(ξRx) dx = 4πR3F (ξR)
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where we introduced the function F (x), defined as

F (x) = A(x) +B(x) sin(x) + C(x) cos(x) = O(1/x2), as x→ ∞ (D.1)

where 
A(x) =

24δ

x6
− 2β

x4

B(x) =
α + 2β + 4δ

x3
− 24δ

x5

C(x) = −α + β + δ

x2
+

2β + 12δ

x4
− 24δ

x6

Finally,

h(r) = h(r) =
1

8π3

∫∫∫
R3

ĉ(ξ)

1− n0ĉ(ξ)
eiξ·r dξ3 =

1

2π2r

∫ ∞

0

ĉ(ξ)

1− n0ĉ(ξ)
sin(ξr) ξ dξ

Reformulate the solution to

h(r) =
2R

πr

∫ ∞

0

xF (x)

1− 24fF (x)
sin(xr/R) dx

and g(r) = h(r) + 1.
The integral in the computation of the function h(r) is poorly converging at

infinity, and we need to extract the slowly converging tail. Make an asymptotic
analysis of the integrand as x→ ∞. We get

xF (x)

1− 24fF (x)
= G(x) +O(x−3)

where
G(x) = (α + 2β + 4δ)

sin(x)

x2
− (α + β + δ)

cos(x)

x
(D.2)

Use the integrals [11] ∫ ∞

0

cos(x) sin(ηx)

x
dx =

π

2
, η > 1

and ∫ ∞

0

sin(x) sin(ηx)

x2
dx =

π

2
, η > 1

to evaluate (η = r/R ∈ [1,∞))

h(r) = 9f
1 + f

2η(1− f)3
+

2

ηπ

∫ ∞

0

(
xF (x)

1− 24fF (x)
−G(x)

)
sin(ηx) dx
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