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A B S T R A C T

In the present work, we report the results of a systematic ab initio study of the thermo-elastic properties of
𝛿-MH1.5 (M=Zr, Ti). This investigation serves three purposes: (i) Elucidate the fully anisotropic temperature
dependent elastic constants of hydrides, (ii) address discrepancies in thermal expansion data reported in the
literature and (iii) provide input data for thermodynamic-based phase-transformation modelling. Due to a
reduced contribution from the vibrational free energy to the strain energy, in agreement with experimental
observations we find that the temperature dependent stiffness of hydrides vary to a much lesser degree than
the matrix. For 𝛿-ZrH1.5, we further find that Zener’s anisotropy ratio varies with temperature. Regarding the
linear thermal expansion, our results indicate that it is highly temperature dependent. With the exception of
a few outliers, our DFT data concurs well with experimental data, if the temperature range over which it was
measured is taken into account.
1. Introduction

The group IVB transition metals, zirconium (Zr) and titanium (Ti),
possess several beneficial properties, which make them attractive for a
multitude of applications, including nuclear fuel cladding [1] and light-
weight applications, such as airframes and components in aerospace
engines [2–4]. The Zr-H and Ti-H phase diagrams are similar: at low
temperature and pressure the ground-state structure corresponds to
hexagonal close-packed (HCP), which has a low solubility limit for
hydrogen above which they form hydrides [5,6]. The formation of such
hydrides, which are inherently brittle, can have a detrimental effect
on the integrity and longevity for components operating hydrogen-rich
environments. It can give rise to phenomena, such as delayed hydride
cracking in Zr alloys [7] or sustained load cracking in Ti alloys [8],
which yield reduced load-carrying capability and promote premature
failure. This becomes especially important in the proximity of local
stress concentrations, such as notches, dislocations or crack-tips, since
they may facilitate hydride formation [9,10].

There are two well-established hydride morphologies for both Ti
and Zr: at high hydrogen content the 𝜖-MH2 (M=Zr, Ti) forms, which is
a stoichiometric face-centred tetragonal phase, while at lower hydrogen
content the non-stoichiometric 𝛿-MH𝑥 phase is formed. The latter is a
face-centred cubic (FCC) phase with hydrogen in the range of concen-
tration corresponding to 1.4 ≲ 𝑥 ≲ 2 randomly occupying tetrahedral
interstitial sites [5,6,11,12]. Beside these phases there is a number of
controversial phases, whose stability is subject to debate. They include
𝛾-MH, whose formation is dependent on the cooling rate. There are,
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however, contradicting findings in experiments [13] and modelling
efforts [14] in the literature: experiments indicate that 𝛾 preferentially
forms during fast cooling [13], whereas predictions from ab initio-based
modelling suggest that it forms under slow cooling [14]. Moreover,
there is the 𝜉-M2H phase, which is fully coherent with the matrix and
is believed to be an intermediate transitional phase between 𝛼 and 𝛿 or
𝛾 [11,12,15].

To model the formation of secondary phases, different types of
thermodynamic-based modelling approaches have emerged. Notably,
variants of phase-field and continuum modelling have been extensively
used to investigate aspects such as hydride formation and reorienta-
tion under applied load [16–19], and formation and fracture in the
proximity of stress concentrators [20–24]. The predictability of such
modelling relies heavily on the accuracy of the free energy functional
and its ability to account for aspects such as e.g. chemical, interfacial
and elastic free energy. Since all hydride phases form with preferential
orientations relative to the matrix, see e.g. [13], anisotropic thermo-
elastic contributions to the free energy description are necessary to
capture thermally-induced variations in stiffness and lattice mismatch
between phases.

Experimental investigations have shown that Young’s modulus and
the hardness of 𝛼-Zr reduce faster with increasing temperature than
for hydrides [25,26], indicating that the divergence in mechanical
properties between the two is highly temperature dependent. There is
a lack of experimental data concerning the anisotropic elastic constants
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of hydride phases. Although they have been computed by several
investigators at 𝑇 = 0 K by means of ab initio ground-state density
functional theory (DFT) modelling, see e.g. [27–37], currently it is un-
known how they vary with temperature. To capture such behaviour by
means of DFT it is necessary to go beyond ground-state modelling and
include entropic contributions to the free energy through e.g. the quasi-
harmonic approximation (QHA), in which the vibrational free energy
emanating from phonon excitations are incorporated [38]. Owing to
the much increased computational effort required for such modelling,
only relatively few efforts have been directed towards computing tem-
perature dependent elastic constants. They have mostly been limited
to FCC [39–41], HCP [40,42,43], diamond [44] and body-centred
cubic crystals [45,46], while only few works have addressed more
complex ceramics [47,48]. But to the best of the author’s knowledge,
no efforts have been directed towards elucidating the thermal depen-
dence of the elastic constants of hydrides. This lack of data limits the
prospect of formulating temperature dependent free energy functionals
for phase-transformation modelling.

Moreover, to capture lattice mismatch and thermal strain evolution,
knowledge of the thermal expansion is necessary. Although there is
plenty of results from measurements available in the literature, there
is significant scatter among the reported data, which makes it highly
uncertain. In fact, the reported data for 𝛿-ZrH𝑥 lies in the range ∼
3 ⋅ 10−6 − 30 ⋅ 10−6 K−1 [49–54], which differ by approximately one
order of magnitude. Thus, a reliable account of the thermal expansion
is necessary for an accurate description of the thermally-induced strain
behaviour in hydrides.

To address these issues, we perform a systematic theoretical inves-
tigation of the thermo-elastic properties of 𝛿-ZrH𝑥 and 𝛿-TiH𝑥. To this
end, we rely on DFT modelling within the QHA to incorporate finite
temperature effects. Thus, the paper has two overarching objectives:
(i) Investigate the thermal expansion of free-standing hydrides and
(ii) establish the temperature dependent elastic constants to serve as
input to describe the elastic strain energy for phase transformation
modelling. Moreover, to gain insight into the roles of the governing
mechanisms contributing to the thermally-induced variations of the
elastic constants, we quantify the importance of different contributions
to the reduction in stiffness.

The rest of the paper is organized as follows: in the next section
we present the method, in which we detail the adopted hydride phase
representation and utilized modelling strategy. This is followed by a
presentation and discussion of the results. Finally, the key findings are
summarized and conclusions are stated.

2. Method

2.1. Phase representation

For the non-stoichiometric 𝛿-phase, the metallic ions are positioned
in an FCC lattice with hydrogen randomly occupying tetrahedral inter-
stitial sites. Thus, to account for the variation in hydrogen occupancy,
the phase should ideally be represented by a large supercell. But
because of the high computational cost associated with first-principles
phonon calculations, we limited the study to 𝑥 = 1.5 and adopted the
crystallographic representation previously utilized in the literature [27,
28,32,34,55–57], in which the phase is approximated as an ordered
FCC alloy with all but two out of the eight tetrahedral interstitial sites
being occupied by H. This enables the usage of a smaller supercell and
improved symmetry exploitation, which is numerically beneficial when
computing the phonon properties. Previous works [27,34] have shown
that, of the three possible configurations, a ⟨100⟩ hydrogen divacancy
leads to a crystal that is tetragonal, but very close to cubic under
equilibrium conditions, see Fig. 1. In fact, the 𝑐∕𝑎 ratio deviates by less
than 1% from unity for both 𝛿-ZrH1.5 [34,55] and 𝛿-TiH1.5 [32,35,57]
such that it for all practical purposes can be considered cubic, which is
why it was deemed representative for the 𝛿-phase and adopted herein.
2

Fig. 1. 𝛿-MH1.5 representation. The red particles represent metallic ions and the green
correspond to hydrogen.

In addition to the Zr and Ti hydrides, we also investigated the
thermal expansion and thermal dependence of the elastic constants
of 𝛼-Zr. This is motivated by the fact that there is an abundance
of experimental data available in the literature, which was used to
benchmark the modelling approach.

2.2. Thermo-elastic properties

To incorporate thermally induced effects on the mechanical prop-
erties by means of DFT modelling, we resorted to the QHA, in which
Helmholtz free energy, 𝐹 , is expressed as

𝐹 (𝑇 , 𝑉 ) = 𝐸0(𝑉 ) + 𝐹𝑣𝑖𝑏(𝑇 , 𝑉 ) + 𝐹𝑒𝑙(𝑇 , 𝑉 ) (1)

where 𝐸0 is the ground-state energy, 𝑉 = 𝑉 (𝑇 , 𝜖𝑖𝑗 ) is the temperature
and strain dependent volume, while 𝐹𝑣𝑖𝑏 and 𝐹𝑒𝑙 represent the vibra-
tional and electronic free energies [38], respectively. Since 𝐹𝑒𝑙 scales
with the electron density at the Fermi level [38], which is relatively
low for Zr and hydrides [34], we neglected it herein such that the only
contribution to the free energy comes from the vibrational free energy.
It can be derived from the phonon density of states, 𝑔(𝜔, 𝑉 ), through
the relation

𝐹𝑣𝑖𝑏(𝑇 , 𝑉 ) = 𝑘𝐵𝑇 ∫

∞

0
𝑔(𝜔, 𝑉 ) ln

[

2 sinh
(

ℏ𝜔
2𝑘𝐵𝑇

)]

𝑑𝜔 (2)

where the 𝑘𝐵 and ℏ represent the Boltzmann and Planck constants,
respectively [38]. To investigate the roles of different contributions
to the elastic constants we partitioned (1) into ground-state and vi-
brational contributions. Moreover, we separated the contributions of
metallic and hydrogen phonons on the temperature dependent elastic
properties through the following decomposition: 𝐹𝑣𝑖𝑏 = 𝐹𝑣𝑖𝑏,𝐻 + 𝐹𝑣𝑖𝑏,𝑀 ,
where the terms on the right-hand side were evaluated using projected
phonon densities of states of hydrogen and metallic atoms, respectively.
We also investigated the impact of zero-point energy (ZPE)

𝐹𝑍𝑃𝐸 (𝑉 ) = 1
2 ∫

∞

0
𝑔(𝜔, 𝑉 )ℏ𝜔𝑑𝜔 (3)

on the elastic constants. Since it does not contain any explicit temper-
ature dependence it mainly provided a shift in the elastic constants in
the zero temperature limit.

2.2.1. Thermal expansion
To delineate the thermal expansion, it is necessary to identify the

lattice parameters that minimize (1). Thus, for the HCP phase, we
mapped how the free energy varied with the 𝑎 and 𝑐 lattice parameters
to locate the minimum at for different temperatures. The thermal
expansion coefficients were then computed as 𝛼𝑎 = (1∕𝑎𝑅𝑇 )𝑑𝑎∕𝑑𝑇 and
𝛼𝑐 = (1∕𝑐𝑅𝑇 )𝑑𝑐∕𝑑𝑇 , where 𝑎𝑅𝑇 and 𝑐𝑅𝑇 are the hexagonal reference lat-
tice parameters at room temperature. Based on this data the averaged
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Table 1
Applied strain combinations employed for extracting the elastic con-
stants. The rightmost column represents the value of the square term
in the expansion of Eq. (6).

Strain combination 𝐴2

𝛿-MH1.5

𝜖11 = 𝜖22 = 𝜖33 = 𝜖 3𝐶11 + 6𝐶12
𝜖11 = 𝜖22 = −𝜖33 = 𝜖 3𝐶11 − 2𝐶12
𝜖12 = 𝜖23 = 𝜖13 = 𝜖 12𝐶44

𝛼-Zr

𝜖11 = 𝜖22 = 𝜖 2𝐶11 + 2𝐶12
𝜖11 = −𝜖22 = 𝜖 2𝐶11 − 2𝐶12
𝜖11 = 𝜖22 = −𝜖33 = 𝜖 2𝐶11 + 2𝐶12 + 𝐶33 − 4𝐶13
𝜖33 = 𝜖 𝐶33
𝜖13 = 𝜖 4𝐶44

linear thermal expansion was defined as 𝛼𝐿 = (2𝛼𝑎+𝛼𝑐 )∕3 such that the
volumetric expansion is 𝛼𝑉 = 3𝛼𝐿.

It was found that mapping the lattice parameters in the range 0.99 ≤
∕𝑎0, 𝑐∕𝑐0 ≤ 1.03 with 13 increments, where 𝑎0 and 𝑐0 are the ground-
tate lattice parameters, was sufficient to describe the temperature
ependence and thermal expansion of 𝛼-Zr accurately. Likewise, for the
-phase the lattice parameter was varied between 1.0 ≤ 𝑎∕𝑎0 ≤ 1.05 in

20 increments.

2.2.2. Elastic constants
The isothermal elastic constants, 𝐶𝑖𝑗𝑘𝑙, are defined as the second

derivative of the volume specific Helmholtz free energy with respect
to the applied strain, i.e.

𝐶𝑖𝑗𝑘𝑙 =
1
𝑉0

(

𝜕2𝐹
𝜕𝜖𝑖𝑗𝜕𝜖𝑘𝑙

)

𝜖𝑖𝑗=0

(4)

where 𝑉0 = 𝑉0(𝑇 ) represents the temperature dependent reference
olume and 𝜖𝑖𝑗 is the Green–Lagrange strain tensor. The strain tensor
s connected to the deformation gradient, 𝐹𝑖𝑗 , through the relation

𝑖𝑗 =
1
2
(𝐹𝑘𝑖𝐹𝑘𝑗 − 𝛿𝑖𝑗 ) (5)

where 𝛿𝑖𝑗 is the Kronecker delta and 𝐹𝑖𝑗 represents the linear mapping
between the reference state, 𝑋𝑖, and the deformed state, 𝑥𝑖, i.e. 𝑥𝑖 =
𝐹𝑖𝑗𝑋𝑗 [58].

In case of cubic symmetry, the number of independent elastic
constants is reduced from 21 to three: 𝐶1111, 𝐶1122 and 𝐶2323, or 𝐶11,
𝐶12 and 𝐶44 in Voigt notation [59], respectively. To extract them, we
computed the strain energy as function of the applied strain for three
linearly independent combinations of strain and calculated the second
derivative according to Eq. (4). To this end we used three independent
strain states, see Table 1. For the HCP phase there are five independent
elastic constants: 𝐶11, 𝐶12, 𝐶13, 𝐶33 and 𝐶44 [59]. We adopted the
combinations of strain from [40], as indicated in Table 1, to compute
them.

For each temperature, we evaluated the free energy by applying 13
equal strain increments in the range of −3% to 3% for each strain com-
bination. The free energy was then fitted to a fourth order polynomial

𝐹 (𝜖, 𝑇 , 𝑉0(𝑇 ))
𝑉0(𝑇 )

= 𝐴0 + 𝐴1𝜖 +
𝐴2
2
𝜖2 +

𝐴3
6
𝜖3 +

𝐴4
24

𝜖4 (6)

where the 𝐴2-term comprised linear combinations of the elastic con-
tants as indicated in Table 1.

To describe the elastic constants over a wide range of temperature,
semi-empirical expression, which has proven to be highly accurate at

he low temperature regime, was derived by Varshni [60]:

𝑖𝑗𝑘𝑙(𝑇 ) = 𝐶0
𝑖𝑗𝑘𝑙 −

𝑠𝑖𝑗𝑘𝑙
exp (𝑡𝑖𝑗𝑘𝑙∕𝑇 ) − 1

(7)

where 𝑠, 𝑡 and 𝐶0 are material specific constants with the same sym-
metries as the second order elastic tensor. The theoretical derivation
3

of Eq. (7) is based on an Einstein model of a solid [60], but its va-
lidity fails at elevated temperatures, where anharmonic effects become
increasingly importants [61]. Eq. (7) can be expanded as

𝐶𝑖𝑗𝑘𝑙 ≈ 𝐶0
𝑖𝑗𝑘𝑙 − 𝑠𝑖𝑗𝑘𝑙

(

𝑇
𝑡𝑖𝑗𝑘𝑙

− 1
2
+ 1

12
𝑡𝑖𝑗𝑘𝑙
𝑇

+⋯
)

(8)

from which it is seen that elastic temperature dependence assumes
a linear behaviour when 𝑇 ≫ 𝑡, in accordance with experimental
observations, see e.g. [25,60,62–64]. When 𝑠 is positive, a reduction
in the elastic constant is observed with increasing temperature, but
previous works have shown that 𝑠 can be negative, which promotes an
increase in the associated elastic constants with increasing temperature.
Notably, such behaviour has been observed for 𝑠12 and/or 𝑠13 of HCP
metals, e.g. 𝛼-Ti, 𝛼-Zr, 𝛼-Hf, 𝛼-Os, 𝛼-Zn and 𝛼-Cd [64–68].

2.3. Numerical details

For all DFT simulations in this work we have used the Vienna
ab initio simulation package (VASP) [69–72]. The interaction between
valence electrons and the core were described using standard pseudopo-
tentials from the VASP library, generated with the projector augmented-
wave (PAW) method [73,74]. For Zr and Ti, electron descriptions
corresponding to the 4𝑑25𝑠2 and 3𝑑24𝑠2 valence states were employed,
respectively, while only the 1𝑠1 electron was treated for H. We chose
the kinetic energy cutoff for the plane-wave basis set and 𝑘-point den-
sity such that the ground-state energy was well-converged. To achieve
this, we used a kinetic energy cutoff of 520 eV and a 𝑘-point grid for the
first Brillouin zone of the reciprocal hydride cell corresponding to a 𝛤 -
centred 12 × 12 × 12 grid generated by means of the Monkhorst–Pack
method [75]. Likewise, for the primitive cell of 𝛼-Zr, a 16 × 16 × 10
𝑘-point grid was utilized. For the calculations, we used smearing based
on the Methfessel-Paxton method with a width corresponding to 0.1
eV [76]. The adopted exchange–correlation functional was described
by the generalized gradient approximation using the parametrization
of Perdew, Burke and Ernzerhof (PBE) [77,78].

For the phonon calculations, we adopted the finite difference method
as implemented in the open source Phonopy software [79]. To this end
we used 2 × 2 × 2 and 4 × 4 × 2 supercells for the 𝛿- and 𝛼-Zr phases,
respectively. These supercell sizes were found to be sufficiently large to
produce well converged phonon density of states for the ground-state
structures, see the Appendix.

3. Results and discussion

3.1. Thermal expansion

3.1.1. Zirconium matrix
As model benchmark we compare the thermally-induced lattice

parameter variation and thermal expansion of 𝛼-Zr with measured
data [80,81]. In Fig. 2(a) and (b) it is seen that the lattice parameters
computed by means of DFT slightly overestimate the experimental
data by up to a percent. This observed overestimation is in line with
general observations for the PBE functional [82]. Evaluation of the
linear thermal expansion coefficients, see Fig. 2(c), reveals that the
average expansion coefficient matches experimental data well. No-
tably we observe an initially negative thermal expansion behaviour in
the 𝑐-direction, which was previously seen in DFT calculations for 𝛼-
Zr [40] and 𝛼-Ti [83]. These anisotropic tendencies, i.e. simultaneous
thermally-induced expansion and compression in different directions,
are believed to be associated with mode softening at the Brillouin zone
boundary that emerges in connection compression of the 𝑐-axis [83].
Such behaviour may trigger negative Grüneisen parameters that give
rise to a negative thermal expanding component in one of the lattice

directions.
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Fig. 2. Thermally-induced variation of the lattice parameters (a) 𝑎 and (b) 𝑐 for 𝛼-Zr,
along with (c) the associated thermal expansion. The experimental data in (a) and (b)
is taken from [80,81], respectively.

3.1.2. Hydrides
For 𝛿-ZrH1.5, we similarly find that the computed lattice parameters

overestimate those from experiments, see Fig. 3(a). In Fig. 3(b), we
have computed the thermal linear expansion coefficient of 𝛿-ZrH1.5
along with results from experimental measurements. The linear thermal
expansion coefficient is found to increase from zero up to 13.5 ⋅ 10−6

K−1 at 𝑇 = 1000 K. Comparison with the results in Fig. 2(c), this value
corresponds to roughly twice that of the matrix.

When comparing with available experimental data there are some
outliers. Most notably, the low value of 𝛼 = 2.98⋅10−6 K−1 from Kempter
et al. [49] and the high value quoted from Yamanaka et al. [52]
corresponding to 20 − 30 ⋅ 10−6 K−1 (not shown in Fig. 3). However,
as pointed out by Cinbiz et al. [54], it is not clear from [52] whether
it is the linear or volumetric thermal expansion that is considered. In
a follow-up paper [84], the authors referred to the same data as the
volumetric thermal expansion coefficient, which would imply that the
linear thermal expansion coefficient in fact lies in the range 6.6−10⋅10−6
4

Fig. 3. (a) Thermally-induced variation of the lattice parameter and (b) the thermal
expansion of ZrH1.5. The experimental lattice parameters are for the stoichiometry
ranges 1.60 < 𝑥 < 1.70. The experimental linear thermal expansion data for the hydrides
are given as averages over a range of temperature that is indicated by the horizontal
bars. The experimental data in the figure is from: (1) Moore et al. [51], (2) Cinbiz
et al. [54], (3) Kempter et al. [49], (4) Beck [50] and (5) Yamanaka et al. [84].

K−1 for the temperature range 300–600 K. This concurs fairly well with
our DFT data, see Fig. 3(b).

We note that there is a variation in the thermal expansion coefficient
values reported by Beck [50] and Cinbiz et al. [54], depending on the
thermal range over which 𝛼 was averaged. Some of these differences
were attributed to the presence of other hydride morphologies (mainly
𝛾-ZrH) than the 𝛿-phase, which impact the thermal expansion [50,54].
To dissolve the other hydrides, high temperature measurements were
required. Such measurements produced experimental values of ∼ 14 ⋅
10−6 K−1 at 𝑇 ∼ 800 K [50,54], which is slightly higher than our DFT
data of 12 ⋅ 10−6 K−1 at the same temperature. Overall, our results
and the experimental data line up quite well, if the temperature range
over which the thermal expansion coefficient was measured, i.e. the
horizontal bars in Fig. 3(b), is taken into account. This would suggest
that the impact of the 𝛾-hydride indeed is quite small. It also implies
that much of the reported discrepancy in the literature instead is related
to the fact that the thermal expansion coefficient is highly temperature
dependent, and that it is necessary to consider the relevant temperature
interval to extract the accurate data.

Unlike the aforementioned phases, the optimal lattice parameter
of 𝛿-TiH1.5 underestimates the available experimental data [85,86],
see Fig. 4(a). Despite typical underbinding tendencies associated with
PBE [82], such behaviour has been reported previously [32,35] when
performing DFT modelling of titanium hydrides. We also note that
the hydrogen content associated with the experimental data is higher
(1.75 < 𝑥 < 1.92) than we have considered herein (𝑥 = 1.5), which
is expected to produce a somewhat larger lattice parameter and could
explain the observed discrepancy.

Concerning the thermal expansion, which has been reported in the
literature to be independent of the hydrogen content [86], we find that
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Fig. 4. (a) Thermally-induced variation of the lattice parameter and (b) the thermal
expansion of TiH1.5. The experimental lattice parameters and thermal expansions are
for the stoichiometry range 1.75 < 𝑥 < 1.92 from: (1) Yakel Jr. [85] and (2) Setoyama
et al. [86].

Table 2
Parameters associated with fits to the Varshni relation, Eq. (7). The parameters 𝐶0 and
𝑠 are given in the unit of GPa and 𝑡 is given in K.

𝛼-Zr (DFT) 𝛼-Zr (Exp.) 𝛿-ZrH1.5 (DFT) 𝛿-TiH1.5 (DFT)

𝐶0
11 146 155 147 171

𝑠11 6.83 5.46 18.1 11.6
𝑡11 93.2 111 789 431

𝐶0
12 69.3 67.2 113 111

𝑠12 −4.08 −2.62 10.5 13.4
𝑡12 111 120 472 568

𝐶0
33 162 173 – –

𝑠33 5.94 4.29 – –
𝑡33 109 132 – –

𝐶0
13 70.1 64.6 – –

𝑠13 −12.9 −0.05 – –
𝑡13 2136 25.4 – –

𝐶0
44 26.6 36.3 52.4 55.7

𝑠44 2.42 0.554 11.7 16.5
𝑡44 129 37.4 1401 1659

the experimental data matches quite well with our computed DFT data,
see Fig. 4(b).

3.2. Temperature dependent elastic properties

3.2.1. Zirconium matrix
As benchmark we have computed the isothermal elastic constants

for 𝛼-Zr in Fig. 5(a). The resulting data reveal an overall good agree-
ment with measured data, with most observed experimental trends
captured by the modelling. Several of the elastic constants (𝐶11, 𝐶33 and
𝐶44) underestimate the experimental data by approximately 10 GPa in
the zero temperature limit, which is of the order of agreement that can
be expected for DFT modelling. The remaining elastic constants deviate
5

Fig. 5. (a) Thermo-elastic constants of 𝛼-Zr – the circular markers represent DFT data
and the solid lines correspond to fits to the Varshni-relation, while the square markers
are experimental data [64]. Variations from individual contributions to the total elastic
constants from (b) the ground-state energy and (c) vibrational free energy.

less from experimental data in the low temperature limit. The resulting
Varshni parameters are given in Table 2. We note that most computed
𝑠 and 𝑡 values differ a lot from experimental values. But by comparing
the 𝑠∕𝑡-ratios, it is seen that they agree well. Thus, based on the series
expansion (8), it can be concluded that the high temperature behaviour
is captured by the DFT data.

In line with previous experimental and DFT results for 𝛼-Zr and 𝛼-
Ti [40,43,64], we find that C12 increases with increasing temperature,
while C13 remains fairly constant. We note that these increasing trends
for isothermal elastic constants were not obtained for local density
approximated DFT calculations of 𝛼-Zr in [40], where both C12 and C13
were found to be more or less independent of the temperature. But by
transforming from isothermal to adiabatic elastic constants, such trends
could be seen.

Decomposition of the different contributions to the free energy
reveal their relative importance to the thermal dependence. In Fig. 5(b)
the impact of the ground-state energy contribution on the thermal
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Fig. 6. (a) Thermo-elastic constants of 𝛿-Zr1.5 – the circular markers represent DFT data and the solid lines correspond to fits to the Varshni-relation. Variations from individual
contributions to the total elastic constants from (b) the ground-state energy, vibrational free energy derived from (c) Zr and (d) H phonons and (e) zero point energy. (f) Temperature
dependence of the Zener ratio.
dependence on the elastic constants is given. The simplification of
neglecting the vibrational contribution to the total free energy (Eq. (1))
corresponds to so-called quasi-static approach outlined in [87], where
finite temperature effects are incorporated as part of the thermal ex-
pansion only. It is seen that the ground-state energy contribution to
the elastic constants give rise to reductions in the stiffness that are
relatively small. The most significant reduction is found for 𝐶11, and
it corresponds to only 8 GPa over a temperature range of 800 K. The
impact of vibrational free energy on the elastic constants is much
more significant, see Fig. 5(c). It can contribute to elastic constants
either increasing or decreasing by as much as 50 GPa over an 800 K
temperature range, which is much more than predicted by the quasi-
static approach. Thus, the vibrational free energy is critical to describe
the elastic constants of 𝛼-Zr.

3.2.2. Hydrides
In Figs. 6 and 7 the elastic constants for 𝛿-ZrH1.5 and 𝛿-TiH1.5 are

presented, respectively, along with the associated Varshni parameters
6

in Table 2. Generally, they are found not to vary as much with temper-
ature as the matrix, since none of them reduce by more than 25 GPa
over the temperature range 0 ≤ 𝑇 ≤ 1000 K. These tendencies concur
with the observations from nanoindentation experiments of Zr [25,26],
where the 𝑠∕𝑡-ratio for Young’s modulus of the matrix was found to be
approximately three times higher than for the hydride.

Unlike the matrix, the majority of the thermally-induced reduction
of the elastic constants can be attributed to strain-induced variations in
the ground-state energy, see Figs. 6(b) and 7(b). Inspection of contribu-
tions of the projected phonon densities of state on the elastic constants
reveals that generally the metallic ions have a larger impact of the
thermal dependence than the hydrogen atoms, see Figs. 6(c–d) and 7(c–
d). It is, however, noted that their combined impact sums up to less
than 10 GPa over the range of 1000 K. For 𝐶11 this contribution to the
free energy is responsible for less than 25% of the thermally-induced
reduction, while for 𝐶12 it constitutes up to 50%.

Because any temperature dependent effects on the ZPE, only occur
indirectly via the induced volume expansion, it does not contribute
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Fig. 7. (a) Thermo-elastic constants of 𝛿-Ti1.5 – the circular markers represent DFT data and the solid lines correspond to fits to the Varshni-relation. Variations from individual
contributions to the total elastic constants from (b) the ground-state energy, vibrational free energy derived from (c) Zr and (d) H phonons and (e) zero point energy. (f) Temperature
dependence of the Zener ratio.
to elastic constants varying with temperature, see Figs. 6(e) and 7(e).
Instead, it gives rise to a static shift, which for the hydrides considered
herein is up to 6 GPa. Thus, although it seems to lack predictability
to compute the elastic constants for 𝛼-Zr, in light of the relatively low
impact of the vibrational free energy on the elastic constants of hy-
drides, these findings suggest that the proposed DFT-based quasi-static
approach of Wang et al. [87], may yield satisfactory results.

As a final result, we present the Zener anisotropy ratio

𝐴 =
2𝐶44

𝐶11 − 𝐶12
(9)

for the hydrides and how it varies with temperature, see Figs. 6(f) and
7(f). For the titanium hydride, it is seen that 𝐴 remains fairly constant
at ∼ 1.9 over the considered temperature range. The anisotropy ratio
is higher for 𝛿-ZrH1.5, corresponding to ∼ 3 at low temperature,
while reducing to ∼ 2.6 at elevated temperatures. Thus, a thermally-
induced change in the Zener ratio occurs, which suggests that the
elastic anisotropy has a temperature dependence.
7

4. Summary and conclusions

In the present work, we have studied the thermal expansion and
temperature dependent elastic constants of 𝛿-ZrH1.5 and 𝛿-TiH1.5 by
means of DFT modelling conducted within the QHA. This aims to clarify
the elastic anisotropy of hydrides and provide input data for phase
transformation modelling of hydride precipitation.

The computed thermal expansion varies from 0 up to about 13.5 ⋅
10−6 and 15 ⋅ 10−6 K−1 for 𝛿-ZrH1.5 and 𝛿-TiH1.5, respectively, over the
temperature range spanning from 0 to 1000 K. With the exception of
some outliers reported in the literature, these results concur well with
available experimental data. Compared with the computed data for 𝛼-
Zr, we find that the linear thermal expansion for hydrides is roughly
twice that of the matrix at elevated temperature.

Finally, we investigate the temperature dependent elastic proper-
ties. In agreement with tendencies observed experimentally for Young’s
modulus, we find that any temperature-induced variations in the elastic



Computational Materials Science 218 (2023) 111953P.A.T. Olsson
Fig. A.1. Computed phonon DOS for (a) 𝛼-Zr, (b) 𝛿-ZrH1.5 and (c) 𝛿-TiH1.5 for different
supercell sizes. We note that the 4 × 4 × 2 (red) and 4 × 4 × 3 (blue) curves overlap.
The experimental data in (a) is taken from [88].

constants are much more significant for the matrix than for the hy-
drides. For the hydrides, the most dominant contributor to the observed
increased compliance emanates from volume-induced variations in the
ground-state energy, while the impact of the vibrational free energy
impacts the elastic constants to a lesser degree. In contrast, for 𝛼-Zr we
find that the opposite tendencies are observed. For the 𝛿-ZrH1.5 phase,
we find that the Zener ratio varies with temperature, which suggests
that the elastic anisotropy is temperature dependent. Such tendencies
were not found for 𝛿-TiH1.5.
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Appendix. Phonon densities of states

In Fig. A.1 we have compiled the results from the phonon density
of states (DOS) convergence study for the 𝛼-Zr, 𝛿-ZrH1.5 and 𝛿-TiH1.5
phases. For the former, it is seen that a converged DOS profile can be
obtained for a supercell comprising a 4 × 4 × 2 grid. Although, we note
that experimental frequencies lie in a somewhat higher energy band
than the DFT data, the majority of the characteristics are captured by
the computed phonons. Hence, we adopted a 4 × 4 × 2 supercell for
the 𝛼-Zr phonon calculations.

For the hydrides it is found that a 2 × 2 × 2 unit cell grid provides
converged results compared to the phonon DOS of 3 × 3 × 3 supercells.
Thus, we used 2 × 2 × 2 supercells to compute the phonon DOS of the
hydrides.
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