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Till in that twilight of the gods
When earth and sun are frozen clods,
When, all its energy degraded,
Matter in æther shall have faded,
We, that is, all the work we’ve done,
As waves in æther, shall for ever run
In swift-expanding spheres, through heavens

beyond the sun.

— James Clerk Maxwell, A Paradoxical Ode
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Abstract

Many engineers and scientists prevalently use computational tools in electromag-
netics, which is also the predominant case for antennas. The ever-increasing
number of applications and technologies that employ antennas create a constant
demand to improve and extend existing tools and develop new ones. This disser-
tation investigates computational tools for antenna analysis and design. Antenna
current optimization is used to determine the theoretical performance bounds on
antennas above a ground plane. The results add insight to the performance of
patch antennas and can thereby benefit antenna designers. Moreover, the limits
are used to design antennas in method of moments (MoM) and genetic algo-
rithm (GA) solvers. The matrices used to compute characteristic modes, that is
a generalized eigenvalue problem, are analyzed. Numerical issues of the calcula-
tion are circumvented, and the computational complexity is decreased with the
use of spherical vector waves. A macro basis function (MBF) and adaptive cross
approximation (ACA) algorithm framework is employed to simulate vast endfire
arrays. Convex optimization is used to synthesize endfire patterns with improved
matching performance. Furthermore, the performance of two techniques that are
used in the MBF method to model interconnected arrays is investigated in the
endfire mode.
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Popular Science

Electromagnetic waves and, scores of electronic devices that use them are an
inherent part of our daily life. Electromagnetic waves not only allow us to com-
municate over long distances but also to predict the weather, to perform geo-
graphical and geological surveys through satellite imaging, to visualize human
anatomy, investigate subatomic structures; and detect objects beyond our field
of perception. Most pleasant and unnoticed uses are embedded within our mul-
timedia devices. Theoretical developments and experiments of the 19th century
by great scientists and engineers gave us this new power that is in the realm of
“magic” in the eyes of earlier generations. The impact of mobile phones in our
daily lives is a significant example of this change.

The ever-increasing number of wireless devices and mobile applications are
expected to grow at exponential rates in the future. According to experts, the
Internet of Things (IoT), which is a combination of objects connected to the
internet, will be 30 billion devices by 2020. These objects will require multiple
wireless communication technologies Wi-Fi, Bluetooth, 4G and the upcoming
5G. Naturally, all of these communication technologies need radiating elements,
antennas, to convert electrical signals into electromagnetic waves and vice versa.

Designing antennas for portable systems is a challenge for engineers as an-
tennas, unlike electronic circuits, cannot be scaled down in size due to the laws
of physics. Usually, antennas are required to perform at their bounds with an
ever increasing restriction of space and demand for maximum performance from
mobile wireless systems. Pushing the limits of current paradigms bring with it
the need for new analysis and design tools.

Antenna engineers rely on simulations to analyze their designs before prototy-
ping, to reduce the costs and speed up the product development cycle. While
there are excellent commercial electromagnetic tools that aid designers, there is
a constant need to improve the efficiency of simulation and modeling software as
simulation times increase with the complexity and size of the device under inves-
tigation. For instance, computation time can last even on powerful computing
platforms from weeks to months depending on the complexity and scale of the
problem. Therefore any reduction in simulation time is vital.

In this thesis, computational tools are investigated to augment the area of
antenna analysis and design procedures. One of the primary techniques is the
computation of physical limitations for antennas, which answers the question
“how close is the performance of the antenna under design to the theoretical
optimum.” Another technique the characteristic mode (CM) analysis that is
used to investigate the natural modes of antennas, is extended to improve both
its accuracy and efficiency. Lastly, macro basis functions (MBF) and the adaptive
cross approximation (ACA) algorithm is used in the design and analysis of large
antenna arrays. Commonly simulations of these massive structures are done on
powerful workstations. With this framework, it is possible to simulate the same
structure in less time and with the same accuracy on a personal computer.
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Preface

This doctoral dissertation summarizes the research which I have carried out at
the Department of Electrical and Information Technology, Lund University, Swe-
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theoretical background and antenna definitions; then focuses on the computati-
onal tools. The second part presents the research contribution published in the
scientific papers listed below.
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1 Introduction 3

1 Introduction

Computational electromagnetics (CEM) has become a dominant tool in antenna
simulations as the result of rapid increase of computational power [21,147]. Nu-
merous computational methods are applied to antenna analysis and design, de-
pending on the nature and complexity of the problem at hand. In some cases,
high-frequency asymptotic methods and approximations are applicable while in
others full-wave simulations are required [21,49]. Method of moments (MoM) is
one of the techniques established as standard for full-wave simulations [21,49,147].
One of the main aims of this research is to investigate the use of CEM in an-
tenna analysis and design. As part of this work, an in-house computational tool
that implements MoM and the advanced methods presented in thesis has been
developed.

1.1 Objectives and Scope

Antenna design for small platforms, such as mobile phones, is a complex pro-
cess [130, 146, 153]. Usually, antennas are designed from known templates that
are well tested and that can be modified or extended to meet the specifications of
new designs. Antennas that are developed by editing a template usually perform
satisfactorily. If these templates cannot be used to meet the specifications, a new
type of antenna has to be designed. Then the antenna design cycle turns into
a trial and error based process, increasing the development time and the cost of
the final product. During this iterative process, knowledge of the fundamental
bounds can benefit the antenna designer as it provides vital information on how
far the performance of the current design is from the optimal one [63,66,70].

Today it is possible to compute fundamental bounds for a wide variety of
antennas with the aid of new theory and computational tools [18, 58, 63, 65, 66,
70, 86, 92, 140]. But, there are still specific structures that have not yet been
investigated in detail with respect to the bounds. One antenna type, essential in
terminal devices, is antennas above a ground plane. This topic was previously
investigated [19, 65, 133], but the canonical case of an infinite ground plane has
not been studied in detail. The first article, Paper I, of the dissertation examines
the fundamental bounds of this canonical geometry using stored energies [140]
and convex optimization [14].

Another problem is the design and optimization of embedded antennas [130,
146]. In mobile terminal devices, the antenna is not an isolated element but a part
of the whole structure; the chassis, screen, battery, etc. are major factors that
complicates the entire design process. Consequently, the antenna element has to
be investigated as part of the whole structure and not as an ideal isolated entity.
The second article, Paper II, of the thesis examines the design and optimization
of such embedded antenna elements using a simulation framework combining
the method of moments (MoM) [21, 49, 147], genetic algorithm (GA) [82, 89]
and convex optimization. Additionally, the effect of antenna placement on the
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wireless terminals chassis is also investigated.
Recent advances in characteristic mode (CM) decomposition for antenna ana-

lysis and synthesis has promoted CM as an important computational tool [12,15,
16,20,79,80,101,111]. CMs can be used to find the natural modes of structures,
that provide valuable information about the electromagnetic behavior. Moreover,
CMs can be modified to obtain different resonances or they can be combined to
obtain other characteristics [15]. Although, much is known about the theory of
CMs there are numerical challenges [17,79] in computing high order modes that
are useful to investigate larger structures and antenna arrays. Paper III presents
a new technique that calculates the CMs with higher accuracy and efficiency than
the conventional method, this extends the CM computation to high order modes.

Phased arrays are arrangements of antennas used in radar applications [7].
A phased array consists of many individual antenna elements. The design of
endfire phased arrays [76,96] are similarly complicated as mobile terminal anten-
nas, but they introduce unique challenges. With respect to their electrical size
while mobile terminals are small, phased arrays are large structures. Moreover,
individual antenna elements in the phased array have near-field coupling effects.
In endfire operation, the problems of phased arrays are exacerbated due to the
strong coupling between elements and the mismatch of antenna ports. These
issues restrict the applicability of numerical methods. Computational clusters
are used in simulations when the number of elements in the phased array in-
crease and the array structure expands in size. Paper IV investigates the use of
macro basis function (MBF) [34,104–106,108,123] and adaptive cross approxima-
tion (ACA) [9,83,106,158] numerical methods to simulate and synthesize endfire
phased arrays efficiently.

Although the investigation of phased arrays with disconnected domains using
the MBF and ACA framework is a straightforward process, its application to a
phased array with interconnected sub-domains is more involved [34]. The com-
plication arises with the modeling of the current continuity across interconnected
sub-domains [106,108]. Two techniques that have been used to model the current
continuity with the MBF method in [106,108] are investigated in the extreme case
of endfire operation in Paper V. As the endfire operation mode results in strong
near-field coupling between the sub-domains, it can have a significant impact on
the accuracy of the method.

1.2 Dissertation Structure

Section 2, of the Research Overview introduces the use of integral equation techni-
ques in computational electromagnetics. Different tools such as image theory,
spherical vector waves, and electric field integral equation (EFIE) are surveyed.
The MoM and its use in solving the EFIE conclude the section. Section 3, fo-
cuses on antennas, introducing the Q-factor, stored energies, and fundamental
bounds. Different computational tools utilized in the included papers antenna
current optimization, characteristic modes, and the macro basis functions are
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briefly described in Section 4. Section 5 presents the summary of the results
for each paper included in this thesis. Section 6 summarizes how the research
outcome and findings match with the thesis goals. The dissertation concludes
with future work in Section 7.

2 Integral Equations in Electromagnetics

Integral equations have been used in computational electromagnetics from quite
early on. Maxwell himself was the first to use it to compute the capacitance of a
square [109,152]. Harrington introduced the method of moments (MoM) to solve
integrals equations numerically in his work [78]. Since the 80’s the works [50,124]
and the release of commercial software tools gave a significant boost to integral
solvers used in antenna analysis and design. Currently, there is an abundance of
integral equation solvers both commercial and in-house software developed by re-
search establishments [141]. This section presents the mathematical background
and tools for integral equations in the CEM field.

2.1 Definitions

This thesis, focuses on time-harmonic electromagnetic fields that are oscillating
with an angular frequency, ω [21,99]. The ejωt time convention is used for time-
harmonic quantities. Therefore the real-valued time-domain electric field E(r, t)
is generated by

E(r, t) = Re
{
E(r, ω)ejωt

}
, (2.1)

where E(r, ω) is the time-harmonic electric field. The ω term of time-harmonic
fields is omitted to simplify the notation throughout the text. The wavenumber
k is defined in terms of the angular frequency ω, permittivity ε, and permeability
µ, as k = ω

√
εµ.

2.2 Green Function and Dyadic

George Green was a self-taught mathematician and a miller who wrote a semi-
nal work on electromagnetism in 1828 titled, “An essay on the application of
mathematical analysis to the theories of electricity and magnetism” [56] in which
he describes the mathematical tool we call the Green function today. There is
a close analogy between the impulse response in systems theory and the Green
function. The impulse response models a temporal system reacting to a short
impulse in time, while the Green function models a spatial system responding to
a spatially focused source [35].

In electromagnetism, considering isotropic media, the free-space scalar Green
function is the fundamental solution of the Helmholtz equation with radiation
conditions [99]

∇2g(r1, r2) + k2g(r1, r2) = −δ (r1 − r2) (2.2)
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x y

z

r2

r1

x̂
ŷ

ẑ

G1

G2

G3

Figure 1: Infinitesimal electric dipoles directed in x̂, ŷ, and ẑ producing the electric
fields G1 = G · x̂, G2 = G · ŷ, and G3 = G · ẑ [135].

here k is the wavenumber, r1 is the observation point, r2 is the source point,
and δ(r) is the Dirac delta distribution. The scalar Green function g(r1, r2)
represents the outgoing wave from a unit source at r2

g(r1, r2) =
e−jk|r1−r2|

4π |r1 − r2|
. (2.3)

The Green dyadic function, G(r1, r2), represents the electric field generated
by an infinitesimal electric dipole [21, 99, 135] depicted in Fig. 1, and it is the
outgoing solution to the vector wave Helmholtz equation [21,99]

∇× (∇×G(r1, r2))− k2G(r1, r2) = I3δ (r1 − r2) (2.4)

and it can be expressed using the scalar Green function as

G(r1, r2) =

(
I3 +

∇∇
k2

)
g(r1, r2) =

(
I3 +

∇∇
k2

)
e−jk|r1−r2|

4π |r1 − r2|
, (2.5)

where I3 is the identity dyadic. It is a mathematical tool that can be used to
determine the total electric field radiated by an arbitrary distribution of currents.
In case of antennas and scatterers, once the current distribution on structure
is known, scattered fields can be elegantly computed using the dyadic Green
function. One drawback of the form of (2.5) is the derivatives on the Green
function, this hyper-singularity [21,87,147] poses a challenge in the evaluation of
the Green dyadic when the source and observation points are near.

2.3 Image Theory

In everyday use, antennas are usually located near obstacles [7, 8, 98, 146]. For
a mobile phone antenna, typical examples are a hand, a table, or the floors and
walls. In case of a patch antenna, a base station, or a phased array, it is the pre-
sence of a large ground plane [7, 8, 98]. All of these obstacles influence antenna
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Jh Jv

PEC

(a) with PEC plane

Jh

J im
h

Jv

J im
v

(b) PEC plane removed

Figure 2: Image theory, currents above a PEC ground plane.

properties; radiation pattern, input impedance, etc. To solve such electromag-
netic problems in the presence of obstacles the appropriate boundary conditions
are added to the definition of the problem. The addition of boundary conditi-
ons usually results in a complex boundary value problem unless the geometries
involved are simple canonical structures [6, 13,78,85,112,113].

Certain cases allow the use of the classical method of image theory to solve
the arising complex boundary value problem. One example is the antenna above
a perfectly conducting infinite ground plane, which is a canonical case [85, 87].
In image theory, the effect of the ground plane is modeled by placing imaginary
sources below the ground. The addition of virtual sources permits the removal
of the conducting plane, turning the whole region into free-space; although in
reality, the ground is neither perfectly conducting, nor infinite in extent. These
assumptions approximate the real situation accurately [7, 8].

Assuming an infinite perfect electric conductor (PEC) plane at z = 0 (the xy-
plane) we can construct the image sources for an arbitrary current density located
above the ground plane [87]. A simple way to express the current density is to
decompose it into a vertical and horizontal component, J(r) = Jv(r) + Jh(r),
therefore the image current can be expressed as

J im(r) = Jv(ri)− Jh(ri) = ẑẑ · J(ri)− [J(ri)− ẑẑ · J(ri)] , (2.6)

where r = xx̂+ yŷ + zẑ and ri = xx̂+ yŷ − zẑ are the positions of the current
density and it’s image, respectively. While the ẑ oriented currents remain in
the same direction the currents oriented in x̂, and ŷ are reversed in direction,
see Fig. 2 [7, 85, 87]. The half-space dyadic Green function for this problem can
then be written as [87]

Gim(r1, r2) = G(r1, r2)−G(r1, r2i) + 2G(r1, r2i) · ẑẑ. (2.7)

Replacing the Green dyadic in an integral equation with (2.7) will convert the
half-space with an infinite PEC ground plane to a free-space problem.
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PEC S

J(r)

E

k̂

n̂

Figure 3: Scattering from a perfect electric conductor (PEC) with surface S, and
outward normal vector n̂. The incident electric field E is propagating in the k̂ direction
and the induced currents on the surface are denoted J(r).

2.4 Electric Field Integral Equation

Integral equations are equations containing an unknown function within an inte-
gral [6, 112]. The Fredholm equation of the first kind, is written as [6]

g(x) =

∫ b

a

K (x, y) f(y)dy, (2.8)

where K(x, y) is the kernel, g(x) is a known function, and f(y) is the unknown
function. The Fredholm equation of the first kind, is known to be ill-posed if
K(x, y) is smooth [6, 35,112].

Integral equations have advantages over differential equations for certain scat-
tering and antenna problems. Differential equations describe an unknown function
by its local behavior, in this case, its derivatives [42]. Using this as a starting
point many solutions are constructed. But, the final result is found once the
boundary conditions are applied to the equation. For integral equations, the
unknown function is not only related to its local values but also to all of its va-
lues in the region including the boundary conditions [6, 112]. As the boundary
conditions are embedded into the equation, it is well suited for scattering and
antenna problems.

In scattering or antenna problems, a current density is induced on the sur-
face of the structure by an excitation or an incident field. The induced current
density then radiates an electromagnetic field itself [21]. This phenomenon can
be described using an integral equation that couples the incident electric field
to the induced surface current densities, and is called the electric field integral
equation (EFIE) [21, 49, 87, 147]. The total field is the sum of the scattered and
incident fields. The EFIE for a PEC structure situated in free-space is [21]

n̂×E (r1) = jkη0n̂×
∫

S

G(r1, r2) · J (r2) dS2 (2.9)

where G(r1, r2) is the Green dyadic (2.5) (kernel), E(r1) is the incident electric
field (known), J(r2) is the induced current density (unknown), η0 is the free-space
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(a) A1e01 (r̂) (b) A2e01 (r̂)

Figure 4: Spherical vector harmonics Aτe01 (r̂), τ = 1, 2.

impedance, S is the surface of integration, and n̂ is the unit normal vector to the
surface, see Fig. 3. EFIE similar to the Fredholm equation of the first kind, is
ill-conditioned [21,31]. Preconditioning the EFIE to prevent dense-discretization
and low-frequency breakdown is an active research area [2, 4, 5, 24,32,71]

The fields radiated by the antenna has a special characteristic far away from
the structure, also called the far-field [7,98,99]. The far-field is defined as F (r̂) =
rejkrEs(r) for r = |r| → ∞, whereEs is the scattered electric field. The scattered

field only consists of the tangential vector components θ̂ and φ̂, and is determined
by

F (r̂) =
jkη0

4π
r̂ ×

∫

S

r̂ × J (r2) ejkr̂·r2dS2 (2.10)

where the direction of radiation is described by the radial unit vector r̂ =
x̂ sin θ cosφ+ ŷ sin θ sinφ+ ẑ cos θ.

2.5 Spherical Vector Waves

An important mathematical tool in electromagnetics is the spherical vector wa-
ves [29,72,99,113,135]. These are the solution of Maxwell’s equations in a spher-
ical coordinate system (r, θ, φ). As spherical vector waves are used throughout
the disseration we give a short introduction here, for details see [72, 75, 99, 113,
135,148].

Total electromagnetic field outside of a circumscribing sphere can be repre-
sented as an expansion of spherical vector waves [99],

E(r) =
∑

α

(aαvα (kr) + fαuα (kr)) , (2.11)

where aα and fα are respectively the expansion coefficients of the incident and
scattered field; vα (kr) and uα (kr) are the regular and outgoing spherical vector
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waves [72, 99, 113, 148], respectively. The multi-index α for real-valued spherical
vector waves are ordered as [68,72],

α (τ, σ,m, l) = 2
(
l2 + l − 1 + (−1)

s
m
)

+ τ, (2.12)

where the sub-indices are; τ ∈ {1, 2}, m ∈ {0, . . . , l}, l ∈ {1, . . . , L}, s = 0 for
even azimuth functions (σ = e), and s = 1 for odd azimuth functions (σ = o).
Sub-indices of α; σ, l, m define a multipole expansion of order l while the τ index
represents either a transverse electric (TE) wave τ = 1, or a transverse magnetic
(TM) wave τ = 2. Total number of spherical modes is Nα = 2L(L+ 2). The TE
and TM modes of the vector spherical harmonics are depicted for m = 0 and l = 1
in Fig. 4. The magnetic field is expressed with the use of ∇×vα (kr) = kvᾱ (kr),
and ∇× uα (kr) = kuᾱ (kr) where ᾱ = {τ̄σml} is the dual index to τ , defined
as 1̄ = 2 and 2̄ = 1 [99]. The expansion of the magnetic field is then,

H(r) = − 1

jη

∑

α

(aαvᾱ (kr) + fαuᾱ (kr)) . (2.13)

Representing the scattered fields as an expansion of spherical vector waves,
is advantageous as it can be used to compute the radiated far-field in an efficient
manner. The radiated far-field is written using the vector spherical harmonics
Aτσml (r̂), components of the vector spherical waves, as [99]

F (r̂) = − 1

jk

∑

α

(−j)
−l+τ−1

fαAτσml (r̂) , (2.14)

and the expansion coefficients can be determined from

fα = (−j)
l+2−τ

k

∫

Ω

Aτσml (r̂) · F (r̂) dΩ, (2.15)

where dΩ is the element of solid angle and the integral is over the unit sphere Ω.
Total radiated power is expressed as

Pr =
η

32π2

∑

α

|fα|2 . (2.16)

Spherical vector waves can also be used to expand the Green dyadic (2.5) for all
r1 6= r2 as [99]

G(r1, r2) = −jk
∑

α

vα (kr<)uα (kr>) = −jk
∑

α

uα (kr>)vα (kr<) , (2.17)

where r< is the smaller of r1 and r2 and r> is the larger of r1 and r2. This
expansion can be utilized for fast multipole methods used in large scale CEM [22,
28,132].
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The Green dyadic of the EFIE (2.9) can be substituted with the spherical
vector wave expansion in (2.17)

n̂×E (r1) = k2η0n̂×
∑

α

∫

S

uα (kr>)vα (kr<) · J (r2) dS2

assuming r1 6= r2 and selecting r< = r1 and r> = r2 the equation becomes

n̂×E (r1) = k2η0n̂×
∑

α

uα (kr1)

∫

S

vα (kr2) · J (r2) dS2

= n̂×
∑

α

fαuα (kr1) , (2.18)

where

fα = k2η0

∫

S

vα (kr) · J (r) dS (2.19)

is the projection of the current density onto regular spherical vector waves. The
resulting equation is similar to (2.11).

2.6 Method of Moments

Analytical solutions to integral equations arising in antenna analysis exist only
for a set of simple shapes [13, 97, 113, 125]. In practice, most if not all antennas
do not fit into this small set of geometries. Approximate methods are employed
to analyze complicated antenna structures [78]. One of the main techniques to
solve integral equations is the method of moments (MoM) [21, 78, 87]. In MoM,
the integral operator is turned into a linear system of equations which is then
solved using matrix theory [21,49,78,147].

An integral equation such as the EFIE can be represented as an operator L
acting on a function f ,

L (f) = g (2.20)

here g is a known function called the source or excitation, and f is the response
function to be determined. To solve this problem we represent the unknown f as

f =
∑

n

fnψn, (2.21)

where ψn are known basis functions and fn are the unknown coefficients. For a
compact operator, a finite set of functions can approximate the solution space [21].
Here the behavior of the f function is represented by a finite set of functions. In-
serting the expanded (2.21) function into (2.20) and assuming that n = 1, · · · , N
we get

N∑

n=1

fnL (ψn) = g (2.22)
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yielding an equation with N unknowns. Now the equation is tested with testing
functions w. One common testing function choice is wn = ψn that is referred as
Galerkin’s method [93]. Once the (2.22) is tested with testing functions it results
in a linear system of equations

N∑

n

fn 〈wm,L (ψn)〉 = 〈wm, g〉 , (2.23)

where 〈f, g〉 is defined as a suitable inner product [78]. The linear system of (2.23)
can be written in matrix form

Lf = g, (2.24)

where the L and g are

Lmn = 〈wm,L (ψn)〉 , (2.25)

gn = 〈wn, g〉 , (2.26)

and f is the column vector containing the unknown coefficients fn. The matrix
equation (2.24) can be solved using a linear system solver [52,134].

2.7 Solving the EFIE with MoM

The EFIE presented in Section 2.4 can be solved using the MoM described in-
Section 2.6. For a PEC structure the magnetic current densities on the surface
are M = −n̂×E = 0, therefore only electric current densities, J , reside on the
surface. These current densities are expanded using basis functions ψ (r), as

J (r) =

N∑

n=1

Inψn (r) (2.27)

here ψn(r) and In are the nth basis function and expansion coefficient, while N
is the total number of basis functions, also called the total degrees-of-freedom
(DOF) [21].

Following the solution in Section 2.6, basis functions are used to expand the
current densities, by inserting (2.27) into (2.9), in an identical manner to (2.22).
The resulting equation is later tested using n̂ × ψm (r) testing functions and
using the inner product

〈f , g〉 =

∫

S

f∗(r) · g(r)dS, (2.28)

where ∗ denotes the complex conjugate. The final equation becomes [21],

∫

S

ψm (r1) ·E (r1) dS1 = jkη0

∫

S

∫

S

ψm (r1) ·G(r1, r2) ·ψn (r2) dS1dS2. (2.29)
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As there are N basis and test functions in (2.29), the system of equations can be
written in matrix form as

ZI = V, (2.30)

where I ∈ CN×1 is a column vector of unknown current density coefficients,
V ∈ CN×1 is the excitation column vector, and Z ∈ CN×N is the impedance
matrix. Individual elements of Z and V are

Zmn = jkη0

∫

S

∫

S

ψm (r1) ·G(r1, r2) ·ψn (r2) dS1dS2, (2.31)

and

Vm =

∫

S

ψm (r) ·E (r) dS. (2.32)

Surface currents density coefficient vector I, induced by the excitation V, is
found once the system of equations in (2.30) is solved. These coefficients are then
used to compute radiated fields and far-field, circuit parameters such as input
impedance and s-parameters. The radiated far-field is found by substituting
(2.27) into (2.10)

F (r̂) =
−jkη0

4π

N∑

n

In

∫

S

ψn (r2) ejkr̂·r2dS2. (2.33)

The impedance matrix can be expressed as a sum of its real and imaginary
parts

Z = R + jX, (2.34)

where R is the resistance matrix, X is the reactance matrix. The matrix R
is positive-semidefinite in theory [78], but it is often indefinite when computed
with finite precision [17,66,136], see Appendix B. The indefiniteness of R causes
a problem in modal decompositions, limiting the number of correct calculated
modes. It is possible to circumvent this with the use of the spherical vector wave
expansion of the Green dyadic (2.17), see Section 4.2.

Expansion of the Green dyadic in spherical vector waves (2.17) can be used
to factorize the EFIE into a product of two integrals

Zmn = k2η0

∑

α

∫

S

∫

S

ψm (r1) · vα (kr<)uα (kr>) ·ψn (r2) dS1dS2

= k2η0

∑

α

∫

S

ψm (r1) · vα (kr1) dS1

∫

S

uα (kr2) ·ψn (r2) dS2 (2.35)

where it is assumed that |r1| < |r2|. The factorized integral expressions are

Sαn = k
√
η0

∫

S

ψn (r) · vα (kr) dS (2.36)
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and

Qαn = k
√
η0

∫

S

ψn (r) · uα (kr) dS (2.37)

resembling the integrals in the T-matrix method that use spherical vector waves
as basis and testing functions [99, 148]. This factorization presents many oppor-
tunities in the computation of the far-field, characteristic modes, and impedance
matrix. Using (2.35), the matrix R can be decomposed as,

R = SHS = STS (2.38)

as the matrix S ∈ RNα×N is real-valued, and vα (kr) = Re{uα (kr)}. Transpose
and Hermitian transpose matrix operation are indicated as T and H, respecti-
vely. The factorization (2.38) and its use in characteristic mode decomposition
is discussed in Paper III. The radiated far-field can be computed using S with
the spherical vector wave expansion coefficients (2.19) as

Fα = SI, (2.39)

where the column matrix Fα ∈ CNα×1 consists of the coefficients fα that are
identical to (2.15) and (2.19). Radiated far-field and total radiated power are
found using (2.14) and (2.16), respectively. Computing the radiated far-field
using S has two main advantages, decrease in computation time, and continuous
representation of the far-field. When the far-field is computed using (2.33), a unit
sphere is sampled with Nθ and Nφ points for the θ and φ angles and the integral
is calculated NθNφ times. The use of the matrix Fα increases the computation
speed of both quantities, the far-field and the radiated power, significantly. Inte-
grals are replaced by the evaluation of the spherical vector harmonics on the unit
sphere and a matrix multiplication for the far-field and only the fα coefficients
are required for the total radiated power.

2.8 Implementation of MoM

Until this step, no specific detail has been given for the basis function other than
it should model the behavior of electric current. Notably, the choice of basis
function depends on the problem geometry. For instance, global basis functions,
vector spherical harmonics, can be used to represent ψ(r) on a sphere [99]. In case
of arbitrary geometries, global basis functions may not exist; therefore the whole
structure is discretized, split up into smaller pieces, and basis functions are app-
lied to these simpler parts. This procedure known as meshing may use a variety
of shapes including quadrilaterals, triangles, or higher order geometries [21,147].
Usually, triangular elements are preferred as they describe arbitrary surfaces in
better detail than rectangular elements.

Rao-Wilton-Glisson (RWG) [124] basis functions are widely used in integral
equation solvers for triangular meshes [21, 35]. The RWG basis function is il-
lustrated in Fig. 5a. These are first order divergence conforming linear basis
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T+
n

ρ+n

T−
n ρ−nn

(a) RWG (b) bowtie

Figure 5: (a) Definition of RWG basis function, (b) bowtie antenna meshed with
triangular elements and RWG current densities are depicted with red arrows.

functions that span two triangle elements, with the currents confined to trian-
gular surfaces. Specifically for the nth basis the current exits from the triangle
T+
n and enters the triangle T−n . Therefore, each shared edge between triangles

is assigned an RWG basis function. Fig. 5b illustrates a bowtie antenna meshed
with triangular basis elements; the red arrow indicates individual RWG basis
functions assigned to shared triangle edges. RWG basis functions are defined
as [124]

ψn(r) =





`n

2A±n
ρ±(r), r ∈ T±n

0, otherwise
(2.40)

here `n is the length of the shared edge, A±n is the area of the corresponding
triangle, and the vectors ρ±n are depicted in Fig. 5a.

Elements of the impedance matrix Z, are challenging to compute when basis
and test functions overlap, r1 ≈ r2, as the Green function, see Section 2.2, is
singular [35,49]. When the source and observation points are well separated, the
integral can be computed using numerical quadrature. A standard method is to
use barycentric coordinates to integrate over triangular surfaces, see Appendix A.
The numerical integration can then be performed using symmetrical Gaussian
quadrature points and weights [36].

There have been many investigations about evaluating singular integrals in the
CEM community [38, 54, 84, 95, 115–117, 120, 121, 144, 151]. The primary techni-
ques are singularity subtraction and change of variables. In the first method, the
real part of the Green function that contains the singularity is subtracted, and
the remaining non-singular integral is computed numerically. The latter removes
the 1/R term in the Green function by a change of variables.

Regarding the implementation of singularity algorithms, there are certain as-
pects that should be carefully considered. The first is the accuracy; as singularity
removal techniques differ in convergence rates. The trade-off between accuracy
and speed, as high number of quadrature points may be required for conver-
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gence. Lastly, from an implementation aspect, using existing singularity libraries
shortens development time and effort. Two noteworthy libraries developed spe-
cifically for this purpose are DEMCEM [118] and DIRECTFN [119].

In antenna analysis, the antenna is usually excited with a radio frequency
(RF) port or incoming waves. A straightforward representation of an antenna
port is the delta-gap excitation. Here the two triangles, T±n , of a RWG are
separated with an infinitesimal gap and, a voltage difference is applied to the
edges. Assuming the excitation is placed on the ith basis, the delta-gap excitation
is then the applied electric field intensity, that is the voltage normalized by the
edge length `i of the RWG basis function.

3 Antenna Terms and Definitions

3.1 Q-factor

The Q-factor is an important figure-of-merit (FOM) to quantify the perfor-
mance and physical limitations of antennas [30, 73]. The general definition of
the Q-factor is the ratio of the time averaged stored energies over the dissipated
power [43,146,156]. This parameter can be used to describe a plethora of oscilla-
ting systems, from antennas [25,146,149] and filters [114,122,126] to mechanical
oscillations of cantilevers [1]. In antennas, a high Q-factor indicates large re-
active fields near the radiating structure, which leads to high amplitude currents,
narrow bandwidth, and conduction losses [30]. For an interesting side-note, alt-
hough Q-factor is also called as the quality-factor, the letter “Q” was selected
by Johnson in 1920 for the sole reason that all the other letters were excessively
used [131].

The use of Q-factor in antennas originates from its relation to the fracti-
onal bandwidth when the system is narrow-band and has a single resonance
frequency [156]. In the early days, antennas operated at long wavelengths, due
to the lack of high-frequency electronics [7, 146]. For an antenna to operate effi-
ciently its electrical size should be approximately half-a-wavelength [73,130,146].
As it was infeasible to operate such large structures, due to conduction losses
and structural constraints, many antennas were electrically small in size. The
optimal performance of these electrically small antennas kindled interest in the
investigation of antenna physical bounds [25,30,43,149].

For an antenna, tuned or untuned, the Q-factor is defined as [43,77,110,156]

Q =
2ωmax{We,Wm}

Pd
, (3.1)

where We and Wm are the time averaged stored electric and magnetic energies,
respectively, and Pd is the dissipated power. The dissipated power for a con-
ducting antenna is the sum of ohmic losses PΩ and radiation losses Pr,

Pd = PΩ + Pr. (3.2)
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For a lossless antenna, dissipated power equals total radiated power from the
antenna. As stored energies appear in (3.1), their accurate computation has
been investigated for various antennas, see Section 3.2.

While the Q-factor can be calculated using stored energies, it is also possible
to approximate it with classical circuit theory. Therefore, a brief introduction of
the antenna circuit parameters are outlined here. An antenna can be represented
as a one-port network [122] with the input impedance expressed as [7,78,98,122]

Zin(ω) = Rin(ω) + jXin(ω) (3.3)

here the input impedance is frequency dependent and Rin(ω) is the input re-
sistance and Xin(ω) is the input reactance. Rin(ω) is the sum of the radiation
resistance and the loss resistance of the antenna, and with only conductive losses
it is Rin(ω) = Rr(ω) +RΩ(ω). The conductive, resistive, loss can be modeled as
a skin depth or a resistive sheet Rs = 1/σd, where σ is the conductivity and d is
the thickness [129]. Another parameter, the reflection coefficient Γ of an antenna
is defined as

Γ =
Z − Z0

Z + Z0
, (3.4)

where Z0 is the normalization impedance. In this thesis the antenna bandwidth
is defined as the frequency range where the magnitude of the antenna reflection
coefficient is less than or equal to a threshold magnitude Γ0. For narrow-band
single resonance systems, the Q-factor is proportional to the fractional bandwidth
of the system [156]

QFBW =
2Γ0√
1− Γ 2

0

1

B
, (3.5)

where B is the fractional bandwidth. Another useful approximation of the
Q-factor is the angular frequency derivative of the input impedance Zin [156]

QZ′
in

=
ω |Z ′in|
2Rin

, (3.6)

where the antenna is tuned to resonance with an inductor or capacitor. Both
(3.5) and (3.6) are convenient to approximate the Q-factor for electrically small
antennas [128]. It should be noted that Q-factor obtained from the derivative in
(3.6) is a local approximation and can give incorrect values for special cases [69].

3.2 Stored Energies

The fields surrounding an antenna can be separated into two waves one propa-
gating and the other non-propagating [110]. Propagating fields are similar to
traveling waves in an infinitely long lossless transmission line, where the waves
travel to infinity; whereas non-propagating reactive fields are localized near the
antenna [25,30,110]. Energies stored in the non-propagating reactive fields resem-
ble the energies stored in capacitors and inductors in electric circuits [66,70]. One
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significant difference from the circuit analogy is that the two waves, propagating
and non-propagating, are difficult to separate [25,30,43].

The total energy for an antenna in free-space excited with a time-harmonic
signal is unbounded, as the fields decay proportionally to 1/r [25, 43, 110]. Mo-
reover, the energy is not linear in terms of field components resulting in coupled
energy terms and removing the possibility of superposition. Since Chu’s initial
work in 1948 [25], computation of stored energies has been investigated in several
works [30, 43, 48, 60, 61, 94, 110, 139, 140, 143, 149, 154, 156]. A through literature
review and investigation of the different stored energy estimation methods has
been conducted by Schab et al. [128].

This thesis uses the stored energy expressions of Vandenbosch [140], which are
suitable to use in antenna current optimization [63, 67], see Section 4.1. These
expressions are obtained by subtracting the radiated energy density from the
total energy density, and are defined for electric current densities situated in
free-space [61, 140]. Integral expressions for the stored electrical and magnetic
energy are

We =
η0

4ω

∫

V

∫

V

∇1 · J(r1)∇2 · J∗(r2)
cos (k |r1 − r2|)

4πk |r1 − r2|
dV1dV2 −Wcor (3.7)

and

Wm =
η0

4ω

∫

V

∫

V

kJ(r1) · J∗(r2)
cos (k |r1 − r2|)

4π |r1 − r2|
dV1dV2 −Wcor (3.8)

where V is the volume occupied by the antenna, and Wcor is the correction term

Wcor =
η0

4ω

∫

V

∫

V

(
k2J(r1) · J∗(r2)−∇1 · J(r1)∇2 · J∗(r2)

)

sin (k |r1 − r2|)
8π

dV1dV2. (3.9)

Total radiated power is computed using the following integral expression [61,140]

Pr =
η0

2

∫

V

∫

V

(
k2J(r1) · J∗(r2)−∇1 · J(r1)∇2 · J∗(r2)

)

sin(k |r1 − r2|)
4πk |r1 − r2|

dV1dV2. (3.10)

Using the integral expressions (3.7), (3.8), and (3.10), it is possible to compute
the Q-factor for arbitrary current distributions with (3.1). Other quantities of
interest are the partial radiation intensity [66]

P (r̂, ê) =
|ê∗ · F (r̂)|2

2η0
(3.11)
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and the partial gain

G(r̂, ê) =
4πP (r̂, ê)

Pd
(3.12)

where ê is the polarization direction. For a lossless antenna the partial directivity
D(r̂, ê), equals the partial gain G(r̂, ê).

Computing the Stored Energies

Stored energies can be computed for arbitrarily shaped antennas in free-space
using the Vandenbosch integral expressions (3.7)–(3.10). The current densities
in (3.7), (3.8), and (3.10) are replaced with (2.27) resulting in the quadratic
forms [66,70]

We ≈
1

4ω
IHXeI, (3.13)

Wm ≈
1

4ω
IHXmI, (3.14)

and

Pr ≈
1

2
IHRI, (3.15)

where Xe and Xm are the electric and magnetic reactance matrices; they are
related to the reactance matrix by the subtraction X = Xe −Xm, and R is the
real part of the impedance matrix. While the reactance matrix X is indefinite, the
matrices Xe and Xm are positive semi-definite for electrically small structures [61,
63, 67], these quadratic forms are also used in antenna current optimization,
see Section 4.1. The Q-factor of a lossless antenna is then computed using the
quadratic energy expressions and the total radiated power as

Q ≈ max{IHXeI, I
HXmI}

IHRI
. (3.16)

Altenatively, stored energies can be expressed with impedance matrix (2.31) and
its derivative with respect to the angular frequency as [66,70,81]

We ≈
1

8
IH

(
∂X

∂ω
− X

ω

)
I =

1

4ω
IHXeI (3.17)

and

Wm ≈
1

8
IH

(
∂X

∂ω
+

X

ω

)
I =

1

4ω
IHXmI. (3.18)

The tuned Q-factor of an antenna can then be written using the derivative of the
rectance matrix as

Q ≈ ωIHX′I +
∣∣IHXI

∣∣
2IHRI

. (3.19)

where ′ denotes differentiation with respect to the angular frequency ω.
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3.3 Fundamental Bounds

The investigation of electrically small antenna bounds started around the 40’s
with the works of Wheeler [149] and Chu [25]. The classical results of Chu [25]
were derived for a lossless antenna enclosed by a sphere of radius a. In Chu’s
derivation, arbitrary current distribution and zero reactive fields were assumed
inside the sphere and spherical vector waves represented the fields outside the
sphere. The stored energies and Q-factor were computed, ingeniously, using
circuit equivalents to the spherical vector waves, and directivity over Q-factor
quotient, D/Q, bounds were derived. A majority of later works also employed
the mode expansion approach to determine the bounds [30, 43, 48, 62, 74, 77, 94,
110, 139, 156]. The intuition gained from this approach was that the spherical
volume enclosing the antenna should be efficiently utilized to achieve maximal
bandwidth [7, 10,25].

Another strategy in determining the bounds was introduced in [59, 64, 65].
Forward scattering sum rule was employed to bound the D/Q quotient for ar-
bitrarily shaped antennas, using the causality, time-translational invariance, and
reciprocity of the problem. It was derived in [65], that the D/Q is bounded
by the electric and magnetic polarizabilities of an antenna. Utilizing a different
approach, these results were later extended to electric and magnetic polarizabi-
lity dyadics in [90]. One interesting outcome is that the antenna performance
is bounded by the static behavior of the geometry. For an electric dipole, TM,
the D/Q bounds can be reached by maximizing the electric polarizability dy-
adic, that physically corresponds to increasing the separation of charge on the
structure.

Antenna current optimization has been employed in [63, 66] to compute the
physical bounds from optimal current distributions. The utilization of current
density distribution on the antenna, expands the determination of fundamental
bounds to antennas with complex geometries. The method applies the Vanden-
bosch expressions, (3.7)–(3.10), to represent the stored energies, radiation power,
and other quantities in terms of antenna currents, making it flexible for applica-
tion for different optimization problems, see Section 4.1.

Here the primary optimization problem to determine the G/Q bounds is pre-
sented. For a comprehensive introduction to different antenna optimization pro-
blems see [66]. The G/Q quotient for a lossless antenna can be expressed using
the partial gain (3.12) and Q-factor (3.1) expressions as [63,66]

G(r̂, ê)

Q
=

2πP (r̂, ê)

ωmax{We,Wm}
(3.20)

which can be written as the optimization problem to determine the fundamental
bounds on the structure [63,66]

minimize max{We,Wm}
subject to P (r̂, ê) = Pr0

(3.21)
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where the Pr0 is a fixed partial radiation intensity. The computation of (3.21)
for arbitrarily shaped antennas is presented in Section 4.1 using the expressions
derived in Section 3.2.

4 Advanced Computational Tools

4.1 Antenna Current Optimization

Antennas are used in numerous applications, and each has its unique parameter
or parameters of interest [7,98,146]. Antenna design is the process of developing
an antenna complying with the specifications of the application. This process
usually results in a trade-off between different parameters. One example com-
mon in wireless terminal design is the balance of bandwidth and directivity to
the antenna’s dimensions [65, 130, 142, 146, 155]. Another example is balancing
the beamwidth and sidelobe levels in antenna arrays [100, 103, 150]. Usually,
these design requirements can be expressed as an optimization problem. If the
optimization problem is rewritten in terms of the antenna’s current, it is cal-
led antenna current optimization [63, 66, 70]. This technique has been applied
successfully to investigate the limitations on the G/Q quotient of different an-
tennas in [63, 66, 67, 70], minimization of Q-factor in [18, 86], trade-off between
efficiency and Q-factor in [58,138], super-directivity in [63,66,92], embedded an-
tennas in [26,27,63,66], multiple-input multiple-output (MIMO) capacity in [37],
and antenna arrays in [91].

The optimization problem is defined with the parameters of interest, some
examples on antenna optimization problems are given in Section 3.3. The pro-
blem is then formulated in terms of the antenna currents. Once the optimization
problem is solved, an optimal arrangement of surface currents is found on the
antenna geometry. This technique can be used to obtain customized performance
bounds of the structure under investigation. One example is the optimization of
antenna bandwidth for different polarizations or radiation patterns [63, 66, 137].
The problem can be extended to embedded antennas by restricting the optimi-
zation to a specific region on the structure. This is common for mobile wireless
terminals as certain parts of the terminal cannot be modified, for example, the
screen, the battery, and the printed circuit board.

Using the matrices obtained in Section 3, fundamental bounds for the partial
gain to Q-factor quotient in (3.20) are expressed as the optimization problem
(3.21) using the matrices [66]

minimize max{IHXeI, I
HXmI}

subject to |FI|2 = 1,
(4.1)

where the partial radiation intensity is proportional to |ê∗ · F (r̂)|2 ≈ |FI|2 [66],
and the scale invariance of G/Q with respect to the current vector I is used. The
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formulation can further be modified allowing the equality constraint |FI|2 = 1
to be expressed as FI = −j [63, 66]. Hence, (4.1) can be rewritten as a convex
optimization problem

minimize max{IHXeI, I
HXmI}

subject to FI = −j.
(4.2)

The solution gives an optimal current that achieves the lowest Q-factor. The
optimization problem (4.2) can alternatively be expressed as

maximize FI = −j

subject to IHXeI ≤ 1

IHXmI ≤ 1.

(4.3)

It is also possible to investigate the effect of antenna ohmic losses on the optimal
currents. The ohmic losses can be computed with the MoM basis functions and
the sheet resistance Rs, that was introduced in Section 3.1, as [58]

PΩ ≈
1

2
IHRΩI =

Rs

2
IHΨI, (4.4)

where the elements of matrix Ψ are

Ψmn =

∫

S

ψm(r) ·ψn(r)dS. (4.5)

As (4.2) is a convex problem and RΩ, the ohmic loss matrix in (4.4), is a positive
semidefinite matrix; their linear combination with coefficients an ≥ 0, n = 1, 2 is
also convex

minimize a1 max
I
{IHXeI, I

HXmI}+ a2I
HRΩI

subject to FI = −j.
(4.6)

The optimization problem (4.6) is called a Pareto optimality problem [14, 138]
and its solution is a trade-off between the lowest achievable Q-factor and highest
efficiency. Convex optimization problems (4.2), (4.3), and (4.6) can be solved
with convex optimization libraries, notably with MATLAB’s CVX [55].

Two applications of antenna current optimization are investigated in this
thesis: the bounds for antennas above a ground plane in Paper I; the use of
bounds in antenna synthesis and placement for wireless terminals in Paper II.

4.2 Characteristic Modes

Eigenfunctions are an essential tool to solve problems in electromagnetic the-
ory [29, 80, 112, 113, 135]. In coordinate systems where the Helmholtz equation
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is separable, eigenfunctions can be applied to solve differential equations. One
example is the spherical vector waves, see Section 2.5, that is the solution to the
vector wave Helmholtz equation [75,99,113]. Characteristic modes are closely re-
lated to the eigenfunction method from classical electromagnetic theory. Garbacz
theorized CMs in 1965 in his work [46], in order to solve electromagnetic problems
in the resonance region, that is between the Rayleigh- and high-frequency regi-
ons. The mathematical foundation was laid later with the works of Harrington
and Mautz in [80]. The computational framework to extend CMs to arbitrary
conducting geometries using the MoM was presented in [79].

CMs has gained popularity in recent years as a tool providing new insight into
electromagnetic problems. The CMs are the natural current modes of the geo-
metry with orthogonal far-fields [79, 80], independent of excitation, or feed [15].
Therefore, CMs are only dependent on the geometric and material properties of
the antenna. Moreover, CMs describe radiation properties of the geometry such
as resonances and radiated far-fields. Wireless terminal antenna design has be-
nefited from CM analysis, as a limited number of modes are sufficient to model
a structure’s radiation properties [15, 46, 79]. Knowledge that is gained using
CM analysis can benefit in analysis, design, and even synthesis of antennas [15].
For this reason CM analysis has been applied to antenna design [12,39,101,111],
antenna shape and feed synthesis [16, 41, 45, 102, 157], and prediction of optimal
currents [16,66,86].

In this section, CM theory is presented in the framework provided in [79].
The CMs for arbitrary conducting geometries are obtained from the generalized
eigenvalue problem (GEP)

XIp = λpRIp, (4.7)

where R and X are the resistance and reactance matrices in (2.34), λp and Ip
are the pth eigenvalue and eigenvector, respectively. These two quantities are
also called the characteristic eigenvalues and characteristic currents. In (4.7), R
is the weighting matrix, which results in orthogonal radiation patterns for the
eigenvectors. The orthogonality relations of the characteristic currents are

IH
p RIq = δpq, (4.8)

IH
p XIq = λpδpq, (4.9)

IH
p ZIq = (1 + jλp) δpq, (4.10)

where p, q are the mode indices, and δpq is the Kronecker delta function [6].
The magnitude of the eigenvalue λn is related to the radiation efficiency of the
mode [15], where modes with smaller eigenvalues radiate better. Moreover, the
sign of the eigenvalue indicates if the mode is inductive λp > 0, capacitive λp < 0,
or resonant λp = 0. This can also be inferred from the Rayleigh quotient

λp =
IH
p XIp

IH
p RIp

=
2ω (W p

m −W p
e )

P pr
. (4.11)
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Figure 6: Eigenvalues Λp of the resistance matrix R computed with float and double
precision for a sphere of electrical size ka = 1.5 and N = 750 DOF. Negative eigenvalues
are denoted by the thick lines.

The total radiated power for mode p is P pr = 1, while the stored electric and
magnetic energies are W p

e and W p
m, respectively.

Eigenvalues of the GEP (4.7) depend on the properties of the matrices R
and X; where R is positive semi-definite, and X is symmetric indefinite. But,
the matrix R is ill-conditioned when computed with finite precision arithme-
tic [17, 66, 136], see Appendix B. The precision of computations determine the
numerical noise of the eigenvalues that is at minimum the unit round-off. The
round-off value is approximately 10−7 for float and 10−16 for double precision [52].
Matrix computations involve numerous floating point operations, leading to hig-
her numerical noise levels than the unit round-off.

The eigenvalues of the matrix R computed with float and double precision
for a sphere of size ka = 1.5 is displayed in Fig. 6. As expected, using double
precision results in more eigenvalues; a direct consequence of the unit round-off
level being lower for double precision than for float precision. The accuracy of
computation has a negligible impact on the spectrum of the matrix X.

The computation of characteristic modes is influenced by the indefiniteness
of the finite precision matrix R, where most of the calculated R eigenvalues are
numerical noise. As a result, the CMs obtained using (4.7) will also contain nu-
merical noise. Therefore, only a limited number of modes are correctly computed.
This limit can be circumvented where the conventional method is modified by
replacing R with the factorization (2.38), see Paper III.
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4.3 Macro Basis Functions

The MoM solution of the EFIE presented in Section 2.7 results in a linear sy-
stem of equations with N degrees-of-freedom (DOF). As the DOF in a problem
increase, the number of elements in the impedance matrix scale in the order of
N2. This quadratic growth can quickly exceed available memory limits. Mo-
reover, the number of matrix operations in the direct solution of the system of
equations in (2.30) increases in computational complexity of O(N3). The ma-
cro basis function (MBF) method reduces the DOF of radiation and scattering
problems [34,106]. The MBF and similar techniques such as characteristic basis
function (CBF) [104, 105, 123], synthetic function (SF) [108] can be grouped as
aggregated basis function methods. While the concepts of the three techniques
are close, the generation of the aggregated basis functions diverge.

The MBF method has additionally been applied to problems including pla-
nar antennas and microwave circuits [44], and regular and irregular antenna ar-
rays [53]. To accelerate the computation of distant interactions between ele-
ments, the MBF method has been combined with the fast multipole method
(FMM) [33, 47], adaptive cross approximation (ACA) [106], and adaptive inte-
gral method (AIM) [145] algorithms.

In the MBF method, the structure is first divided into smaller sub-domains [34].
A subset of induced currents on the sub-domain will characterize the MBFs. The
subset is chosen to represent current distributions that can be excited on the sub-
domain. For example, in an antenna array, distant sources can induce currents
on the sub-domains, this can be modeled as impinging incident plane waves, also
called a plane-wave spectrum [34]. Additionally, nearby elements can also in-
fluence the current distributions; these elements can be replaced by equivalent
point sources. For sub-domains containing RF ports, the currents distribution
generated by the port should also be included.

Considering only a single sub-domain with N DOF, the excitations which
generate the induced currents described in the paragraph above are grouped into
an excitation matrix

Vs = [v1, v2, · · · ,vNe
] , (4.12)

where Ne is the total number of excitations, Vs ∈ CN×Ne , and vi is the column
vector for the ith excitation. Assuming the sub-domain impedance matrix is
denoted Zsub in the following, the response currents Is to the excitation matrix
Vs are calculated using (2.30),

Is = Z−1
subVs. (4.13)

The next step is to generate an orthogonal basis from the collection of induced
currents in (4.13) [34]. A singular value decomposition (SVD) is used to generate
an orthogonal basis

Is = UΣVH, (4.14)

where U and V are unitary matrices containing the singular vectors and Σ is
a diagonal matrix of the singular values σ. The MBFs, chosen as the singular
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vectors in U, can be truncated if the normalized singular values are less then a
specific tolerance τ , giving a truncated basis Û ∈ CN×M with M � N DOF,
which is the first M columns of the matrix U. The linear equation system for
the impedance matrix (2.30), can be compressed with a change of basis

ÛHZsubÛÛHI = ÛHV (4.15)

resulting in the compressed system of equations

ZmbfImbf = Vmbf , (4.16)

where the compressed impedance matrix Zmbf ∈ CM×M is

Zmbf = ÛHZsubÛ (4.17)

and the compressed current and excitation vectors are

Imbf = ÛHI, (4.18)

Vmbf = ÛHV. (4.19)

Once (4.17) is solved the currents in RWG basis are obtained using Irwg = ÛImbf .
The MBF method described above can also be applied to problems consisting

of multiple sub-domains [34]. For simplicity, assuming that sub-domains do not
intersect and DOF numbering is contiguous, a set of MBFs are then generated for
each sub-domain separately. The compressed impedance matrix for the problem
can be written in block form as

Zmbf =




ÛH
1 Z1,1Û1 ÛH

1 Z1,2Û2 · · · ÛH
1 Z1,NtÛNt

ÛH
2 Z2,1Û1 ÛH

2 Z2,2Û2 · · · ÛH
2 Z2,NtÛNt

...
...

. . .
...

ÛH
Nt

ZNt,1Û1 ÛH
Nt

ZNt,2Û2 · · · ÛH
Nt

ZNt,NtÛNt


 , (4.20)

where Ûi is the truncated MBF for sub-block i, Zi,j is the impedance matrix
between block i and j, and Nt denotes the total number of sub-blocks. One
possible limitation of the MBF method is the SVD, which is applied to generate
the MBFs on each sub-domain. If the number of DOF is high, the SVD that has
a computational complexity of O(N3) becomes a bottleneck in the simulation.
Therefore, the MBF method is best suited for problems that have reasonably
sized sub-domains.

Another issue is the number of off-diagonal impedance matrices that have
to be calculated, as it quadratically increases with the number of sub-domains.
These are interactions, coupling matrices between sub-domains, that can be ef-
ficiently computed with acceleration methods [33, 34, 47, 106, 145]. One such
method is the ACA [9,83,106,158] and it is a purely algebraic acceleration met-
hod that operates only on the MoM matrices. It is simpler to implement than
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Figure 7: Approximating the coupling matrix Zi,j between block i and j using the
adaptive cross approximation (ACA).

the FMM [22,23,28,57], and can be applied to different integral equation kernels
making it modular for software tool development [158]. The ACA approximates
the coupling matrix between sub-domains i and j by a matrix product of two
lower rank matrices [158] as

Zi,j = Li,jCi,j , (4.21)

where Li,j ∈ Ch×r, Ci,j ∈ Cr×l, as depicted in Fig. 7. The Li,j and Ci,j matrices
are constructed on-the-fly, without the need of computing the whole coupling
matrix.

If the array has translational symmetries, it is possible to reuse the compu-
ted matrices to assemble the full impedance matrix. The use of translational
symmetries for a 2D linear array is presented below.

The MBF with ACA acceleration methods is used in Paper IV to synthe-
size large endfire array antennas for phased array applications. In Paper V two
different methods to generate MBFs for connected geometries are compared.

To illustrate the utilization of translational symmetries a 2D linear antenna
array with disconnected antenna elements is used. This topology is identical to
the one used in Paper IV. The antenna array is situated on the xy-plane, the
number of elements in the x and y axes are Nx and Ny. Therefore the total
number of antenna elements is Nt = NxNy. Assuming that the DOF for each
block is contiguous, the full impedance matrix can be written in block matrix
form as

Z =




Z1,1 Z1,2 · · · Z1,Nt

Z2,1 Z2,2 · · · Z2,Nt

...
...

. . .
...

ZNt,1 ZNt,2 · · · ZNt,Nt


 (4.22)

here Zi,j is the coupling matrix between antenna i and j. As the full impedance
matrix is transpose symmetric, we have Zi,j = ZT

j,i. To obtain a transpose
symmetric compressed matrix, the Hermitian transpose in (4.15) is replaced by a
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transpose [34]. Translational symmetries can be used to reduce the total number
of blocks to be computed in (4.22).

Considering the simplest case of an array with identical elements, the diagonal
block matrices are identical, Z1,1 = Zi,i with i = 2, · · · , Nt. Additionally, the
block matrices for i 6= j that are separated with an identical translation vector can
be reused when assembling the total matrix. Consequently, the coupling matrix
for a translational vector needs to be computed only once. Using the translational
symmetries the number of blocks that need to be calculated is Nblock = Nt +
(Nx − 1)(Ny − 1). For a Nx = 200 by Ny = 100 element array only 4 × 104

block matrices need to be computed from the total of 4 × 108, which is 0.01%
of the total blocks, yielding in significant reduction in assembly time for the full
impedance matrix.

5 Research Contribution

This section presents the summary of the results of the five papers included in
this thesis.

5.1 Article 1 Results

In this letter, the fundamental limitation on antennas above an infinite PEC
ground plane is presented. As far as the authors are aware this paper is the
first to give strict bounds for this topology. Antennas above a ground plane are
commonly found in wireless devices [146]. The proximity of the ground plane,
for example the chassis of a mobile phone, to the antenna can either augment or
impede the antenna’s performance substantially [7, 130, 146]. One extreme case
is when the antenna is very close to the ground plane, this will effectively short
circuit the antenna, resulting in a loss of performance. On the other hand, the
ground plane can be used to improve the performance of the antenna [7,130,146].
Fundamental limitations offer apriori knowledge and insight on how the antenna
will be affected and are useful FOM for the antenna designer [66,70].

Limitations on a reference rectangular patch’s geometry were investigated
for different combinations of patch heights, and polarizations. The bounds were
determined for the rectangular patch using antenna current optimization. As
expected the patch antenna’s G/Q bound, and bandwidth deteriorates as the
distance shortens between the ground plane and antenna. As the rectangular
patch is a basic structure, additional patches with complicated geometries such
as a slot loaded patch, H-shaped patch were designed. The dimension of the slot
and H-shaped patches were restricted to the reference rectangular patch antenna.
All of the patch antennas were then simulated with the commercial software tool
FEKO [3], and their Q-factors were obtained from the derivative of the input
impedance. Results show that all of the patches are bounded in G/Q by the
reference patch.
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5.2 Article 2 Results

In this book chapter, the use of fundamental bounds for antenna design and
optimization are presented. Additionally, the problem of antenna placement on
a wireless terminal is also investigated with the use of physical bounds. The
major performance challenges of antennas in wireless terminals can be grouped
into three broad categories; coupling to nearby components, restricted area to
design the antenna, and placement of the antenna itself [7, 146,153].

A simplified wireless terminal chassis is used in the simulations. For the an-
tenna design and optimization, genetic algorithm (GA) and fundamentals bounds
are used in a simulation framework. In the first example, an embedded antenna
in a wireless terminal is designed and optimized for a single frequency. Optimal
antenna performance is determined for different design areas, using the funda-
mental bounds. Given the design area restrictions, optimal performance of the
designed antenna is always lower compared to the antenna design that utilizes the
entire chassis. GA is then used to synthesize structures in the allocated design
area. In each iteration, fundamental bounds are used to select the best candida-
tes. Simulation framework was run separately for five frequencies over different
design areas. All of the generated antennas were close to the optimal performance
predicted by the bounds. The results were verified with the commercial software
ESI-CEM [40].

The same simulation framework is used to design an embedded antenna op-
timized for two frequencies simultaneously. In this case, both bands were given
equal fractional bandwidths of 15.8 %. Different cost functions are tried where
the emphasis is either put on the optimum Q-factor obtained from the funda-
mental bounds, or from the Q-factor obtained from the input impedance, or a
combination of both. Synthesized antennas are then matched to 50 Ω with a ma-
tching network designed using the commercial software BetaMatch [11]. Results
show that all the matched antennas have less than −6 dB s11 magnitude in the
entire band.

The last example demonstrated the use of fundamental bounds in antenna pla-
cement. Nine different locations are selected on the chassis based on observation
of common wireless terminals. Results show that antenna current optimization
can be utilized to determine an optimal location.

5.3 Article 3 Results

This transaction presents a new technique to compute characteristic mode (CM)
decomposition. The proposed method provides an improvement in the number of
obtainable modes, their numerical accuracy, and also in computation efficiency.
Numerical problems in the computation of high order modes are caused by the
rounding errors and limited precision when calculating the MoM resistance ma-
trix R [17], see Section 4.2. Consequently, the matrix R computed with finite
precision arithmetic is low rank.
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Radiation modes, derived from the matrix R are one of the simplest modal
decompositions [127]. Eigenvalues of the matrix R decay rapidly, therefore, only
a limited number of them can be determined before reaching the numerical noise
floor. This computation is closely dependent on the numerical precision used in
the computation of the matrix R, and the linear algebra routines used for the de-
composition [52]. Considering the CM decomposition, the ill-conditioned matrix
R is used as a weighting matrix, limiting the number of obtainable eigenvalues.

In the proposed method the matrix R is written as a matrix product of the
matrix S. Due to the evaluation of S, numerical dynamics of matrix R is preser-
ved. Additionally, as S is a decomposition of R, (2.38), it can be used for model
order reduction (MOR), increasing the computation efficiency of both R and dif-
ferent modal decompositions. Several examples are constructed using two simple
geometries, a sphere, and a rectangle plate. Results are then compared with
the conventional method, simulations from different commercial software, and in
the case of a sphere the analytical solutions. The results show that the numeri-
cal dynamics are doubled, and the number of obtainable modes is significantly
increased.

5.4 Article 4 Results

In this transaction, a simulation framework used in the analysis of large end-
fire antenna arrays is presented. Strong coupling between antenna elements in
endfire operation influences the matching of the whole antenna array. Endfire
radiation also strains the RF circuits of edge elements, as they receive most of
the transmitted power.

From a computational perspective, all of the factors listed above restrict the
applicability of a standard large array analysis method, periodic boundary con-
ditions. Another widely used method is the FMM [22, 23, 28, 57], that can be
applied to the phased array problem to decrease the required memory signifi-
cantly and accelerate the computation. But, when determining the embedded
element patterns, the FMM would need to solve the whole problem for all exci-
tations, resulting in a computational bottleneck.

An in-house computation software using both the MBF [34, 104–106, 108,
123] and ACA [9, 83, 106, 158] is implemented. The MBF is used to compress
the computed MoM matrices while the ACA is used as an acceleration method.
Furthermore, the number of coupling matrices are reduced by taking into account
array symmetries. Convex optimization is later applied to synthesize an endfire
pattern using embedded element patterns (EEPs).

This simulation framework is then applied to analyze a large array with di-
mensions 200× 12 and of size 100λ× 6λ. The array consists of identical bowtie
elements with 643 RWGs/element. Solving this large array directly with a MoM
solver would result in 1.5× 106 DOF requiring approximately 72 TB of memory
only for the impedance matrix. Such a system cannot be directly processed by
linear algebra solvers as the complexity scales as O(N3). However, applying the
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compression, acceleration, and utilizing the symmetries the problem size is drasti-
cally reduced. 2400 EEPs are computed for a single frequency between 8 min 30 s
and 27 min 20 s, where the difference is due to dependence of compression ratio
to the frequency.

Once the simulations are complete, as a post-processing step, to enhance
the matching, endfire pattern synthesis is performed using convex optimization.
Different characteristic impedances are tested to find the optimal total active
reflection coefficient (TARC) [107], that is a metric for multi-port systems. The
optimization is applied with two separate methods. In the first method, dis-
crete frequency points that the array operates, are optimized. In the second, the
phase variation of the array is restricted with respect to the resonance frequency
of the array. Results show that a wide bandwidth with a fractional bandwidth
of approximately 53 % is obtained for endfire operation. Different array configu-
rations with elements of 50 × 12, 100 × 12 were also investigated, and a similar
performance in fractional bandwidth and endfire radiation was obtained.

5.5 Article 5 Results

This letter presents the comparison of two techniques used in interconnected
array analysis with the MBF method [106, 108]. The endfire operation mode of
phased arrays is an interesting case, due to the strong mutual coupling between
elements. The two techniques, denoted as method A [108] and method B [106],
are investigated under the endfire operation mode to determine their accuracies.
In method A the DOF connecting sub-domains are composed of Half-RWGs that
are independent of the MBFs. In method B adjacent sub-domains are included
in the compression by using a trapezoidal windowing function [104].

Two linear arrays of 10 antennas, one composed of monopoles and the other
of bowties is used to compare the methods. These arrays are tested in both bro-
adside and endfire radiation modes. Our findings showed that the first method,
method A, required more DOF to represent the currents for a specific thres-
hold accurately. This was due to the different singular value sequences for the
two methods. Both methods had their unique advantages and provided accurate
solutions, although they have a higher error in endfire operation mode.

6 Conclusions

With the fast progression of new technologies and applications in the fields ran-
ging from wireless communications to sensor systems, there is a continuous need
to improve and extend the capabilities of available computational electromagnetic
tools. The outcome of such efforts may increase the accuracy, or the computatio-
nal efficiency of existing algorithms, or lead to the development of new modeling,
simulation, analysis and design arsenal. The goal of this work has been to inves-
tigate computational tools for antenna analysis and design.
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In compliance with this goal, Paper I uses antenna current optimization to
determine the bounds for antennas above an infinite ground plane. This bound is
a FOM for antenna designers and can aid the designer in several aspects. First, it
is possible to have apriori knowledge on the limitations of the geometry allocated
for the antenna, and whether or not it meets the specifications. Second, it is
possible to compare antenna performance and its proximity to the bounds; this
knowledge can aid the designer to decide if the antenna under design should be
improved.

The second paper, Paper II, investigates the use of fundamental bounds along
with a MoM and GA hybrid solver to design antennas that reach theoretical
limitations. This framework is an inception of a tool that can automate both the
antenna design and its placement.

Another tool, characteristic mode (CM) analysis has been improved in Pa-
per III, by increasing not only its accuracy but also its computation efficiency.
The proposed technique can also be used to compute high order modes that were
not possible to determine with the conventional method and continuous far-field
patterns with high efficiency. Moreover, the technique can also be easily be added
to existing MoM solvers as an independent module.

Efficient synthesis of endfire patterns for large arrays has been achieved with
a MoM solver using the MBFs and ACA in Paper IV. Convex optimization is
used to determine the excitation coefficients to improve the impedance matching
under endfire operation. It was found that the impedance matching was signifi-
cantly improved over the traditional Hansen-Woodyard excitation. In Paper V
two techniques used in MBF method to model interconnected domains are in-
vestigated and benchmarked. Both methods gave accurate results under endfire
excitation.

7 Future Work

There are several areas of interest in which the work presented in this dissertation
may be extended. The following is a short overview of leads that may provide
significant contribution to the area covered by this work.

For the fundamental bounds, investigation of antennas consisting of dielectric,
lossy materials is a possible next step. Other interesting options include trade-
offs between various parameters, such asQ-factor, impedance matching, radiation
efficiency, MIMO channel capacity, etc. These findings will provide further insight
into theoretical limitations and can aid antenna designers.

The method proposed in Paper III, that is used to enhance the characteristic
modes analysis, can be applied to different modal decompositions to increase the
computation efficiency and accuracy. Two modal decompositions that might be
of interest are the efficiency and stored energy modes.

As for the endfire array synthesis tools, a detailed theoretical analysis of
different parameters, such as the association between the array arrangement and
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excitations, or determining optimal characteristic impedances for matching may
lead to significant improvements. Moreover, the analysis can be extended to
include arrays with interconnected subdomains.
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Appendix A Integration over Triangles

In computational electromagnetics the model under investigation is divided into
smaller elements that are solvable with differential or integral methods, this pro-
cess is called meshing [21, 147]. The unit element of the mesh can be a line, a
surface such as a triangle, quadrilateral, or higher order geometries [21,35]. One
of the widely used mesh element is the triangle that patches complex surfaces.
Our in-house MoM solver that was developed as part of this work uses triangle
mesh elements. Here simplex (barycentric) coordinates are used to represent the
triangle. The vector r is written as [49]

r = αr1 + βr2 + γr3 (A.1)

in simplex coordinates, where ri, i = {1, 2, 3}, are the three vertices of the
triangles and

α =
A1

A
,

β =
A2

A
,

γ =
A3

A
,

where A is the area of the triangle; Ai, i = {1, 2, 3}, are the sub-triangle areas.
The sum of barycentric coordinates is α+ β + γ = 1, Fig. 8.

r1
r2

r3

rc

A1A2

A3
O

r

`3

`2 `1

α β

γ

Figure 8: Simplex coordinates α, β, γ defined on an equilateral triangle with vertices
ri, edge lengths `i, sub-triangle areas Ai where i = {1, 2, 3}, and rc is the barycenter.
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Surface integral over the triangle is then written by a change of variables
giving

∫∫

S

f(r)dS =

∫∫

S

f (α, β) |J (α, β)|dαdβ

= 2A

∫ 1

α=0

∫ 1−α

β=0

f (α, β) dαdβ (A.2)

where J (α, β) is the Jakobian. To perform numerical integration over the triangle
symmetrical Gaussian quadrature can be used [36,49]

∫∫

S

f(r)dS ≈ A
N∑

i

wif(αi, βi, γi) (A.3)

where wi are the Gaussian quadrature weights and ri = αir1 + βir2 + γir3 are
the quadrature points [36].
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Appendix B Finite Precision Arithmetic

Computers use floating point representation to store real numbers and floating
point arithmetic to process them. This is due to the limited number of bits used
by the hardware to represent real numbers [51, 52]. Real numbers are rounded
when they are converted to a floating point number. The number of bits that
are used to represent real numbers depends on the hardware; standard values are
32- or 64-bits in modern systems. The IEEE-754 standard [159] defines 32-bit
single precision as float and 64-bit double precision as double. Special arithmetic
libraries such as mpmath [88] allow higher precisions e.g. 128-bits at the expense
of increase computing time.

In simulating physical systems, it is essential to quantify the error in repre-
senting numbers as floats, and floating point arithmetic operations to understand
their accuracy and limitations, for a detailed overview see [51, 52, 159]. Here we
follow the convention in [52] and define the floating point representation, fl(x),
of a real number x ∈ R as

fl(x) = x(1 + δ) = x̃, |δ| ≤ u. (B.1)

The value u is the unit round-off, and is defined as u = 0.5εfp, where εfp is
the distance from 1 to the next floating point number. For the IEEE-754 stan-
dard [159] formats, the unit round-off, u, is approximately 10−7 for a float and
10−16 for a double [52]. Any operation, op, between two floating point numbers
x̃ and ỹ also has an error associated and it is denoted with the unit round-off u

fl(x̃ op ỹ) = (x̃ op ỹ)(1 + δ), |δ| ≤ u. (B.2)

Relative error of any floating point arithmetic operation is then bounded above
by the unit round-off u. Therefore, u represents the best accuracy of a floating
point operation.
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Abstract

Physical limitations of antennas above infinite perfect electric conduc-
tor (PEC) ground planes are determined using the stored electromagnetic
energy. Stored energies are computed with the method of moments (MoM)
and the image theory. Convex optimization is used to derive the G/Q ratio
and Q-factor for a reference geometry and the results are compared for
different antenna types.

1 Introduction

The proximity of a conducting ground plane is both a blessing and a curse for
antenna designers. In some cases it limits the bandwidth, while in others this
additional structure can improve antenna performance significantly [22,27].

The Q-factor, which is inversely proportional to the fractional bandwidth, is
the main and traditional figure of merit for physical bounds [25]. For a system,
the Q-factor is defined as the ratio of its stored energy to the dissipated energy
per cycle. Similarly, the Q-factor for an antenna is the ratio of stored energy to
the radiated fields and antenna losses [5, 12,13,25,26].

Early pioneers in antenna theory, such as Chu [5], have investigated the phy-
sical limits of antennas since the late 1940s. Chu calculated the stored energies
analytically using spherical mode expansions, excluding a small spherical region
near the antenna. Although his calculations are restricted to antennas circum-
scribed by a sphere, they were a significant breakthrough for its time.

Today progresses in both theory and computing tools in the field allow the
analysis of antennas with different geometries. Physical bounds for antennas of
arbitrary shape and size were computed using the forward scattering sum rule
in [13]; whereas antenna current optimization is used to compute the physical
bounds of arbitrary metallic structures using method of moments (MoM) software
for antennas in free-space as well as antennas with finite ground planes in [6,12,
14]. The comparison of these different techniques with planar and cylindrical
antennas can be found in [2, 10,13,20,21]

This paper extends the physical bounds calculation to cover a new class of
antennas, antennas above an infinite ground plane. Previous research on this to-
pic has been conducted for low-frequency limit using spherical harmonics in [23],
vertically polarized antennas [13], and infinite antenna arrays [4, 7, 19]. Our ap-
proach is based on the application of classical image theory to the calculation of
antenna stored energies using the expressions for the stored energy derived by
Vandenbosch [24]. The proposed method can calculate the upper bound on G/Q,
for any geometry and radiation polarization.

To demonstrate the physical bounds a reference rectangular patch geometry
above a ground plane is presented and compared with different patch antenna
designs from literature [8]. The selected antennas are simulated using the com-
mercial electromagnetic solver FEKO [1]. The Q-factor of the simulated antennas
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are computed using both the MoM impedance matrix and the differentiated in-
put impedance [28]. Simulation results show that the Q-factor of the antennas
conform to the physical bounds of the reference geometry.

2 Stored Energies and Physical Bounds

While a specific definition is established on energy dissipated by an antenna,
the same cannot be claimed for the stored energy. This paper uses the stored
electric energy defined by Vandenbosch [24] which is equivalent to the coordinate
independent part of the stored energy expression [17]

We =
ε0
4

∫

R3

|E(r)|2 − |F (r̂)|2
r2

dV. (2.1)

In (2.1) E(r) and F (r̂) are respectively the electric field and the far-field with,
r = |r|, r̂ = r/r, and the integration is over an infinite sphere. The magnetic sto-
red energy is similarly obtained by replacing the electric field with the magnetic
field in (2.1).

In (2.1), the stored energies are calculated by subtracting the far-field energy
density from the electric energy density. It has been shown in [11, 28] that the
resulting expression (2.1) is the sum of two terms; one of them is coordinate
dependent and the other coordinate independent. The coordinate independent
term may yield the stored energy to have negative values [12], an indication that
the model is not exact, since the result is unphysical. The coordinate independent
term is very accurate for antennas smaller than ka 6 1 in dimension, where
k is the wavenumber and a is the radius of the smallest sphere enclosing the
antenna [11,17].

The Q-factor, the main parameter in quantifying the physical limits of an-
tennas, can also be used in optimization problems. For a lossless antenna the
Q-factor is usually defined as [16,28];

Q =
2ωmax{We,Wm}

Pd
, (2.2)

where ω is the angular frequency, We is the stored electric energy, Wm stored
magnetic energy, and Pd is the dissipated power. A useful approximation of
the Q-factor is the derivative of antenna input impedance, Zin, tuned to reso-
nance [28],

QZ′
in

=
ω|Z ′in|
2Rin

, (2.3)

where the terms Z ′in and Rin are the derivative of the tuned input impedance
with respect to angular frequency, and the real part of the input impedance,
respectively. It is assumed that the antenna is tuned to resonance with a single
circuit element, which can be either capacitive or inductive (2.3).
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The Q-factor can be calculated from the MoM impedance matrix and its
frequency derivative [15]. The impedance matrix is written as the sum of its real
and imaginary parts, Z = R + jX. The difference of stored energies are derived
as

Wm +We =
1

4
IHX′I, (2.4)

Wm −We =
1

4ω
IHXI, (2.5)

here X′ is the derivative of the imaginary part of the MoM impedance matrix
with respect to the radial frequency, I is a single column matrix representing
surface currents on the antenna structure, and IH is the Hermitian transpose of
the surface currents. By substituting one equation to the other, the stored energy
expressions are found as

Wm =
1

8
IH

(
∂X

∂ω
+

X

ω

)
I =

1

4ω
IHXmI, (2.6)

We =
1

8
IH

(
∂X

∂ω
− X

ω

)
I =

1

4ω
IHXeI, (2.7)

both (2.6) and (2.7) can simply be calculated from the MoM impedance matrix.
The tuned Q-factor can then be expressed as

Q =
ωIHX′I + |IHXI|

2IHRI
. (2.8)

The partial radiation intensity of an antenna with a unit polarization vector
ê and direction k̂, is proportional to the far-field F (k̂), and is expressed as

ê∗ · F (k̂) =
−jωη0

4π

∫

S

ê∗ · J(r)ejkk̂·r dS, (2.9)

where η0 is impedance of free space and k is the wavenumber. The partial gain
is defined as

G(k̂, ê) =
2π

η0

|ê∗ · F (k̂)|2
Pd

, (2.10)

the G/Q ratio is determined from (2.2) and (2.10)

G(k̂, ê)

Q
=

π|ê∗ · F (k̂)|2
ωη0 max{We,Wm}

. (2.11)

3 Antennas Above Ground Planes

Assuming an infinite perfect electric conductor (PEC) plane in the xy-plane
Fig. 1, the current density can be decomposed into horizontal and vertical com-
ponents. The current density is expressed as J(r) = Jv(r) + Jh(r) above the
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J

J im

PEC

Figure 1: The image current density J im of an arbitrarily placed current density J

PEC plane and its image current is written as [18]

J im(r) = Jv(ri)− Jh(ri) = ẑẑ · J(ri)− [J(ri)− ẑẑ · J(ri)] , (3.1)

where r = xx̂+ yŷ + zẑ and ri = xx̂+ yŷ − zẑ are the positions of the current
density and its image respectively. The dyadic Green’s function for solving this
problem can be written as [18]

G (r1, r2) = [G(r1, r2)−G(r1, r2i)] (x̂x̂+ ŷŷ)

+ [G(r1, r2) +G(r1, r2i)] ẑẑ = G‖ + G⊥ (3.2)

here r2 is the source position, r1 is the observation point, G‖ is the parallel
Green’s dyadic, G⊥ is the orthogonal Green’s dyadic, and G is the free-space
Green’s function. For horizontal currents (x̂ or ŷ directed) the source current
and image current are subtracted, while for vertical currents (ẑ directed) the
source and image currents are added.

An in-house MoM electric field integral equation (EFIE) implementation with
Galerkin test functions has been used to compute the stored energies. The MoM
impendence matrix elements for antennas above ground plane can be written by
substituting (3.2) to the free-space Green’s function

Zmn = jkη0

∫

S

∫

S

[
ψm(r1) ·ψn(r2)

− 1

k2
∇1 ·ψm(r1)∇2 ·ψn(r2)

]
G̃ (r1, r2) dS1 dS2, (3.3)

here Zmn denotes the elements of the MoM impedance matrix, ψm and ψn are
the expansion of source and test basis functions that are obtained by expanding
the currents in basis functions, J(r) =

∑N
n=1 Inψn(r). The G̃ Green’s function

is the parallel Green’s dyadic or the orthogonal Green’s dyadic, or their sums
depending on the direction of the basis function.
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`y
`x

d

PEC

x y

z

1Figure 2: The reference patch geometry of dimensions `x, `y = 0.77`x with a height
of d above an infinite PEC ground plane.

The stored energy expressions (2.6), (2.7) are then used to optimize the an-
tenna G/Q quotient. Formulating the physical bounds for the maximal G/Q
quotient results in a convex optimization problem. The physical bounds are
computed using convex optimization [3], where the G/Q quotient is optimized
by finding the best arrangement of surface currents over the antenna geometry.
This approach allows the optimization of the antenna bandwidth for different
polarizations and/or radiation patterns. The convex optimization problem can
be written as [12]

minimize max{IHXeI, I
HXmI}

subject to Re{FI} = 1
(3.4)

the F is a matrix which specifies the radiation polarization and direction (2.9).
The convex optimization problem (3.4) can be readily solved using the Matlab
toolbox CVX [9].

4 Numerical Examples

The physical bounds for a reference metallic rectangular geometry (Fig. 2) are
calculated using the convex optimization formulation (3.4). The geometry has a
dimension of `y = 0.77`x. It is placed above an infinite PEC ground plane and
the bounds are computed for three different patch heights d = {0.01, 0.05, 0.1}`x
radiating in the k̂ = ẑ direction, with either x̂, ŷ polarization. It should be
noted that computation of the physical bounds do not require a feed point. The
physical bounds for the patch in Fig. 2 are illustrated in Fig. 3 and Fig. 4 with
respect to `x/λ, the patch length normalized to the wavelength. As expected, the
G/Q bound and hence the patch bandwidth deteriorates rapidly as the proximity
to the ground plane increases.

The physical bounds of the reference rectangular region are also compared
with different patch antennas with identical maximum dimensions, for a height
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Figure 3: Physical bounds G/Q for a patch above a PEC ground plane for different
patch heights d = {0.01, 0.05, 0.1}`x.
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Figure 4: The resulting Q-factor from the physical bounds Fig. 3 for a patch above a
PEC ground plane for different patch heights d = {0.01, 0.05, 0.1}`x.
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Figure 5: Comparison of the Q-factor from the physical bound on G/Q for the patch
geometry in Fig. 2 with d = 0.05`x for six patch antennas.

of d = 0.05`x. The patch antennas are simulated in FEKO and matched to 50Ω.
The Q-factors are computed with (2.3). The comparison of the physical bounds
and antennaQ-factor is illustrated in Fig. 5. The simulated patch antennas match
the physical bounds and demonstrate that the bound for a single rectangular
patch cannot be exceeded using special geometries or configurations.

The simulated antennas include: a rectangular patch antenna, a slot loaded
patch antenna, a H-shaped antenna. From these the rectangular patch and the
slot loaded patch are fed in both x̂ and ŷ polarizations. The feed points for
the patch antenna are 0.18`x for x̂ and 0.25`x for ŷ polarization from the center
of the antenna. The slot size of the slot loaded antenna is (0.2 × 0.2)`x and
the feed points are located at 0.1`x for x̂ and 0.2`x for ŷ polarization from the
center. The H-shaped antenna feed point is located at 0.06`x from the center
of the antenna. All of the antennas are matched to 50 Ω and their Q-factor is
calculated using (2.3) at the match frequency. The H-shaped antenna and slot
antennas resonate at lower frequencies than the patch antenna as the effective
length is increased by extending the current path in both antenna types.

5 Conclusion

The paper discusses the estimation of the physical bounds of antennas above
a PEC ground plane, based on the classical image theory and the use of Van-
denbosch‘s expressions for stored energy. The proposed method calculates the
Q-factor for antennas of any geometry and radiation polarization. Numerical
results performed for a metallic rectangular region match well with the simu-
lation results using FEKO. Further work should include multi-layered dielectric
patches.
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Abstract

This chapter discusses fundamental bounds of small antennas and their
use in small antenna optimization. Different techniques to estimate and
compute the Q-factor and fundamental bounds are presented based on the
Q and QZ′

in
computation from current densities and antenna current opti-

mization. Genetic algorithm (GA) is reviewed, followed by a step-by-step
demonstration of its use in small antenna optimization. Examples using
the fundamental bounds and the GA to design a simplified small antenna
in a mobile wireless terminal are presented. A final example illustrates
the use of current optimization for small antenna placement on a mobile
wireless terminal.

1 Introduction

Mobile wireless standards have been introduced nearly every decade since early
80’s. The introduction of a new standard increases performance requirements
and expected capabilities of mobile terminal components. For instance, multiple
antennas are expected to fit into confined spaces on a terminal. As an antenna’s
performance is restricted by its physical size, this presents a challenge for antenna
designers [57].

Fundamental bounds are a figure of merit that specify the optimal per-
formance of an antenna with respect to one or several performance parame-
ters [6,8,11,13,21–23,27,28,33,37,46,52,54,58,61]. In case of a mobile terminal the
most important parameters are bandwidth, efficiency, and capacity. It has been
demonstrated in [21, 23] that the fundamental bounds of any arbitrary shaped
antenna can be determined using antenna current optimization. One other wi-
dely used performance indicator is the Q-factor computed from the derivative of
the input impedance [61]. The latter provides a close estimate of the bandwidth
for narrow band antennas. It has recently been shown that the Q-factor can also
be computed from the current distribution on a radiating structure at a single
frequency [19, 21, 24, 56]. This method is based on expressing the electric and
magnetic energies stored in the fields, and the power radiated by an antenna in
terms of the current densities [56]. The derivation is further explained in [18,19]
where it is shown that it is accurate in many situations, especially for electrically
small antennas.

Optimization is widely used in antenna design to search for optimal geome-
tric, material parameters that satisfy antenna performance requirements. One of
the popular optimization classes in antenna design is meta-heuristic algorithms
such as genetic algorithm (GA), particle swarm, and ant colony. In this chapter
a combined genetic algorithm (GA) and method of moments (MoM) with an ant
colony optimization technique is used to synthesize antennas [36, 47, 51]. More-
over, the optimization procedure uses a Q-factor estimation method to predict
antenna performance [9, 10]. Antenna current optimization is used to compute
the fundamental bounds that are then compared with the synthesized structures.
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Examples of planar synthesized structures have been analyzed in [9, 10, 51].
Here these are extended to 3D structures that represent simplified models of
common mobile wireless terminals [27]. An in-house GA/MoM solver is used to
generate/synthesize optimal antennas with minimum Q-factor for these termi-
nals. Furthermore, optimal antenna placement on a terminal is studied using
antenna current optimization. Customized bounds and optimum currents are
used in the antenna placement study. The objective of this study is to determine
the antenna location that maximizes the performance of the device, measured as
G/Q-ratio or Q-factor. Single resonance, [20, 61], and multiple resonance Brune
synthesis models, [4,18,59], are employed to evaluate the Q-factor of the structu-
res from their input impedance. The results have been validated with simulations
from the commercial electromagnetic solver ESI-CEM [12].

The chapter is organized as follows. A background overview is presented in
Section 2. Stored energies and their computation using the MoM are illustra-
ted in Section 2.1. The single frequency QZ′ estimation method is presented in
Section 2.2. Fundamental bounds on G/Q and the convex optimization formula-
tion are described in Section 2.3. Section 3 presents antenna optimization and the
combined GA/MoM simulation setup used to synthesize antennas, including GA
and convex optimization. Sections 3.1 and 3.2 describes genetic algorithm (GA)
and convex optimization, respectively. Section 4 presents numerical simulations
performed in this chapter and their results. The performance and examples of
GA/MoM optimized 3D structures are presented and compared with optimum-
current performance in Section 4.1. An antenna placement problem using opti-
mum currents and physical limitations is investigated in Section 4.3. The chapter
ends with conclusions in Section 5.

2 Stored Energies and Fundamental Bounds for
Antenna Analysis and Design

Antenna analysis and design is usually performed using numerical techniques
that solve differential and/or integral equations describing an electromagnetic
problem. Examples and details of numerical techniques for electromagnetics can
be found in text books such as [15, 29, 34, 44]. These techniques are based, in
general, on a discretized computation domain. The method of moments (MoM)
is a numerical technique where the surface and/or volume of the structure is dis-
cretized [15]. When solving an electromagnetic problem with the MoM technique
the current density J excited on the structure is approximated in terms of basis
functions ψn as

J(r) ≈
N∑

n=1

Inψn(r), (2.1)

where r is the position vector, In is the current expansion coefficients, and N is
the number of basis functions used to approximate the current density. In this
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chapter we use a Galerkin type MoM implementation of the electric field integral
equation (EFIE) using surface currents [15,34,44]. This gives the following system
of equations

ZI = V, (2.2)

where V is the excitation column matrix, Z is the impedance matrix describing
the structure, and I is the column matrix containing the current expansion coef-
ficients. The impedance matrix can be written as Z = R + jX, where R and X
are the real and imaginary parts, respectively. The elements of Z are,

Zmn = jη0

∫

∂V

∫

∂V

kψm(r1) ·ψn(r2)
e−jkR12

4πR12

− 1

k
∇1 ·ψm(r1)∇2 ·ψn(r2)

e−jkR12

4πR12
dS1 dS2, (2.3)

where η0 is the free space impedance, k = ω/c0 is the wave number, c0 is the
speed of light in free space, R12 = |r1 − r2| is the distance between the source
and observation points in the two integration domains, and V is the the volume
occupied by the antenna, bounded by the surface ∂V . The derivative of the MoM
impedance matrix with respect to the wavenumber is,

k∂Zmn
η0∂k

=

∫

∂V

∫

∂V

j

(
kψm(r1)·ψn(r2) +

1

k
∇1 ·ψm(r1)∇2 ·ψn(r2)

)
e−jkR12

4πR12

+
(
k2ψm(r1) ·ψn(r2)−∇1 ·ψm(r1)∇2 ·ψn(r2)

) e−jkR12

4π
dS1 dS2 (2.4)

which is a straight-forward addition to existing MoM software, and incurs margi-
nal computational cost. It should be noted that the first term on the right-hand-
side is identical to (2.3) with an addition instead of a subtraction. Moreover, the
second term is a combination of both current and charge terms, and does not
involve the 1/R singularity of the free-space Green’s function.

The Q-factor is the ratio of stored energy to total radiated and dissipated
energy in time-harmonic systems [1]. For a lossless antenna theQ-factor is defined
as [9, 61]

Q =
2ωmax{We,Wm}

Pr
(2.5)

here We, Wm, Pr are the stored electric energy, stored magnetic energy and radi-
ated power, respectively. This definition is equivalent to that in [1] for resonant
antennas. The Q-factor can be used to estimate antenna’s fractional bandwidth
and is a useful parameter in antenna optimization. An overview of expressions
for the Q-factor of antennas can be found in [50].

2.1 Stored Energies

Stored energy of radiating systems is an intricate topic, with a far-reaching history
in the antenna community. This is the result of the ambiguous definition of the
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stored energy in many radiating electromagnetic problems. Recently, both the
definition and the history of stored energies have been reviewed in [50].

Stored electric and magnetic energies of the radiating structure presented here
are based on the energy expressions derived in [56]. The energies are quadratic
forms in terms of the discrete current density matrix I [21],

We ≈
1

4ω
IHXeI and Wm ≈

1

4ω
IHXmI, (2.6)

where ω is the angular frequency, Xe and Xm are the electric and magnetic re-
actance matrices, respectively, and the exponent H denotes Hermitian transpose.
The electric and magnetic reactance matrices are obtained from a modified MoM
implementation of the impedance matrix Z and their explicit representations
are [21,56]

Xe,mn = η0

∫

∂V

∫

∂V

∇1 ·ψm(r1)∇2 ·ψn(r2)
cos(kR12)

4πkR12

−
(
k2ψm(r1) ·ψn(r2)−∇1 ·ψm(r1)∇2 ·ψn(r2)

) sin(kR12)

8π
dS1 dS2 (2.7)

and,

Xm,mn = η0

∫

∂V

∫

∂V

k2ψm(r1) ·ψn(r2)
cos(kR12)

4πkR12

−
(
k2ψm(r1) ·ψn(r2)−∇1 ·ψm(r1)∇2 ·ψn(r2)

) sin(kR12)

8π
dS1 dS2, (2.8)

these matrices can also be expressed in terms of the imaginary part of the
impedance matrix and its derivative (2.4) with respect to angular frequency
ω [23, 26,53]

Xe =
ω

2

(
∂X

∂ω
− X

ω

)
and Xm =

ω

2

(
∂X

∂ω
+

X

ω

)
(2.9)

combining both equations in (2.9). The sum of the stored energies is written as

We +Wm ≈
1

4ω
IH (Xe + Xm) I =

1

8
IHX′I (2.10)

where X′ is the derivative of X with respect to the angular frequency, (2.4).
The power radiated by an antenna can be written as a quadratic form [14,19,

45,56],

Pr ≈
1

2
IHRI, (2.11)

where R = Re{Z} is the radiation resistance matrix. The Q-factor of a lossless
antenna can be expressed in the stored electric and magnetic reactance matrices

Q =
2 max

{
IHXeI, I

HXmI
}

IHRI
. (2.12)
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In the case of a self-resonant lossless antenna (2.12) simplifies to

Qres =
ω

2

IHX′I

IHRI
. (2.13)

MoM matrices, Z, Xe, etc., are intrinsically suitable for global optimization
algorithms such as GA/MoM optimization [36,47], current optimization [21]. In
such algorithms the optimization time of some antenna parameters; e.g. the
bandwidth may be evaluated using the single frequency expression (2.12) for Q.

2.2 QZ′in Computation from Current Densities

It is also of interest to study another widely used Q-factor definition the QZ′
in

[61];
that is obtained from the derivative of the input impedance of an antenna. Con-
sider an antenna having the input impedance

Zin(k) = Rin(k) + jXin(k). (2.14)

This antenna is tuned to achieve resonance at the wave number k0 using a series-
connected, ideal, lumped inductor or capacitor, as in [61]. The input impedance
of the tuned antenna becomes

Zin,t(k) = Zin(k) + jXt(k), (2.15)

where Xt(k) is the tuning term. In case of a capacitive (Xin(k0) < 0) or inductive
(Xin(k0) > 0) input impedance, the tuning term Xt(k) is

Xt(k) =
−kXin(k0)

k0
and Xt(k) =

−k0Xin(k0)

k
, (2.16)

respectively. At the resonance frequency the input impedance is real valued, i.e.

Zin,t(k0) = Rin(k0). (2.17)

The Q-factor, QZ′
in

, of the antenna tuned to resonance, is [61]

QZ′
in

(k0) =
k0

∣∣Z ′in,t(k0)
∣∣

2Rin(k0)
, (2.18)

where prime denotes first derivative with respect to wave number. Note the
change of variables k = ω/c0, performed in order for Zin to be expressed in
terms of the same frequency variable as Z, whose elements are (2.3). If the single
resonance assumption does not hold, the derivative of the input impedance may
approach zero [20], QZ′

in
≈ 0. Replacing (2.15) and (2.16) in (2.18) gives

QZ′
in

(k0) =

∣∣∣∣
k0Z

′
in(k0)

2Rin(k0)
+ j
|Xin(k0)|
2Rin(k0)

∣∣∣∣ . (2.19)
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A MoM solver provides all quantities needed to evaluate (2.19) except Z ′in. This
quantity is traditionally computed using a numerical approximation based on
evaluating Zin for two closely spaced frequencies. Here, we present an alternative
approach using current densities to compute QZ′

in
that only requires a single

frequency impedance matrix computation.
The input impedance derivative is expressed in terms of the input admittance.

The admittance matrix is Y = Z−1. This matrix defines the input impedance of
the antenna using a voltage gap model of feeding edge elements:

Yin =
VTYV

V 2
in

, (2.20)

where Vin is the voltage applied across the gap. We assume that the voltage source
is real-valued and frequency independent, i.e. V′ = 0. The input impedance
derivative becomes

Z ′in =

(
1

Yin

)′
= −Y

′
in

Y 2
in

= −
(
VTYV

)′

V 2
inY

2
in

= −VTY′V

V 2
inY

2
in

. (2.21)

Consider the following identity: 0 =
(
Z−1Z

)′
=
(
Z−1

)′
Z+Z−1Z. Multiplication

from the right by Z−1 gives

(
Z−1

)′
= Y′ = −Z−1Z′Z−1 = −YZ′Y, (2.22)

such that the input impedance derivative is obtained as

Z ′in =
ITZ′I

V 2
inY

2
in

, (2.23)

using the fact that Z = ZT and Y = YT. Replace (2.23) in (2.19) to obtain

QZ′
in

(k0) ≈
∣∣∣∣
k0Z

2
in(k0)ITZ′I

2Rin(k0)V 2
in

+ j
|Xin(k0)|
2Rin(k0)

∣∣∣∣ , (2.24)

the first derivative with respect to wave number of the impedance matrix, Z′, is
computed for the wave number k0. It should be noted that (2.24) is similar to
(2.13), with a transpose in place of the Hermitian transpose. For small antennas
the frequency derivative of the real part R of the impedance matrix Z is negligible
ITZ′I ≈ ITX′I. Therefore the Q-factor for a self-resonant antenna becomes

QZ′ ≈ ω

2

|ITX′I|
IHRI

6
ω

2

IHX′I

IHRI
(2.25)

the inequality holds in the case that X′ is real valued symmetric positive de-
finite matrix and becomes an equality if I is equiphase. This formulation of
the impedance derivative speeds up the computational process significantly as it
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only requires to compute the impedance matrix once unlike using the numerical
difference to compute the derivative of the input impedance.

The corresponding expression for QZ′
in

in [5] differs from (2.24) as the former
includes frequency derivatives of the current density and complex conjugates. An
expression similar to (2.24) can be derived using a parallel tuning susceptance.

2.3 Fundamental Bounds

The main parameters of interest in small antenna design are the bandwidth,
efficiency, input impedance, and SAR [8,11,13,21–23,28,37,46,52,54,58,61]. In
many cases electrically small antenna design becomes a trade-off between the
antenna’s physical size and its bandwidth. As the antenna becomes smaller its
bandwidth performance deteriorates. Therefore, it is important to determine
the antennas physical (fundamental) bounds in order to estimate its optimal
performance. One common figure-of-merit is the Q-factor , (2.13) and (2.18), as
it is related to the inverse of the fractional bandwidth [61].

Physical bounds of antennas have been extensively investigated since the
1940’s. Consequently, a plethora of different techniques are available to compute
the physical bounds. These can be grouped as in [27] into circuit models [8, 58],
mode expansions [11, 13, 28, 37], forward-scattering sum rule [22], and antenna
current optimization [7, 19,21].

Antenna current optimization is a powerful approach in which customized
bounds are derived without restrictive assumptions; e.g. bounding geometry,
electrical size [23]. In antenna current optimization antenna current densities are
the parameter of interest. Using the current densities minimization of G/Q and
Q can be expressed as optimization problems. For the gain Q-factor quotient, the
optimization problem is convex and can be solved using convex optimization [20].
In the case of minimizing the Q-factor the optimization problem is non-convex
but a dual problem can be constructed [6]. Once the optimization problem is
solved, optimal currents of the antenna are obtained defining an upper bound
on the performance of the physical structure. In the gain Q-factor quotient
case the optimal currents can be found using the following convex optimization
formulation

minimizeI max{IHXeI, I
HXmI}

subject to FI = −j.
(2.26)

Alternatively, its dual problem [23] that is maximized over α with the following
constraints

minimizeI IH (αXe + (1− α)Xm) I

subject to FI = −j, 0 6 α 6 1
(2.27)

For a fixed α the solution of (2.27) is

I =
−j (αXe + (1− α)Xm)

−1
FH

F (αXe + (1− α)Xm)
−1

FH
, (2.28)
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with appropriate scaling of I such that FI is dimensionless. The 1 × N matrix
F, with the elements

Fn =
−jkη0

4π

∫

V

ê∗ ·ψn(r)ejkk̂·r dV, (2.29)

is used to approximate the far field, F , in the fixed direction k̂, projected on the
polarization vector, ê, as

ê∗ · F (k̂) ≈ FI. (2.30)

Formulation (2.27) minimizes the energy stored in the fields created by a radiating
structure for a fixed partial radiation intensity in a specific direction. A more
detailed presentation of the optimization formulations (2.26) and (2.27) and the
quantities involved can be found in [21,23].

3 Antenna Optimization

Antenna performance can be improved by employing various optimization algo-
rithms. These algorithms include different antenna parameters, used as figures
of merit; e.g. gain, shape, impedance, etc., in their optimization goals. In this
chapter we use GA and convex optimization.

An evolutionary optimization method, the GA, has been chosen for the exam-
ples presented here mainly due to the specifics of the problems considered. GA
belongs to the class of global optimization algorithms, for a non-exhaustive in-
troduction to this class and some of its applications see [3,16,31,32,39,41,42,48].
Many antennas embedded in modern devices have a performance that can be
predicted with a reasonable accuracy by numerical simulation. Such simulations
require significant amount of computing power. Furthermore, fine details of the
structure need to be modeled which translate into a large number of possible
solutions. Attempting to study all possible solutions becomes prohibitive from
a practical perspective in many situations. However, heuristic methods have
been shown to provide reasonable solutions to optimization problems prohibitive
for deterministic methods. A few examples of heuristic optimization methods
are genetic algorithms, random search, particle swarm optimization and ant co-
lony [30,47,49,55].

Table 1 explains the procedure to obtain the simulation results. Further
details about the items above can be found throughout the chapter: general
descriptions are given in Sec. 4 for the problems considered there (item 1). The
following two paragraphs introduce the in-house MoM solver and commercial
simulator (items 2 and 5). The GA (item 3) is described in more detail in
Sec. 3.1. Bounds derived from current optimization (item 4) are the topic of
Sec. 2.3.

The in-house MoM-solver is based on Galerkin’s method and a mixed-potential
EFIE-formulation [29, 34, 44]. The basis and testing functions have a “rooftop”
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Table 1: Steps used to obtain the simulation data

1. General description of problem – Definition of the an-
tenna type to be studied, details to be considered, general
bounding shape, etc., parameters that apply to later items.

2. Generation of mother matrices – An in-house EFIE-
based MoM solver computes the matrices Z, Xe, Xm, R,
and F that describe the antennas studied, see Sec. 2.

3. Performing antenna optimization – The mother matrices
are used in GA/MoM [36]; the resulting optimized designs
are presented here.

4. Computing the bounds – The mother matrices are used
for antenna current optimization [21]; these bounds are
used as comparison for the optimized designs of item 3

5. Verification using a commercial simulator – The anten-
nas obtained through optimization at item 3 are evaluated
using a commercial simulator.

profile on pairs of adjacent rectangular mesh elements, i.e. rectangles sharing a
common edge [40], as illustrated in Fig. 4. Such a function has the amplitude
linearly increasing toward the common edge and the direction from the first to
the second rectangle (numbered according to a fixed mesh element numbering
rule). The Green’s function 1/R singularities for self and near-singular terms are
integrated using a change of variable [38].

The commercial electromagnetic solver ESI-CEM [12] is used to verify the
results obtained with the in-house solver through genetic optimization. This
commercial solver uses a triangular mesh to discretize the surfaces. Therefore,
the rectangular mesh used in the in-house simulation software is converted to a
triangular mesh to be used in the ESI-CEM solver. The antenna feed location
is maintained at the same position in both solvers. The ESI-CEM simulation
of the GA/MoM-optimized antenna is used to calculate the cost function. This
provides a comparison between the results obtained using the in-house solver and
the commercial solver ESI-CEM.

3.1 Genetic Algorithms

Genetic algorithms applied to antenna problems converges with reasonable speed
to suboptimal solutions and avoids local extrema [47]. These algorithms mi-
mic human, animal, plant population evolution using genetic principles well-
established in genetics–a field of biology. Typically, such principles are conci-
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Figure 1: Illustration of a genetic algorithm implementation for antenna optimization.

sely contained in the concepts: “generation”, “individual”, “population”, “gene”,
“chromosome”, “breeding”, “offspring”, “crossover”, “mutation”, etc. These con-
cepts are used in the context of antenna optimization in the following paragraphs,
for a detailed explanation refer to [47].

The GA used in the examples to search realistic structures with performance
close to physical limitations is depicted in Fig. 1 [9, 10]. We developed this al-
gorithm starting from the implementation distributed with PB-FDTD [55]. An
initial-random, 200-individual antennas are improved according to evolutionary
principles in steps. At each step 80 random individuals compete to become one
of two breeding parents. The resulting two offsprings are affected by two-point
cross-over (which happens 80 % of the time) and single-gene mutation (with 20 %
probability). These offsprings are placed in the population, doubling its size. An-
tennas of the expanded population are ranked according to their fitness. The two
least-fit antennas are removed from the population. Fitness is evaluated as an
objective (cost) function that is minimized during optimization. This function is
a combination of antenna parameters with different weights. After 300 consecu-
tive steps without population improvement the algorithm enters a phase where
the offspring produced always have up to 4 genes mutated. This phase is meant
to reduce the solution time of the GA (however, this time improvement has not
been studied). Once improvement is observed, the algorithm returns to “natu-
ral” conditions, single-gene mutation with 20 % probability. The optimization is
stopped after 2 105 steps or when genetic stability during 2 104 steps is observed.

As an example consider the over-simplified structure of Fig. 2a as a starting
point for antenna optimization using GA/MoM [36, 47]. The problem in this
example can be formulated as (item 1, Table 1):
“Optimized antennas made of thin perfect electric conductor (PEC). A possible
optimal candidate is obtained by placing up to 6 rectangular patches (shaded)
in the mesh (black solid lines) of Fig. 2a. The mesh assures electrical connection
between patches at their edges.”
Based on this summarized description the GA/MoM can be set up. The six
patches (mesh elements in MoM) are the binary genes describing an antenna
“population.” “Individuals” (antennas) have a genotype made of a single chro-
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Figure 2: Illustration of a mother structure (a) and an individual derived from it
(b). Gray-shaded rectangles—PEC mesh elements/patches. Solid, black lines—mesh
edges (they connect patches electrically). Mesh elements are numbered using roman
numerals. Mesh edges interior to basis functions domain of definition are numbered
with arabic numerals, i.e. there is a surface current perpedicularly across each of these
numbered edges corresponding to a basis function.

mosome with information about all six genes. The chromosomes are encoded as
a 1× 6 matrix where 1 denotes a patch placed in the mesh and 0 an empty space
in the mesh. Fig. 2b depicts an antenna with 4 patches placed in the mesh as
described by the matrix (1, 0, 0, 1, 1, 1).

The interaction between GA and MoM appears during population evolution
when the fitness of each individual is evaluated and ranked. This interaction
is the method to obtain the MoM solution, (2.2), for each individual in the
population. We use a method in which the solution is obtained using matrix
operations such that computationally intensive calculations, e.g. integration of
a Green’s function, are not performed unnecessarily. The “mother” matrices
needed for these matrix operations, obtained at item 2, Table 1, are the 7 × 7
matrices ZM = Rr,M + j(Xm,M − Xe,M) and the 7 × 1 matrix FM, introduced
in Sec. 2. The subscript “M” stands for “mother.” The matrix size is given by
the number of edge elements (basis functions) in the problem definition (Fig. 2).
Note that a feed model and position is not necessary for the computation of
mother matrices, i.e. ZM, Rr,M, Xm,M, Xe,M and FM depend on geometry
alone and are linked with electromagnetics through η0 and k. Mother matrices
are pre-computed and then passed to the GA as parameters; i.e. the integration
of Green’s functions is performed once outside the main evolutionary algorithm.

The electromagnetic solution is obtained during the iterative evolutionary
part of the GA using the MoM equation (2.2). The solution we look for is the
column-matrix I of complex surface-current coefficients. All matrices involved
in the equations mentioned above have sizes that depend on the “individual”
(antenna) for which the solution is derived. In the example of Fig. 2 the mother
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impedance matrix is

ZM =




z11 z12 z13 z14 z15 z16 z17

z21 z22 z23 z24 z25 z26 z27

z31 z32 z33 z34 z35 z36 z37

z41 z42 z43 z44 z45 z46 z47

z51 z52 z53 z54 z55 z56 z57

z61 z62 z63 z64 z65 z66 z67

z71 z72 z73 z74 z75 z76 z77




, (3.1)

where rows and columns with indexes 3, 6 and 7 are colored. These indexes result
when translating the genetic information of the antenna in Fig. 2b to MoM basis
functions. These functions and their interaction with each other are already
contained in the mother matrix ZM such that extracting the elements at the
intersections of rows 3, 6, and 7 with columns 3, 6, and 7 gives the impedance
matrix describing the individual antenna in Fig. 2b, i.e.

ZI =




z33 z36 z37

z63 z66 z67

z73 z76 z77


 , (3.2)

where the subscript I stands for “individual” in an antenna population. The feed
model must be defined in the column matrix V now, when calculating the MoM
solution. Considering, for example, that we may only feed a unitary voltage gap
model across the edges of basis functions 1 and 6, we can define a “mother” feed
matrix as

VM =
(

1 0 0 0 0 1 0
)T
. (3.3)

The excitation matrix for the antenna in Fig. 2b is found with the same set of
indexes as the impedance matrix, i.e.

VI =
(

1 0 0 0 0 1 0
)T
. (3.4)

The MoM solution for the individual antenna is

II = Z−1
I VI =




z33 z36 z37

z63 z66 z67

z73 z76 z77



−1


0
1
0


 . (3.5)

The same indexes are used to extract individual matrices to compute stored
energies or far-fields, e.g. using equations (2.6) or (2.30) where all matrices are
replaced with individual matrices, including II calculated above.

A GA is neither an exhaustive search of the optimum solution nor an exhaustive
evaluation of the characteristics of certain individuals. Such an algorithm uses
genetic principles to drive an initially random population toward a suboptimal
solution avoiding to some extent local extrema, [47]. Genetic principles allow the



3 Antenna Optimization 75

I

II

I

II

m
n

p
q

a b

Figure 3: Example of “malformations” (unwanted characteristics) that may appear
in GA-optimized antennas: a—isolated mesh elements “I” and “II”; b—corner con-
nection between mesh elements “I” and “II” that are in the domain of definition of
basis functions m,n, p, and q. Metallic regions are depicted in gray shading.

appearance of unwanted characteristics of offsprings (“malformations”). Such
characteristics may have unpredictable effects on the performance of a fabrica-
ted structure, [10,35,43,60]. Two frequent “malformations” are isolated patches
and corner connections, Fig. 3. Isolated patches are active mesh elements (i.e.
included in the genotype of an individual) that do not affect the MoM solution
because none of the basis functions is defined on such elements. Isolated elements
may have no other neighboring active elements or neighboring elements in the
corners. These isolated elements are “purged” after each offspring generation in
the GA used here. Corner connections are pairs of active mesh elements that
are in the domain of definition of two different basis functions and neighbors
through a common corner vertex. Different methods can be used to avoid corner
connections such as random geometry refinement, [43], patch overlapping, [35],
faulty-gene purging (used here), [10], etc.

3.2 Convex Optimization

Fundamental bounds presented in Section 2.3 are computed with the optimization
problems (2.26) and (2.27) that are in fact formulated as convex optimization
problems. Convex optimization has a well developed theory and can be solved
efficiently [3]. Moreover, it gives a posteriori error estimates on the solution.
Unlike global optimization methods such as GA, it finds the optimal solution; as
the local optimum is also the global optimum.

Fundamental bounds on the G/Q quotient for an antenna, (2.26), can be
computed with any convex optimization software package. One example Matlab
library is CVX [17]. The optimization problem (2.26) can be easily written as a
CVX model in Matlab [23]. If the fundamental bounds on the whole structure
are of interest the mother matrices (item 2, Table 1) are used directly as inputs
of the Matlab CVX model. In the case of embedded antennas, where only part
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Figure 4: Illustration of rectangular mesh element discretization and “rooftop” basis
function amplitude for a three-dimensional radiating structure. Metal areas are depicted
in gray shading. The amplitudes of three of the total 7×3+6×4−4−3 basis functions
are depicted in blue, pink and green shading. The feeding edge is marked F .

of the structure should have the controlled currents, a constraint can be added to
the optimization problem [21, 23]. Once the optimization problem is solved the
optimal currents that give the maximum G/Q quotient, the fundamental bounds
on G/Q, are found. If the dual problem (2.27) is solved with a similar approach
another set of optimal currents giving the same bound are found.

4 Examples

Combining GA antenna optimization with the fundamental bounds results in a
powerful tool to synthesize small antennas. The first two examples illustrate this
by finding the optimum antenna for a simplified wireless terminal chassis. The
last example demonstrates optimal antenna placement on a wireless terminal.
In all examples the wireless terminal chassis is divided into separate parts; the
ground plane and, the radiating antenna. The ground plane is kept fixed while
the optimization is done on the antenna part. The wireless terminal is a modeled
as an infinitely-thin PEC in vacuum.

4.1 Bent-End Simple Phone Model

The analyzed structures are spatially confined to three rectangular regions con-
nected together as illustrated in Fig. 4. The first region has the length `1 and
width w = 7 cm. This region is the fixed ground plane, [9, 10]. The second and
third rectangular regions, with the lengths `2 and `3 = 0.7 cm, respectively, and
width w, represent the antenna region, [9, 10]. The lengths `1 and `2 are cho-
sen such that `1 + `2 = ` = 14 cm. The region with the length `3 extends in a
direction perpendicular to the common plane of the other two regions.

Three cases of the above arrangement are considered. The structures corre-
sponding to these cases have `2 = 0.7 cm, 1.4 cm and 2.8 cm, i.e. 5 %, 10 % and
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Figure 5: The Q-factors of antennas optimized using a genetic algorithm (“+”) com-
pared to corresponding Q-factors of G/Q-optimum current densities, [21] (dashed, dash-
dotted, and dotted lines), for the bent-end model illustrated in Fig. 4 with `2 = 0.7 cm,
1.4 cm and 2.8 cm and ` = 14 cm. The input impedance of the GA-optimized structu-
res, computed by ESI-CEM, [12], has been used to calculate the Q-factors “◦” using a
resonance model [20, 59, 61]. The physical bound on Q for a rectangular PEC surface
14× 7 cm2, [22], is depicted in solid black line.

20 % of `, respectively. To reiterate the whole procedure; the antenna region is
used for current optimization, to derive physical limitations (item 4, Table 1), and
for genetic optimization, to synthesize antennas close to their physical limitati-
ons (item 3, Table 1). Physical limitations are derived using convex optimization
formulation (2.27) for the G/Q-ratio in each situation, [21]. Antennas are op-
timized for minimum Q through the GA/MoM optimization procedure, [36, 47],
see Sec. 3.

The mother structure, [36, 47], corresponding to the arrangement described
above consists of three infinitely thin PEC rectangular surfaces with the lengths
`1, `2 and `3, and width w arranged as in Fig. 4. This structure is discretized
with a non-uniform mesh, finer in the antenna region than in the ground plane
for all cases considered. The first 11.2 cm in the `-direction from the left in Fig. 4
are divided in 40 mesh elements (and 25 in the w-direction). The remaining
2.8 cm in the `-direction are divided in 20 mesh elements (and 50 in the w-
direction). The bent region is divided in 5 by 50 mesh elements in the `3 and w
directions, respectively. This particular choice of discretization results in square
mesh elements with the side 1.4 mm in the antenna region and 2.8 mm in the
ground plane. A row of overlapping basis functions in the `-direction at the
place of the discontinuity in the mesh size couples electrically the regions with
different discretizations.

The mother matrices, i.e. the matrices Z, Xe, etc., describing the mother
structure, are square with 4435 rows (item 2, Table 1). A block matrix de-
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Figure 6: Example of GA optimized structures with Q-factors depicted in Fig. 5 for
`/λ = 0.1 (top row) and `/λ = 0.5 (bottom row), and `2 = 0.7 cm (left column), 1.4 cm
(middle column), and 2.8 cm (left column). Gray shading—part of the ground plane,
black—antenna region part coplanar with the ground plane, bronze—antenna region
part normal to the ground plane. Feeding edges are circled.

composition is applied to these matrices, [36]. This decomposition reduces the
sizes of the matrices manipulated repetitively during the GA/MoM optimization.
These latter matrices are square with 990, 1485 and 2475 rows respectively for
`2 = 0.7 cm, 1.4 cm and 2.8 cm.

The genetic optimization of antenna Q has been run for five frequencies, gi-
ven by `/λ = 0.1, 0.2, 0.3, 0.4, and 0.5. Five optimized structures have been
generated by the GA for each combination of `2 and frequency. The smallest
optimized-structure Q-factor (2.5) of the five corresponding to each combination
of `2 and frequency is labeled “Pred.” in Fig. 5. The optimized structures with
these smallest Q-factors (of which six are depicted in Fig. 6) have been simulated
using the commercial solver ESI-CEM, [12] (item 5, Table 1). The input impe-
dance of these structures is used to obtain the Q-factors labeled “Sim.” in Fig. 5.
These Q-factors agree to a large extent with those obtained using the in-house
MoM solver and the discrete expressions (2.6)–(2.5) (less than 6 % deviation re-
lative to the former Q values). The single-resonance model described in [20, 61],
equation (2.18), is employed to compute the Q-factor for `/λ = 0.1 and 0.2. The
Q-factors for the other frequencies are computed using the multiple-resonance,
Brune-synthesis model, [18, 59]. The single-frequency QZ′

in
(2.24) has been app-

lied to the structures having the smallest Q-factors mentioned above. The QZ′
in

values in these cases have less than 5 % difference relative to corresponding QZ′
in

values computed using (2.18).
The Q-factors obtained in optimization and simulation are compared to Q-

factors given by optimum antenna current distributions, labeled “Opt.” in Fig. 5.
These distributions are obtained using the convex optimization formulation (2.27)
for theG/Q-quotient, [21]. The matrices involved in these formulations are square
with 990, 1485 and 2475 rows respectively for `2 = 0.7 cm, 1.4 cm and 2.8 cm.
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These matrices are obtained using a uniform, 1.4 mm-side square mesh element
discretization of the mother structure—same mother structure as that considered
for GA optimization. The physical bound on the Q-factor of a rectangular PEC
region with the dimensions 14 × 7 cm2, computed using the results in [22], is
included for illustration. It is observed in Fig. 5 that the optimized-structure
Q-factors are close to those achieved by optimum antenna currents (less than
13 % deviation relative to the optimum-current Q-factors). Note that the current
distributions used to compute the curves labeled “Opt.” in Fig. 5 are optimum
in the sense of G/Q. However, the Q-factors computed from these distributions
may not be optimum in the sense of the Q-factor. This may result in structures
that are on the “wrong side” of the G/Q-optimum current Q-factor, e.g. below
the curves in Fig. 5. The G/Q-quotient of such structures is on the “right side”
of the physical bound.

4.2 Bent-End Simple Phone Model—Optimization for QZ′

The bent-end model with `1 = 12.6 cm and `2 = 1.4 cm, described in Sec. 4.1, has
been optimized using the GA for operation between 700 MHz and 960 MHz. This
frequency band is divided in two sub-bands with the center frequencies fc,1 =
759.5 MHz and fc,2 = 889.5 MHz, The fractional bandwidths of the two sub-bands
are equal, FBW1,2 ≈ 15.8 %. The matrices Z, Xe, Xm and R are computed for
the center frequencies. Two extra impedance matrices are computed for the
frequencies 1.001fc,1,2 in order to evaluate QZ′

in
at fc,1,2 using (2.18). The cost

function minimized by the GA is

FC = αQ,M max

{
Q1

7
,
Q2

7

}
+ αQ,S

(
Q1

7
+
Q2

7

)

+ αQZ′ ,M max {QZ′,1, QZ′,2}+ αQZ′ ,S (QZ′,1 +QZ′,2) , (4.1)

where the indexes 1 and 2 denote the sub-band, Q is the energy-based antenna-
Q (2.5), QZ′

in
is the single-resonance input-impedance-derivative antenna-Q (2.18),

and the weights α define the optimization target. The normalization values for
Q, 7, ensure less than −6 dB reflection coefficient magnitude at the antenna in-
put for the targeted FBW, under the assumption of single-resonance [61]. The

Table 2: GA cost function parameters and results for different optimization objectives

Target
αQ, αQZ′ , Q1 Q2 QZ′,1 QZ′,2

M S M S

1 min Q 1 0.1 0 0 4.6 3.7 2.9 0.3
2 min QZ′

in
0 0 1 0.1 8.2 8.9 0.01 0.01

3
min Q & QZ′

in
1 0.1 1 0.1

8.7 6.8 0.08 0.08
4 6.5 5.5 1.1 1.1
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1 2 3 4

Figure 7: GA-optimized structures whose Q-factors are listed in Table 2. Gray
shading—part of the ground plane, black—antenna region part coplanar with the
ground plane, bronze—antenna region part normal to the ground plane. Feeding edges
are circled.

QZ′
in

values are not normalized because some applications target as low QZ′
in

as
possible, i.e. little variation of the input impedance in the operation band.

The GA has been run five times for each optimization target whose α-values
are listed in Table 2. The Q-factors of the four GA-optimized structures de-
picted in Fig. 7 (of the total 15 structures) are presented in the same table. The
structures corresponding to rows 1, 2 and 3 have the minimum cost function.
The structure whose Q-factors are listed on row 4 has been optimized for simul-
taneous minimum Q and QZ′

in
, does not have the minimum cost function, but

has minimum Q on both sub-bands (out of the total 5 GA-optimized structures
with this target). The values for QZ′

in
listed in Table 2 are evaluated with (2.18).

These values agree to a large extent with the same values reevaluated at the
center frequencies with (2.24). The four structures of Fig. 7 have been simulated
in ESI-CEM [12]. The magnitudes of the reflection coefficients at the inputs of
these structures are depicted in Fig. 8. Matching networks that yield less than
−6 dB reflection coefficient in the entire band have been designed using BetaMa-
tch [2]. These networks are depicted in Fig. 9 and the resulting S11 magnitudes in
Fig. 8. Real component models of surface-mount device (SMD) lumped elements,
including losses, have been used for matching. The curves in Fig. 8 offer infor-
mation about the effort needed to design matching networks for the structures
and situation considered.

Table 3: Dimensions of MoM matrices for the structures of Fig. 10

Struct. a b c d e, f g h i
N 7584 8256 7568 7584 8256 8256 10830 7584
NAR 1936 2608 1928 1944 2616 2612 5168 1992
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Figure 8: Magnitude of S11 at the input of the structures depicted in Fig. 7 without
matching network, the curves labeled 1, 2, 3 and 4, and with the matching networks
sketched in Fig. 9, the curves labeled 1m, 2m, 3m and 4m.
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Figure 9: Matching networks designed for the structures depicted in Fig. 7 to yield
less than −6 dB reflection coefficient magnitude between 700 . . . 960 MHz (solid curves
in Fig. 8).

4.3 Wireless Terminal Antenna Placement Using Optimum
Currents

Optimum antenna currents can be employed for evaluation and comparison of the
performance achievable by a device with antennas placed at different locations.
For illustration, we would like to determine the position and shape of the antenna
region, [9, 10], that has the smallest Q-factor in the frequency range of Fig. 5.
The nine 3D simplified models of common hand-held wireless terminals depicted
in Fig. 10 are analyzed. These models have been chosen based on observations of
common hand-held devices. The models are limited to a rectangular parallelepi-
ped with dimensions `×w× h = 14× 7× 0.7 cm3 (i.e. length×width× height).
Note that limiting the structures to a parallelepiped is introduced for illustration
purpose and does not restrict the applicability of the procedure exemplified here.
Each model is drawn in Fig. 10 to scale in three side views from the `, w and
h-directions (except for Fig. 10h where an h-side view and two sections through
the symmetry planes are depicted). Gray and black represent the ground plane
and antenna region, respectively.
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Figure 10: Nine simplified wireless-device models limited to a parallelepiped, consis-
ting of a planar ground region extending 90 % of one length×width face, i.e. `×w, and
an antenna region occupying 10 % of the parallelepiped volume. Three side views are
depicted for a-g and i, i.e. structures as seen along the length, width and height. A
side view along the height and two sections at the symmetry planes are depicted for h.
Gray shading—ground plane; black—antenna region, [9, 10].

The ground plane, [9, 10] covers 90 % of the area of one ` × w face of the
parallelepiped bounding the antenna. The remaining 10 % of that face represents
the support of the antenna region, which may be continuous or divided in more
sub-regions. Here, a maximum of two sub-regions have been used. The structures
in the antenna regions are limited to infinitely thin PEC sheets placed on faces
of the 3D shape of the antenna region. This shape is obtained by translating
the 10 % of the ` × w-face area reserved for the antenna region a distance h
perpendicularly to the ground plane (i.e. by extruding the 10 % in the h-direction
to the opposed face). The shapes resulting in the antenna region are made of
rectangular parallelepipeds. These parallelepipeds are covered with PEC sheets
on the four largest-area faces (in the case depicted in Fig. 10h there are four
openings adjacent to the ground plane corners in the w × h-plane; these are one
mesh-element wide and extend the entire h-dimension).

The antenna region placement cases introduced above are discretized using
a uniform mesh of 1.75 × 1.75 mm2 rectangular elements. The total number of
basis functions, N , resulting for the structures depicted in Fig. 10 are presented
in Table 3 (i.e. the number of rows and columns, where applicable, of Z, Z′,
Xe, Xm, R, and F). The same table presents the number of rows, and columns
where applicable, NAR, of the blocks, [36], corresponding to the 10 %-`×w-area
antenna region [9, 10]. These blocks are computed for the matrices involved in
the convex optimization formulation (2.27).

The bounds on G/Q using formulation (2.27) for the simplified models of
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Figure 11: Physical bounds on G/Q for the structures depicted in Fig. 10 obtained
using the convex optimization formulation (2.27), [21], when only the antenna region
(black in Fig. 10) is optimized. The physical bound on G/Q for a rectangular PEC
surface 14× 7 cm2, [22], is depicted in solid black line and labeled “R.”

Fig. 10 are depicted in Fig. 11. The formulation has been solved for 46 `/λ-values
between 0.06 and 0.51 (frequency between 128 MHz and 1.092 GHz). Linear
polarization along the length and directivity in the direction of the height of
the parallelepiped bounding the models are considered. The bound computed
using the results in [22]1 for a rectangular, infinitely thin, 14× 7 cm2 PEC sheet
is labeled “R” in Fig. 11. The G/Q-optimum current distributions giving the
physical bounds in Fig. 11 are used to compute the Q-factors (2.5) depicted in
Fig. 12. The physical bound on Q for a rectangular 14× 7 cm2 PEC sheet, [22],
is labeled “R” in Fig. 12. The ring structure depicted in Fig. 10h outperforms
all other structures in the figure in terms of G/Q and Q, except for a frequency
region around `/λ ≈ 0.1 where the structure in Fig. 10b has a greater G/Q. We
also note that around `/λ ≈ 0.37 a few of the structures in Fig. 10 reach close to
the G/Q bound of a rectangular region and the structure in Fig. 10h has a G/Q
value greater than that of a rectangular region. The optimum-current Q-factors
do not reach as close to the physical bound on Q for a rectangular region as the
G/Q-values.

Note that, in this example, we have done items 1, 2 and 5 in Table 1. The
next step would be to run the GA/MoM for the structure in Fig. 10h by assuming
a feed location (item 3, Table 1). Further on, GA-optimized structures should
be verified using a commercial simulator, item 5, Table 1.

1http://www.mathworks.se/matlabcentral/fileexchange/26806-antennaq
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Figure 12: The Q-factors (2.5) achieved by the currents that give the optimum G/Q-
values depicted in Fig. 11. The Q-factor of a 14× 7 cm2 PEC rectangle, [22], is labeled
“R.”

5 Conclusions

This chapter reviewed the use of fundamental bounds and the Q-factor in small
antenna optimization. With the fundamental bounds the antenna designer can
estimate how well the antenna will perform before the design process. This can
provide insight if the design specifications can be met with the structure at hand.
Moreover, knowledge of the antennas bounds can be used in a physical limitation-
aware optimization, where the optimization process can be terminated once the
target is achieved with a certain margin.

Formulating the bounds as a convex optimization problem offers the flexibility
to add additional “convex” constraints with minor effort. Examples of additional
constraints include, limitations on efficiency, SAR, and the radiation pattern or
optimizing the antenna region of embedded antennas. The antenna designer can
investigate numerous situations by adding the previous constraints to the original
convex problem.

The introduction of a method to estimate QZ′
in

of antennas from the cur-
rent distribution computed for a single frequency; the application of fundamen-
tal bounds and of the QZ′

in
single-frequency estimation method to design cases

of three-dimensional radiating structures has not been considered previously in
the literature. The results suggest that customized physical bounds, optimum
currents, and single-frequency expressions, are tools that are useful for antenna
design, e.g. to stop an optimization process, assess realizability of specifications,
assess performance of antenna locations. While the examples in this chapter con-
sidered PEC material, the optimization can be extended to antennas consisting
of composite materials such as, PEC and dielectrics [25].
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Abstract

A new method to improve the accuracy of characteristic mode (CM)
decomposition for perfectly conducting bodies is presented. The method
uses the expansion of the Green dyadic in spherical vector waves. This
expansion is utilized in the method of moments (MoM) solution of the
electric field integral equation (EFIE) to improve the numerical range of
the real part of the impedance matrix, R, that determines the number of
obtainable modes from CM decomposition. Computation speed of the R
matrix and CMs are improved. The method can easily be integrated in
existing MoM solvers. Several structures are investigated illustrating the
improved accuracy and performance of the new method.

1 Introduction

The method of moments (MoM) solution to electromagnetic field integral equa-
tions was introduced by Harrington [22] and has prevailed as a standard in sol-
ving open (radiating) electromagnetic problems [38]. While memory-demanding,
MoM represents operators as matrices (notably the impedance matrix [22]) al-
lowing for direct inversion and modal decompositions [18]. The latter option is
becoming increasingly popular, mainly due to characteristic mode (CM) decom-
position [25], a leading formalism in antenna shape and feeding synthesis [7,45],
determination of optimal currents [8, 19], and performance evaluation [41].

Utilization of CMs decomposition is especially efficient when dealing with
electrically small antennas [11], particularly if they are made solely of perfect
electric conductor (PEC), for which only a small number of modes are nee-
ded to describe their radiation behavior. Yet, decompositions involving the real
part of impedance matrix are known [9, 25] to be ill conditioned for electrically
small structures, since only a few modes radiate well, while the rest is numeri-
cal noise [9]. This drawback affects the performance of CMs decomposition and
prohibits the superposition of modes [7].

The aforementioned deficiency is resolved in this paper by a two-step proce-
dure. First, the real part of the impedance matrix is constructed using spherical
wave expansion of the dyadic Green function [30]. This makes it possible to
decompose the real part of the impedance matrix as a product of a spherical
modes projection matrix with its hermitian conjugate. The second step consists
of reformulating the modal decomposition so that only the stand alone spherical
modes projection matrix is involved. This avoids the loss of attainable numerical
dynamics during the matrix multiplication process.

The proposed implementation doubles the numerical accuracy with respect to
the used arithmetic precision in computing, significantly increasing the number
of correctly found modes. For example, the proposed procedure yields more than
280 modes versus 70 modes reported in [9] on a spherical shell (at given electrical
size). The improvement in correctly found modes is also accompanied by an
additional computation speed. Moreover, the projection on spherical waves in
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the proposed method introduces several appealing properties. First is an easy
monitoring of the numerical dynamics, since the different spherical waves (of
different numerical dynamics) occupy separate rows in the projection matrix.
Second is the ability to control the spectrum of impedance matrix which plays
important role in an optimal design [19].

The paper is organized as follows. The construction of the impedance matrix
using classical procedure is briefly reviewed in Section 2.1 and the proposed pro-
cedure is presented in Section 2.2. Numerical aspects of evaluating the impedance
matrix are discussed in Section 2.3. In Section 3, the spherical modes projection
matrix is utilized to reformulate modal decomposition techniques, namely the
evaluation of radiation modes in Section 3.1 and CMs in Section 3.2. These two
applications cover both the standard and generalized eigenvalue problems. The
advantages of the proposed procedure are demonstrated on a series of practical
examples in this section. Various aspects of the proposed method are discussed
in Section 4 and the paper is concluded in Section 5.

2 Evaluation of Impedance Matrix

This paper investigates mode decompositions for PEC structures in free space.
The time-harmonic quantities under the convention J (r, t) = Re {J (r, ω) exp (jωt)},
with ω being the angular frequency, are used throughout the paper.

2.1 Method of Moments Implementation of the EFIE

Let us consider the electric field integral equation (EFIE) [22] for PEC bodies,
defined as

Z (J) = R (J) + jX (J) = n̂× (n̂×E) , (2.1)

with Z (J) being the impedance operator, E the incident electric field [23], J
the current density, j the imaginary unit, and n̂ the unit normal vector to the
PEC surface. The EFIE (2.1) is explicitly written as

n̂×E (r2) = jkZ0n̂×
∫

Ω

G (r1, r2) · J (r1) dS1, (2.2)

where r2 ∈ Ω, k is the wave number, Z0 the free space impedance, and G the
dyadic Green function for the electric field in free-space defined as [12,30]

G (r1, r2) =

(
1 +

1

k2
∇∇

)
e−jk|r1−r2|

4π |r1 − r2|
. (2.3)

Here, 1 is the identity dyadic, and r1, r2 are the source and observation points.
The EFIE (2.2) is solved with the MoM by expanding the current density J (r)
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into real-valued basis functions {ψp (r)} as

J (r) ≈
Nψ∑

p=1

Ipψp (r) (2.4)

and applying Galerkin testing procedure [12,17]. The impedance operator Z (J)
is expressed as the impedance matrix Z = R + jX = [Zpq] ∈ CNψ×Nψ , where R
is the resistance matrix, and X the reactance matrix. The elements of the impe-
dance matrix are

Zpq = jkZ0

∫

Ω

∫

Ω

ψp (r1) ·G (r1, r2) ·ψq (r2) dS1 dS2. (2.5)

2.2 Spherical Wave Expansion of the Green Dyadic

The impedance matrix Z can alternatively be computed by expanding the Green
dyadic (2.3), in the real-valued spherical vector waves

G (r1, r2) = −jk
∑

α

u(1)
α (kr<) u(4)

α (kr>) (2.6)

where r< = r1 and r> = r2 if |r1| < |r2|, and r< = r2 and r> = r1 if |r1| > |r2|.
The regular and outgoing spherical vector waves [21,30,31,42] are u

(1)
α (kr<) and

u
(4)
α (kr>), see Appendix B. The mode index α for real-valued spherical vector

waves is [20,21]

α (τ, σ,m, l) = 2
(
l2 + l − 1 + (−1)sm

)
+ τ (2.7)

with τ ∈ {1, 2}, m ∈ {0, . . . , l}, l ∈ {1, . . . , L}, s = 0 for even azimuth functions
(σ = e), and s = 1 for odd azimuth functions (σ = o). Inserting the spheri-
cal vector waves expansion of the Green dyadic (2.6) into (2.5), the impedance
matrix Z becomes

Zpq = k2Z0

∑

α

∫

Ω

∫

Ω

ψp (r1) · u(1)
α (kr<) u(4)

α (kr>) · ψq (r2) dS1 dS2. (2.8)

For a PEC structure the resistive part of (2.8) can be factorized as

Rpq = k2Z0

∑

α

∫

Ω

ψp (r1) · u(1)
α (kr1) dS1

∫

Ω

u(1)
α (kr2) · ψq (r2) dS2 (2.9)

where u
(1)
α (kr) = Re{u(4)

α (kr)}. Reactance matrix, X, cannot be factorized in
a similar way as two separate spherical waves occur.

Resistance matrix can be written in matrix form as

R = STS, (2.10)
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where T is the matrix transpose. Individual elements of the matrix S are

Sαp = k
√
Z0

∫

Ω

ψp (r) · u(1)
α (kr) dS (2.11)

and the size of the matrix S is Nα ×Nψ, where

Nα = 2L (L+ 2) (2.12)

is the number of spherical modes and L the highest order of spherical mode,
see Appendix B. For complex-valued spherical vector waves [21] the transpose
T in (2.10) is replaced with the hermitian transpose H. The individual integrals
in (2.8) are in fact related to the T-matrix method [42, 43], where the incident
and scattered electric fields are expanded using regular and outgoing spherical
vector waves, respectively.

The radiated far-field F (r̂) can conveniently be computed using spherical
vector harmonics, and the matrix S as

F (r̂) =
1

k

∑

α

jl−τ+2fαYα (r̂) , (2.13)

where Yα (r̂) are the real-valued spherical vector harmonics, see Appendix B,
and the expansion coefficients fα are given by

[fα] = SI, (2.14)

where the column matrix I contains the current density coefficients Ip. The total
time-averaged radiated power of a lossless antenna can be expressed as a sum of
expansion coefficients

Pr ≈
1

2
IHRI =

1

2
|SI|2 =

1

2

∑

α

|fα|2. (2.15)

2.3 Numerical Considerations

The spectrum of the matrices R and X differ considerably [9,19]. The eigenvalues
of the R matrix decrease exponentially and are limited by numerical noise, while
this is not the case for the matrix X. As a result, if the matrix R is used, only a
few modes can be extracted. This major limitation can be overcome with the use
of the matrix S in (2.11), whose elements vary several order of magnitude, as the
result of the increased order of spherical modes with increasing row number. If
the matrix R is directly computed with the matrix product (2.10) or equivalently
from matrix produced by (2.5) small values are truncated due to floating-point
arithmetic1 [6,46]. Subsequently, the spectrum of the matrix R should be found
by preserving the numerical range of the matrix S as presented in Section 3.

1As an example to the loss of significance in double precision arithmetic consider the sum
1.0 + 1 × 10−30 = 1.0.
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Figure 1: Convergence of the matrix Rl = ST
l Sl to the matrix RL = ST

LSL on the
rectangular plate (Example #5) for different order of spherical modes l = {1, . . . , L}
and multiple electric sizes ka ∈ {0.5, 0.75, 1.5, 3.0}, with the highest spherical mode
order L = 12. The superscript F denotes the Frobenius norm. The convergence is
computed with quadruple precision using the mpmath Python library [29].

The matrix S also provides a low-rank matrix approximation of the matrix R.
This is the result of the quick convergence of regular spherical waves where usu-
ally Lmax ≈ ka+ C order of modes is required, a being the radius of the sphere
enclosing the scatterer and C a small number typically 10 [21]. Fig. 1 shows the
convergence of the matrix R for Example #5.

Substitution of the spherical vector waves, introduced in Section 2.2, separa-
tes (2.5) into two separate surface integrals reducing computational complexity.
Table 1 presents computation times2 of different matrices3 Z, R, S, and STS for
the examples given in Table 2. As expected, the matrix Z requires the most com-
putational resources, as it includes both the matrix R and X. The computation
of the matrix R using MoM is faster than the matrix Z since the underlying in-
tegrals are regular. The computation of the matrix R using (2.10) is the quickest
for most of the examples. The computational gain is notable for structures with
more degrees-of-freedom (d-o-f), Nψ.

3 Modal Decomposition with the Matrix S

Modal decomposition using the matrix S is applied to two structures; a spherical
shell of radius a (Fig. 2), and a rectangular plate of length L and width W = L/2

2Computations are done on a workstation with i7-3770 CPU @ 3.4 GHz and 32 GB RAM,
operating under Windows 7.

3Computation time for the X matrix is omitted as it takes longer than the R matrix, due
to Green function singularity.
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Example Time to assemble matrices in IDA (s)

(see Table 2) Z R S R = STS

#1 2.62 0.09 0.036 0.045
#3 14.12 1.77 0.149 0.315
#5 2.34 0.07 0.019 0.024
#6 11.10 1.11 0.072 0.136

Table 1: Time to assemble matrices in IDA. Simulation setup for the examples are in
Table 2, Nq = 4, matrix multiplication STS is performed with dgemm from the Intel
MKL library [26].

Structure Example ka Nψ Nα

#1 1/2 750 880
Spherical shell #2 3/2 750 880

(see Fig. 2) #3 1/2 3330 880

Rectangular plate #4 1/2 199 510
(see Fig. 3) #5 1/2 655 510
(L/W = 2) #6 1/2 2657 1920

Table 2: Summary of examples used throughout the paper, ka is the electrical size, Nψ
is the number of basis functions (2.4), and Nα is number of spherical modes calculated
as (2.12). The order of the symmetric quadrature rule used to compute the non-singular
integrals in (2.5) is Nq = 3 [14].
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Figure 2: Spherical shell mesh with 500 triangles (left) and 2220 triangles (right) with
750 (left) and 3330 (right) RWG basis functions, respectively. The same mesh grids are
used in [9] to make the results comparable.

Figure 3: Rectangular plate mesh with 144, 456, and 1818 triangles (from left to right)
with 199, 655, and 2657 RWG basis functions, respectively.
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(Fig. 3), presented in Table 2. Both structures are investigated for different num-
ber of d-o-f, RWG functions [37] are used as the basis functions ψp. The ma-
trices used in modal decomposition have been computed using in-house solvers
AToM [1] and IDA [40], see Appendix A for details. Results from the commercial
electromagnetic solver FEKO [4] are also presented for comparison. Computa-
tions that require a higher precision than the double precision arithmetic are
performed using the mpmath Python library [29], and the Advanpix Matlab
toolbox [3].

3.1 Radiation Modes

The eigenvalues for the radiation modes [39] are easily found using the eigenvalue
problem

RIn = ξnIn, (3.1)

where ξn are the eigenvalues of the matrix R, and In are the eigencurrents. The
symmetry and indefiniteness of the matrix R pose a problem in the eigenvalue
decomposition (3.1) as illustrated in [9, 19]. In this paper we show that the
indefiniteness caused by the numerical noise can be bypassed using the matrix
S. We start with the singular value decomposition (SVD) of the matrix S

S = UΛVH, (3.2)

where U and V are unitary matrices, and Λ is a diagonal matrix containing
singular values of S. Inserting (2.10), (3.2) into (3.1) and multiplying the left
with VH yields

ΛHΛĨn = ξnĨn (3.3)

where the eigenvectors are rewritten as Ĩn ≡ VHIn, and the eigenvalues are
ξn = Λ2

nn.
To compare the eigenvalues ξn of different mesh grids, the MoM matrices have

to be normalized. The normalized matrices are R̂ = LRL, ξ̂ = LξL, Ŝ = SL,
În = L−1In, where L is the diagonal matrix of basis functions’ reciprocal edge
lengths, i.e., Lpp = 1/lp.

The advantage of using (3.3) to compute the radiation modes is illustrated
in Fig. 4 for a spherical shell (Example #1). It can be seen that the number
of modes computed using (3.3) is significantly higher compared to (3.1). The
number of computed modes can be extended further by using quadruple precision
to compute the SVD of the matrix S. The results are similar for the rectangular
plate (Example #5) illustrated in Fig. 5. The number of correct modes are shown
in Table 3 for all the examples.

3.2 Characteristic Modes (CMs)

The generalized eigenvalue problem (GEP) with the matrix R on the right hand
side, i.e., serving as a weighting operator [44], is much more involved as the
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Figure 4: Normalized eigenvalues of the matrix R of a spherical shell with electrical
size ka = 0.5 discretized into 500 triangles (Example #1). Multiprecision package
Advanpix [3] has been used for evaluation in quadruple precision. The number of well-
determined modes is delimited by horizontal dashed lines.
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Figure 5: Normalized eigenvalues of the matrix R of rectangular plate (Example #5).
Since the matrix S has only 510 rows, the number of modes is limited. The number of
well-determined modes is delimited by horizontal dashed lines.
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Number of properly calculated modes

Example RI = ξnIn XIn = λnRIn

(see Table 2) (3.1) (3.3) (3.4) R = STS (3.8)

#1 59 284 70 (5) 96 (6) 284 (11)
#2 96 364 105 (6) 197 (9) 389 (13)
#3 59 311 70 (5) 96 (6) 306 (11)

#4 31 109 29 35 37
#5 29 117 26 33 98
#6 28 116 22 26 98

Table 3: Comparison of the number of modes correctly found by the classical and the
novel methods for examples listed in Table 2. Columns 2–3 summarize the radiation
modes and columns 4–6 summarize the CMs. Values in parentheses depicts the number
of non-degenerated TM and TE modes found on spherical shell. The main outcome of
the table, comparison of the CMs is highlighted by bold type.

problem cannot be completely substituted by the SVD. Yet, the SVD of the
matrix S in (3.2) plays an important role in the CM decomposition.

The CM decomposition is defined here with a GEP as

XIn = λnRIn, (3.4)

which is known to suffer from limited numerical dynamics [9], therefore delivering
only a limited number of modes. The first step is to represent the solution in a
basis of singular vectors V by substituting the matrix R in (3.4) as (2.10), with
(3.2) and multiplying (3.4) from the left by the matrix VH

VHXVVHIn = λnΛHΛVHIn. (3.5)

Formulation (3.5) can formally be expressed as a GEP with an already diagona-
lized right hand side [5]

X̃Ĩn = λnR̃Ĩn, (3.6)

i.e., X̃ ≡ VHXV, R̃ ≡ ΛHΛ, and Ĩn ≡ VHIn.
Since the matrix S is in general rectangular, it is crucial to take into account

cases where Nα < Nψ. This is equivalent to a situation in which there are limited
number of spherical projections to recover the CMs. Consequently, only limited
number of singular values Λnn exist. In such a case, the procedure similar to
the one used in [24] should be undertaken by partitioning (3.6) into two linear
systems

X̃Ĩ =

(
X̃11 X̃12

X̃21 X̃22

)(
Ĩ1n

Ĩ2n

)
=

(
λ1nR̃11Ĩ1n

0

)
(3.7)
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where Ĩ1n ∈ CNα , Ĩ2n ∈ CNψ−Nα , and Nα < Nψ. The Schur complement is
obtained by substituting the second row of (3.7) into the first row

(
X̃11 − X̃12X̃

−1
22 X̃21

)
Ĩ1n = λ1nR̃11Ĩ1n (3.8)

with expansion coefficients of CMs defined as

Ĩn =

(
Ĩ1n

−X̃−1
22 X̃21Ĩ1n

)
. (3.9)

As far as the matrices U and V in (3.2) are unitary, the decomposition (3.6)
yields CMs implicitly normalized to

ĨH
n R̃Ĩm = δnm, (3.10)

which is crucial since the standard normalization cannot be used without decre-
asing the numerical dynamics. In order to demonstrate the use of (3.8), various
examples from Table 2 are calculated and compared with the conventional ap-
proach (3.4).

The CMs of the spherical shell from Example #1 are calculated and shown
as absolute values in logarithmic scale in Fig. 6. It is shown that the number of
the CMs calculated by classical procedure (FEKO, AToM) is limited to the lower
modes, especially considering the degeneracy 2l + 1 of the CMs on the spherical
shell [9]. The number of properly found CMs is significantly higher when using
(3.8) than the conventional approach (3.4) and numerical dynamics are doubled.
Notice that, even (3.4) where the matrix R calculated from (2.10) yields slightly
better results than the conventional procedure. This fact is confirmed in Fig. 7
dealing with Example #5, where the multiprecision package Advanpix is used
as a reference. The same calculation proves that the matrix R contains all
information to recover the same number of modes as (3.8), but this can be done
only at the expense of higher computational time, see Table 4.

Two tests proposed in [9] are performed to validate the conformity of cha-
racteristic current densities and the characteristic far fields with the analytically
known values. The results of the former test are depicted in Fig. 8 for Ex-
ample #1 and #3 that are spherical shells with two different d-o-f. Similarity
coefficients χτn are depicted both for the CMs using the matrix R (3.4) and for
the CMs calculated by (3.8). The number of valid modes correlates well with
Table 3 and the same dependence on the quality and size of the mesh grid as
in [9] is observed.

Qualitatively the same behavior is also observed in the latter test, depicted
in Fig. 9. The similarity of the characteristic far fields, expressed by coeffi-
cient ζτn [9], were slightly modified here to preserve the numerical dynamics of
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Figure 6: The absolute values of the CMs of spherical shell with electrical size ka =
0.5 (Example #1). Data calculated with classical procedure (3.4) are compared with
techniques from this paper, (3.5), (3.8), and with the analytical results valid for the
spherical shell [9].
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Figure 7: The absolute values of the CMs of rectangular plate (Example #5). Since
unknown analytical results, the multiprecision package Advanpix has been used instead
to calculate the first 150 modes from impedance matrix in quadruple precision.
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Example Time to calculate Nλ CMs (s)

(see Table 2) Nλ (3.4) R = STS (3.8) (3.4) & Advanpix

#1 300 5.5 2.9 2.5 53334.4
#4 100 0.7 0.7 0.5 1324.8

Table 4: Comparison of computational time required by various methods capable to
calculate first Nλ CMs. Only the methods in the last two columns (highlighted by
bold type) are able to calculate required modes properly. The multiprecision package
Advanpix was used to calculate decomposition (3.4) using quadruple precision. The
calculations were done on Windows Server 2012 with 2×Xeon E5-2665 CPU @ 2.4 GHz
and 72 GB RAM.
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Figure 8: Similarity of numerically evaluated characteristic currents for a spherical
shell of two different discretizations (Example #1 and #3) and the analytically known
currents [9]. The coefficients χτn were calculated according to [9], top panel depicts
results for the conventional procedure (3.4), bottom panel for the procedure from this
paper (3.8).



106 Paper III

221 181 141 101 61 21 21 61 101 141 181 221
0

0.2

0.4

0.6

0.8

1

TM (τ = 2) TE (τ = 1)

3330 uknowns
750 uknowns

TM/TE mode order

ζ τ
n

CMs using S

221 181 141 101 61 21 21 61 101 141 181 221
0

0.2

0.4

0.6

0.8

1

TM (τ = 2) TE (τ = 1)

3330 uknowns
750 uknowns

ζ τ
n

CMs using R
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for a spherical shell of two different discretizations (Example #1 and #3) and analy-
tically known far fields [9]. The coefficients ζτn were calculated according to [9], top
panel depicts results for the conventional procedure (3.4), bottom panel for the proce-
dure from this paper (3.8).
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the calculated characteristic far fields. The coefficients read

ζτn =

max
l

∑

σm

|Pαn|2

∑

α

|Pαn|2
, (3.11)

where

Pαn =
1

2Z0

∫ 2π

0

∫ π

0

Yα (r̂) · Fn (r̂) sinϑ dϑdϕ (3.12)

with Fn being the characteristic far fields evaluated for a spherical shell using (2.13)

with [f̃α] = SIn. The characteristic far fields computed from the conventional
procedure (3.4) and the procedure presented in this paper (3.8) are illustrated in
Fig. 9.

Lastly, practical advantages of using (3.8) over (3.4), are demonstrated in
the Fig. 10, comparing the 41st CM of the rectangular plate (Example #5).
The surface current density in the left panel, calculated using I41 in (3.4) is, in
fact, only the numerical noise. However, in the right panel, the current density
calculated by (3.8) corresponds to some of the higher-order modes. Refining the
mesh grid, even higher modes can be calculated with (3.8), see Fig. 11. These
higher-order modes can be utilized for specialized applications covering antenna
arrays, electrically large structures, numerical benchmarks, or precise tracking
algorithms.

4 Discussion

Important aspects of the utilization of the matrix S are discussed under in-
dependent headings, covering the theory, numerical treatments, and potential
improvements to be considered for the future.

4.1 Physical Meaning and Usefulness

Unlike the reactance matrix X, the resistance matrix R suffers from high condi-
tion number. This fact is a direct consequence of only a a small number of well-
radiating (spherical) modes, especially notable in the electrically small regime.
Therefore, the combined approach to evaluate the impedance matrix (matrix R
using matrix S, matrix X using conventional Green function technique with dou-
ble integration) takes advantages of both methods and seems to be optimal for,
e.g., modal decomposition techniques dealing with the matrix R (radiation mo-
des [39], CMs, energy modes [28,39], and solution of optimization problems [10]).
Evaluation and the SVD of the matrix S are also used to estimate number of
modes, cf. number of modes of the matrix S found by (3.2) and number of CMs
found by (3.8) in Table 3.
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Figure 10: Comparison of the 41st CM of the rectangular plate (Example #5), left
panel: conventional procedure (3.4), right panel: procedure from this paper (3.8).

Evaluation of the matrix S is done only for source current in free-space. This
requirement is, however, quite common in the context of the modal methods: the
CMs are originally defined exclusively in free-space as the far fields have to be
orthogonal [16].

The fact that all modes cannot be recovered even with specialized techniques
poses a question about completeness of the modal bases. This theoretical problem
is left aside in this paper as it has been observed that the number of properly
found modes is strictly limited by the number of projections Nα, the number of
basis functions Nψ, the electrical size ka, and, for particular numerical procedure,
by limited numerical dynamics. Therefore, the completeness of the modes is
far from being granted, which introduces serious problems for applications that
require a complete basis, e.g. in selective excitation of modes.

4.2 Computational Aspects

Computational gains of the proposed method presented in Table 1 can be inter-
preted in two ways: either the same amount of modes can be calculated faster
than the conventional approach, or a (significantly) higher number of modes can
be calculated investing the same amount of computational time as the conventi-
onal method.

Importantly, convergence requirements summarized in Fig. 1 can easily be
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Figure 11: Two high-order modes of rectangular plate (Example #6), found by pro-
cedure from this paper. Mode in the left panel is capacitive with λ77 = −1.947 · 1024,
mode in the right panel is inductive with λ17 = 2.461 · 1017.



110 Paper III

met. Subsequently, only spherical Bessel functions up to the order L = 12 are
needed to get double precision matching between matrices R and STS even for
relatively high frequencies (ka = 3).

An advantage of the proposed method is that the matrix S is rectangular
for Nα < Nψ, allowing independent selection of the parameters Nψ and Nα.
While the parameter Nψ controls the details in the model, the parameter Nα
(or alternatively L) controls the convergence of the matrix S and the number
of modes to be found. Notice that the parameter Nα is limited from below by
the convergence and the number of desired modes, but also from above since the

spherical Bessel function in u
(1)
α (kr) decays rapidly with l as

jl (ka) ≈ 2ll!

(2l + 1)!
(ka)

l
, ka→ 0. (4.1)

4.3 Potential Improvements

Even though the numerical dynamics are remarkably improved, they are strictly
limited and they present an inevitable, thus fundamental, bottleneck of all modal
methods involving radiation properties. The true technical limitation is the SVD
of the matrix S. A possible remedy is the use of high-precision packages that
come at an expense of markedly longer computation times and the necessity
of performing all subsequent operations in the same package to preserve high
numerical precision.

The second potential improvement relies on higher-order basis functions,
which can compensate a poor-meshing scheme (that is sometimes unavoidable
for complex or electrically large models). It can also reduce the number of ba-
sis function Nψ so that the evaluation of (2.11), (2.10), and (3.2) are further
accelerated.

5 Conclusion

Evaluation of the discretized form of the EFIE impedance operator, the impe-
dance matrix, has been reformulated using projection of spherical harmonics onto
a set of basis functions representing the radiator. The key feature of the proposed
method is the fact that the real part of the impedance matrix can be written as a
multiplication of the spherical modes projection matrix with itself. This feature
opens new possibilities in a wide area of modal decomposition techniques given
that the achievable numerical dynamics are doubled. Consequently, the proposed
method resolves a class of fundamental problems of CM decomposition.

The approach presented here opens new ways to deal with complicated exam-
ples, i.e., geometrically complex shapes, electrically large structures, or symme-
trical bodies. Moreover, the approach may also improve performance of tracking
algorithms and feeding synthesis, essential tools for modal decomposition techni-
ques.
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For radiators located in free-space, the proposed method leads to faster eva-
luation and higher number of modes properly found as compared with the con-
ventional procedure. The method is of particular interest for all cases in which
the number of desired modes is high including small antenna analysis, design of
antenna arrays, and antenna synthesis in general. The results obtained by the
method can also be used as reference for validation and benchmarking. These
facts have been confirmed via comparison with analytically known results. Addi-
tionally, the doubled numerical dynamics lead to roughly four times more modes.

It has been shown that the method has notable advantages, namely the num-
ber of available modes can be estimated prior to the decomposition and the
convergence can be controlled via the number of basis functions and the num-
ber of projections. The normalization of generalized eigenvalue problems with
respect to the product of the spherical modes projection matrix on the right
hand side are implicitly done. The presented procedure finds its use in various
optimization techniques as well. It allows for example to prescribe the radiation
pattern of optimized current by restricting the set of the spherical harmonics
used for construction of the matrix.

The method can be straightforwardly implemented into both in-house and
commercial solvers, improving thus their performance and providing antenna
designers with more accurate and larger sets of modes.

Appendix A Used Computational Electromag-
netics Packages

A.1 FEKO

FEKO (ver. 14.0-273612, [4]) has been used with a mesh structure that was
imported in NASTRAN file format [2]: CMs and far fields were chosen from the
model tree under requests for the FEKO solver. Data from FEKO were acquired
using *.out, *.os, *.mat and *.ffe files. The impedance matrices were imported
using an in-house wrapper [40]. Double precision was enabled for data storage in
solver settings.

A.2 AToM

AToM (pre-product ver., CTU in Prague, [1]) has been used with a mesh grid
that was imported in NASTRAN file format [2], and simulation parameters were
set to comply with the data in Table 2. AToM uses RWG basis functions with
the Galerkin procedure [37]. The Gaussian quadrature is implemented according
to [14] and singularity treatment is implemented from [15]. Built-in Matlab
functions are utilized for matrix inversion and decomposition. Multiprecision
package Advanpix [3] is used for comparison purposes.
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A.3 IDA

IDA (in-house, Lund University, [40]) has been used with the NASTRAN mesh
and processed with the IDA geometry interpreter. IDA solver is a Galerkin
type MoM implementation. RWG basis functions are used for the current den-
sities. Numerical integrals are performed using Gaussian quadrature [14] for
non-singular terms and the DEMCEM library [33–36] for singular terms. Intel
MKL library [26] is used for linear algebra routines. The matrix computation
routines are parallelized using OpenMP 2.0 [13]. Multiprecision computations
were done with the mpmath Python library [29].

Appendix B Spherical Vector Waves

General expression of the (scalar) spherical modes is [30]

u
(p)
σml(kr) = z

(p)
l (kr)Yσml (r̂) , (B.1)

with r̂ = r/|r| and k being the wavenumber. The indices are m ∈ {0, . . . , l},
σ ∈ {e, o} and l ∈ {1, . . . , L} [20, 21]. For regular waves z

(1)
l = jl is a spheri-

cal Bessel function of order l, irregular waves z
(2)
l = nl is a spherical Neumann

function, and z
(3,4)
l = h

(1,2)
l are spherical Hankel functions for the ingoing and

outgoing waves, respectively. Spherical harmonics are defined as [30]

Yσml (r̂) =

√
εm
2π
P̃ml (cosϑ)

{
cosmϕ
sinmϕ

}
, σ =

{
e
o

}
(B.2)

with εm = 2 − δm0 the Neumann factor, δij the Kronecker delta function and

P̃ml (cosϑ) the normalized associated Legendre functions [32].
The real-valued spherical vector waves are [21,30]

u
(p)
1σml (kr) = R

(p)
1l (kr) Y1σml (r̂) , (B.3a)

u
(p)
2σml (kr) = R

(p)
2l (kr) Y2σml (r̂) + R

(p)
3l (kr) Yσml (r̂) r̂, (B.3b)

where R
(p)
τl (kr) are the radial function of order l defined as

R
(p)
τl (κ) =





z
(p)
l (κ), τ = 1, (B.4a)

1

κ

∂

∂κ

(
κz

(p)
l (κ)

)
, τ = 2, (B.4b)

bl
κ

z
(p)
l (κ), τ = 3, (B.4c)

with
bl =

√
l (l + 1) (B.5)
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and Yτσml (r̂) denotes the real-valued vector spherical harmonics defined as

Y1σml (r̂) =
1

bl
∇× (rYσml (r̂)) , (B.6a)

Y2σml (r̂) = r̂ ×Y1σml (r̂) , (B.6b)

where Yσml denotes the ordinary spherical harmonics [30].

Appendix C Associated Legendre Polynomials

The associated Legendre functions are defined [27] as

Pml (x) =
(
1− x2

)m/2 dm

dxm
Pl(x), l > m > 0, (C.1)

with

Pl (x) =
1

2ll!

dl

dxl
(
x2 − 1

)l
(C.2)

being the associated Legendre polynomials of degree l and x ∈ [−1, 1]. One useful
limit when computing the vector spherical harmonics is [30]

lim
x→1

Pml (x)√
1− x2

= δm1
l (l + 1)

2
. (C.3)

The normalized associated Legendre function P̃ml , is defined as follows

P̃ml (x) =

√
2l + 1

2

(l −m)!

(l +m)!
Pml (x) . (C.4)

The derivative of the normalized associated Legendre function is required when
computing the spherical harmonics, and is given by the following recursion rela-
tion

∂

∂ϑ
P̃ml (cosϑ) =

1

2

√
(l +m)(l −m+ 1)P̃m−1

l (cosϑ)

− 1

2

√
(l −m)(l +m+ 1)P̃m+1

l (cosϑ) (C.5)

where x ≡ cosϑ, ϑ ∈ [0, π].
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Abstract

An innovative approach utilizing convex optimization to simultaneously
conduct pattern synthesis and improve the matching of large scale endfire
antenna arrays is proposed in this paper. A fast full-wave analysis tool
facilitates the computation of the necessary data for running the optimiza-
tion routine, and enables analysis on arrays with dimensions 100λ× 6λ for
the highest simulated frequency. Simulated results are provided for various
array configurations of bowties, and the results show that improved ma-
tching can be obtained while maintaining a clear endfire far field pattern
analogous to the pattern obtained with the classical Hansen-Woodyard ex-
citation. The spatial dependence on the amplitude of the optimized input
waves in the antenna ports indicate that a considerable fraction of the in-
put power is fed to the antennas at the array’s front, in the direction of
where the main lobe is launched.

1 Introduction

Phased arrays are extensively utilized in a variety of wireless applications, e.g.,
satellite communications, radio-frequency identification (RFID), mobile systems
and radar systems, in order to realize power gain and beamsteering [1]. In radar
applications, electrically large arrays consisting of a vast number of antenna ele-
ments are commonly adopted in order to realize the high directivity, and the main
lobe direction can easily be controlled by applying the appropriate progressive
phase shift thus increasing the area of coverage as the beam is made steerable.
Requirements are often set on the achievable pattern, with low side lobe levels
and directivity as the main concerns for proper functionality of the array [5].

However, with a classical feeding approach [18] for endfire mode operation
of an electrically large array, the problem of very strong coupling between the
antenna elements arises. Since the array is a multiport system, this impacts
the overall matching of the array. Even if high directivity is achieved, the
realized gain in the endfire direction might still be considerably compromised
by the overall mismatch of the array. For instance, the uniform feeding by
Hansen-Woodyard [13] is commonly known to be poorly matched. From a design-
synthesis perspective, this indicates that the radiation characteristics of the end-
fire array is not the sole concern. Rather, the overall matching of the array is
essential.

The uneven loading occurring under the endfire excitation puts restrictions
on the numerical methods that can be adopted for simulating electrically large
arrays with arbitrary complexity of the antenna geometry. Periodic boundary
conditions, a useful tool for large arrays of uniform spacing, can not be employed
due to this loading. Therefore, full-wave simulations are required for the problem
at hand.

A widely used full-wave analysis tool is the MoM [8] which scales as O(N3)
in computational complexity for N degrees of freedom in its standard form when
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solving the system of equations. It is thus dependent on hybrid techniques in
order to run time-efficient simulations on electrically large geometries. To date,
there are numerous approaches for hybridizing the conventional MoM, two of
which are the MBF method [4,14,21,22,28] and the ACA algorithm [2,33]. Both
methods have the advantage of being relatively simple to implement as add-ons
to an existing MoM code, and, if used jointly, they offer a significant reduction
of both run time and memory usage [14, 22]. Due to this joint utilization, it is
feasible to conduct full-wave analysis of large-scale arrays, and output the data
necessary for running post process synthesis routines in a time efficient man-
ner. For instance, the MBF method facilitates the calculation of the EEP which
is essential for invoking the effect of mutual coupling in the pattern synthesis
problem.

A powerful synthesis tool used extensively in the field of electromagnetics is
convex optimization [11, 12, 24, 26]. If the problem under consideration can be
expressed in convex form, the optimum solution can be found rapidly using con-
vex programming toolboxes [3]. Pattern synthesis using optimization techniques
is not a novel concept [6,20]. In fact, convex optimization in particular was used
for this purpose around twenty years ago [19] albeit limited to less extensive pro-
blems due to the computational limitations of the time. However, as the power
and speed of computers have increased over the past decade, new momentum
has been added to this research front, and recent publications have shown the
applicability of convex optimization in synthesis problems for arrays of increasing
sizes and more complex antenna geometries [7, 25, 31, 32]. For example, in [31]
convex optimization is used together with a fast full-wave scheme in order to
optimize antenna positioning in large aperiodic arrays. Pattern synthesis using
constraints on the magnitude response of the main lobe is presented in [32] for
moderate-sized arrays.

In this paper, we present synthesis results for electrically large arrays of prin-
ted bowtie antennas operating in endfire mode. The convex optimization for-
mulation presented optimizes the performance of a particular array design with
respect to the overall matching with constraints set on the far field pattern.
The full-wave analysis tool developed in-house utilizes the MBF method and the
ACA algorithm, and produces the essential input data for running the optimi-
zation problem. To the authors’ knowledge, these are the first results provided
for endfire arrays of such sizes that treat the problems of pattern synthesis and
array matching simultaneously.

The results indicate that bandwidth enhancement and improved matching
can be realized while simultaneously achieving a clear endfire far field pattern.
Moreover, once the full-wave simulation of the array has been run for the desired
frequency range, the convex optimization can be executed as an independent post-
processing routine. The complete scheme can easily be invoked in the already
existing design process of endfire antenna arrays.
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2 Full-Wave Analysis

The original equation system for the finite antenna array in the RWG basis is
described by the full MoM representation,

ZI = V , (2.1)

which can be divided into sub-blocks Zn,m and Vn that contains the coupling
terms between subdomain n and m, and the excitation of subdomain n, respecti-
vely. The array under consideration consists of non-contacting antenna elements,
and every antenna therefore constitutes a corresponding subdomain. The hybri-
dized MoM used in this work utilizes two approaches for acceleration: the MBF
method and the ACA algorithm [33].

2.1 Compression

The MBF method utilizes an aggregated basis to reduce the size of each sub-
block Zn,m and Vn, and the overall equation system is thereby retained in a
compressed version. The procedure of generating the MBFs, i.e., the aggregated
basis functions, consists of a series of steps presented in [14] for the choice of
implementation, but alternative versions are available in [4,21,22,28]. In essence,
the compression is realized by employing a set of orthonormal MBFs for each
antenna:

Zmbf
n,m = UT

nZn,mUm

V mbf
n = UT

nVi

n = 1, 2, . . . , N ; m = 1, 2, . . . , N.

(2.2)

Here, n and m are antenna indices, ·T denotes the transpose and a total of
N antennas is assumed in the array. The columns in Un each represents a
MBF on antenna n. The overall reduction of unknowns is hence determined by
the number of MBFs, which in turn depends on a user-defined accuracy of the
resolved induced currents [15].

2.2 Accelerated Computation of Sub-blocks

The ACA algorithm produces a low-rank approximation Z̃ to a matrix Z, and
is here employed to accelerate the calculation of the sub-blocks Zn,m. The met-
hod, introduced in [2] and described thoroughly in [33], is entirely algebraic and
therefore also independent of the kernel of the integral equation. Moreover, the
algebraic nature makes it easy to implement on top of an existing MoM-code. In
short, the sub-block matrix Zn,m in the RWG basis is approximated by a sum of
r dyadic products of rows R and columns C,

Zk×ln,m ≈ Z̃k×ln,m = Rk×rCr×l, (2.3)
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Figure 1: (a) Meshview of the bowtie antenna element with height h = 1 m, width
w = 0.75 m and center width wc = 0.05 m. (b) Antenna alignment in the considered
bowtie arrays. The antenna spacing is dx = dy = 1 m.

where the upper index denotes the matrix dimension and r < min(k, l) is the
effective rank of Zk×ln,m. The computation of R and C is described in [33]. Again,
a user-defined threshold is employed in order to determine when the algorithm
has reached convergence.

2.3 Implementation

The block toeplitz symmetry existing for finite arrays with uniform spacing can
be exploited to reduce the number of sub-blocks that needs to be computed. Ad-
ditionally, reciprocity allows us to discard the calculation of the lower triangular
area of the total MoM matrix. In a nutshell, for a Nx × Ny uniform array it is
only necessary to compute NxNy + (Nx − 1)(Ny − 1) number of sub-blocks. For
example, for a 100 × 10 array we compute 1891, less than 0.2 %, of the actual
existing 106 sub-blocks.

The code is implemented in the C programming language and uses the Intel
MKL library [17]. Conceptual simulations were run on an Intel(R) Core(TM)
i7-4770 CPU @ 3.4 GHz with 32 GB RAM, and the overall gain in computation
time of the in-house hybridized MoM can be seen in Table 1. All simulations were
run for uniform bowtie arrays configured as in Fig. 1, with 643 RWGs/element
and 23 MBFs/element. The bowtie element has a height of h = 1 m, a width
of w = 0.75 m and a center width of wc = 0.05 m. The antenna spacing is
dx = dy = 1 m. The obtained scattering matrix from the in-house hybridized
MoM is compared to that from FEKO in Fig. 2 for a 2× 1 bowtie array.

2.4 Calculation of Embedded Element Pattern

In the case of non-contacting antenna elements, the currents on each element
are expressed using the same set of MBFs. To benefit from this, the total far
field for the array can be retrieved in an efficient manner by pre-computing the
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Table 1: Time to generate and solve the system of equations using the in-house full
wave solver for various array configurations of bowties as in Fig. 1b.

Config. RWGs Full MBF+ACA w.Toeplitz

8× 3 15 432 242.0 s 6.6 s 1.6 s

100× 10 643 000 N/A 5798.0 s 98 s

30 60 90 120 150
−25

−20

−15

−10

−5

0

Frequency (MHz)

|S
i,

j|
(d

B
)

S1,1: In-house
S2,1: In-house
S1,1: FEKO
S2,1: FEKO

Figure 2: Scattering matrix simulation comparison of the in-house code with FEKO
for a 2× 1 array of the bowtie geometry in Fig. 1a with d = 1 m.
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far field Fmbf(θe, φ) from the expansion coefficients that constitutes the MBFs.
Here, θe and φ denote the elevation and azimuth angle, respectively. For a given
excitation, Fmbf(θe, φ) is spatially translated for every antenna and weighted
accordingly with the corresponding currents on that element. For M number of
MBFs and Nrwg number of RWGs on one antenna, the far field from the MBFs
is

Fmbf
m (θe, φ) =

Nrwg∑
n=1

un,mF
rwg
n (θe, φ),

m = 1, . . . ,M.

(2.4)

Here, un,m is the corresponding matrix element of U in (2.2) and F rwg
n (θe, φ) is

the far field from the n:th RWG. The total far field is then

F (θe, φ) =

N∑

n=1

M∑

m=1

In,mF
mbf
m (θe, φ)ejk(uxn+vyn) (2.5)

where (u, v) = (cos θe cosφ, cos θe sinφ), k = 2πf/c is the wavenumber, and
(xn, yn) is the position and In,m is the m:th MBF current of the n:th antenna.
The speed of light in air is c. The embedded element pattern (EEP) refers here
to the far field pattern obtained when element n is excited and all other elements
are terminated by a reference impedance [30]. Since the EEP needs to be com-
puted for every existing antenna in the array, this processing becomes very time
demanding when N grows large. The MBF approach facilitates this calculation
and speeds up the entire process.

3 Metrics

An appropriate measure of the frequency bandwidth and radiation performance
of a multiport system is the TARC [23]:

Γ a
tot =

√√√√
∑N
n=1 |bn|2∑N
n=1 |an|2

. (3.1)

Here, N = NxNy is the total number of ports, and bn and an represent the
backward- and forward-propagating wave in port n, respectively. The waves
a = [a1, . . . , aN ]T and b = [b1, . . . , bN ]T are related through the scattering matrix
as

b = Sa, (3.2)

and we can hence express the backward-propagating wave in port m as

bm =

N∑

n=1

Sm,nan. (3.3)
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The active reflection coefficient (ARC) [16, 23] can be used to consider only a
single port n:

Γ a
n =

bn
an
. (3.4)

Evidently, the TARC represents the overall matching under a single frequency
excitation, while the ARC allows us to study the matching at each antenna.

The scattering matrix S0 for a default characteristic impedance, e.g., Z0 =
50 Ω, can be transformed to any characteristic impedance Zc. For an arbitrary
Zc the voltages and currents in the ports are [27]:

V = a+ b

I = (a− b)/Zc.
(3.5)

Using (3.2) and (3.5) then gives that

S = (I + ZcY)−1(I− ZcY), (3.6)

where Y denotes the admittance matrix, defined by I = YV . Note the diffe-
rence between the port current vector I and the identity matrix I. Solving (3.6)
for a given default characteristic impedance, Zc = Z0, and the corresponding
scattering matrix S0 gives:

Y =
1

Z0
(I + S0)−1(I− S0). (3.7)

The scattering matrix can then be scaled from Z0 in all ports to Zc in all ports
by insertion of Y into (3.6):

S = (I + ΓS0)−1(Γ I + S0). (3.8)

Here, the reflection coefficient Γ = (1−Zc/Z0)/(1+Zc/Z0) has been introduced.
Consequently, only one full-wave simulation is necessary for a given geometry
using the default characteristic impedance, and any impedance scaling can then
be performed in post process by manipulating S using (3.8).

The radiated power per transverse row of the array is

Prad(nx) =
1

2Zc

Ny∑

ny=1

|anx,ny |2 − |bnx,ny |2, (3.9)

where nx and ny are the longitudinal index in direction x̂ and transverse index
in direction ŷ of antenna n, respectively. The cumulative distribution of radiated
power can then be defined as

Φ(nx) =
1

P tot
rad

Nx∑

i=nx

Prad(i). (3.10)

Here, P tot
rad is the total radiated power of the array. Evidently, we get Φ(1) = 1

when all transverse rows are included.



128 Paper IV

−180 −135 −90 −45 0 45 90 135 180
−60

−50

−40

−30

−20

−10

0

Angle (degrees)

N
or

m
al

iz
ed

pa
tte

rn
(d

B
)

Azimuth
Elevation

Figure 3: Normalized far field pattern for the 200 × 12 bowtie array at the array
resonance (f/f0 = 0.26) using the H-W excitation with Zc = 50 Ω.

4 Numerical Results

The in-house developed MoM solver was installed on an Intel(R) Xeon(R) CPU
E5-2650 v3 @ 2.3 GHz with 128 GB RAM, and a 200 × 12 bowtie array with
the previously introduced geometry and antenna spacing dx = dy = 1 m was
simulated. This spacing corresponds to a λ/2 displacement at f0 = 150 MHz
where λ denotes the wavelength. Since the progressive phase shift feeding creates
grating lobes at higher frequencies, the free space resonance of the element was
chosen at the lower frequency 90 MHz, as shown in Fig. 2. Simulations were run
for a set of linearly spaced discrete frequencies points ranging between 30 MHz
and 150 MHz, or equivalently in the band 0.2 ≤ f/f0 ≤ 1, with the free space
element resonance at f = 90 MHz (f/f0 = 0.6). The obtained input impedance
is shown in Fig. 4 for a single bowtie element.

The bowtie geometry was chosen due to its bandwidth and its similarity with
the versatile dipole geometry. With 643 RWGs/element the element itself is
non-trivial and the total number of degrees of freedom exceeds 1.5 · 106. The
total CPU time for a single frequency simulation, including calculation of the
scattering matrix and N = 2400 number of EEPs, varied between 8 min 30 s and
27 min 20 s. This variation is due to the fact that the number of MBFs depends
on frequency.

Fig. 5 shows two EEPs for the elements with indices (nx, ny) equal to (100, 6)
and (200, 6). As seen, the pattern changes significantly depending on the ele-
ment’s position. The slight asymmetry in azimuth is explained by the even
number of longitudinal rows.
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Figure 4: Input impedance for the bowtie geometry in Fig. 1a.
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(a) (nx, ny) = (100, 6).
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(b) (nx, ny) = (200, 6).

Figure 5: Embedded element pattern (EEP) for bowtie elements with different posi-
tions in the 200× 12 array.
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4.1 Uniform Feeding

The classic H-W feeding approach [13] for endfire radiation corresponds to choo-
sing a uniform amplitude and an incremental phase shift along the endfire di-
rection x̂ as

ϕx = −(kdx + 2.94/Nx) (4.1)

where dx is the antenna spacing and Nx is the number of antennas in the longi-
tudinal direction. The input waves are thus chosen as:

an = anx,ny = ejnxϕx . (4.2)

The H-W excitation provides a rough estimate to the beam widths and side lobe
levels that can then be used as constraints to the convex optimization routine
when applied to an array of a certain size. Fig. 3 shows the far field pattern for
the 200×12 bowtie array at f/f0 = 0.26 with Zc = 50 Ω. As seen, this excitation
results in a clear main lobe in endfire. However, the overall matching is far from
optimum. This problem is addressed in Section 4.2.

4.2 Matching Enhancement Using Pattern Synthesis

We address the problem of achieving a desired far field pattern with an endfire
launched mode, while simultaneously minimizing the total reflected power in all
ports in the array. The latter can be quantified by the TARC in (3.1). As in prior
convex problem formulations for pattern synthesis [25,31], constraints can be put
on the side lobe level and the solid angle of the main lobe. CVX, a matlab toolbox
package for specifying and solving convex formulated problems [9,10] was used for
all the results provided in this paper. The forward-propagating waves {an}Nn=1

are used as degrees of freedom, and the problem is formulated to minimize the
power reflected in the ports according to

min.
∑N
n=1 |bn|2 = ||Sa||22

s. t. F (θ0, φ0) = 1, max
(θe,φ)/∈Ω0

|F (θe, φ)| ≤ F0.
(4.3)

Here, F (θ0, φ0) is the far field amplitude in elevation angle θ0 and azimuth angle
φ0, F0 is a specified side lobe level, and Ω0 is the main lobe solid angle. The
symmetry of the array allows us to enforce symmetric feeding of the different
ports, e.g., for a Nx ×Ny array the set of input waves at the longitudinal array
with ny = 1 is enforced to the longitudinal array with ny = Ny and so on. The
number of degrees of freedom are thereby reduced by a factor of 2.

The optimization routine in (4.3) was first run independently for each discrete
frequency point in the band. The main lobe solid angle Ω0 is (θ0± 70◦, φ0± 30◦)
and the side lobe level F0 = −35 dB in order to accommodate the performance
of the array under the H-W excitation (see Fig. 3). Note that Ω0 does not
correspond to the half-power beamwidth, but is chosen to comply with the width
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Figure 6: TARC over frequency for the 200× 12 bowtie array using different charac-
teristic impedances Zc.

of the beam at the side lobe level defined by F0. The obtained TARC for different
characteristic impedances Zc is shown in Fig. 6. A shift of the resonance of the
array can be observed as Zc increases, but most notable is the increase of the
array’s bandwidth and the improved matching. For Zc = 400 Ω, the −10 dB
bandwidth is 96 MHz in the range 0.26 ≤ f/f0 ≤ 0.9, and Γ a

tot = −33 dB at
f/f0 = 0.43. Referring to Fig. 4, it can be observed that in this region the
bowtie element is capacitive with Im(Z) ' −100 Ω (in relation to the improved
matching for higher Zc). It is evident that a high capacitive load is beneficial,
but no direct relation between the antenna impedance and the optimum Zc can
be distinguished. By inspection of the optimization data output, the smaller
resonance close to f/f0 = 1 was regarded to be less useful. Fig. 7 shows the far
field pattern at f/f0 = 0.43 with Zc = 400 Ω, and it shows close resemblance to
the pattern obtained with the H-W excitation that is shown in Fig. 3.

Fig. 8 shows the ARC for different longitudinal rows, i.e., different trans-
versal indices ny, obtained using the convex optimization routine and the H-W
excitation. The ARC obtained using the convex optimization routine decreases
exponentially as the longitudinal index increases, and it stagnates at −35 dB in
the center of the array. There is no distinguishable difference of the ARC between
different transversal indices. The ARC obtained using the H-W excitation is dis-
tinctly higher and shows a strong variation with respect to both the longitudinal
index and transversal index.

Fig. 9 shows the normalized power of the input waves obtained using the
convex optimization routine. The normalized power of the input waves increases
exponentially towards the end of the array, and there is a 40 dB difference bet-
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Figure 7: Normalized far field pattern for the 200 × 12 bowtie array at f/f0 = 0.43
using the convex optimization routine. The characteristic impedance is Zc = 400 Ω.
The thinner graphs depict the far field pattern using the H-W excitation as shown in
Fig. 3.

20 40 60 80 100 120 140 160 180 200
−40
−30
−20
−10

0

ny = 6

20 40 60 80 100 120 140 160 180 200
−40
−30
−20
−10

0

A
ct

iv
e

R
efl

ec
tio

n
C

oe
ffi

ci
en

t(
dB

)

ny = 4

20 40 60 80 100 120 140 160 180 200
−40
−30
−20
−10

0

Longitudinal antenna index (nx)

ny = 1

Figure 8: ARC as a function of the longitudinal index nx for different transversal
indices ny. The solid line depicts the ARC at f/f0 = 0.43 using the convex optimization
scheme with Zc = 400 Ω, and the dashed line depicts the ARC at f/f0 = 0.26 using the
H-W excitation with Zc = 50 Ω.

ween the power fed at nx = 1 and at nx = 200. Most power is fed in the central
longitudinal rows of the array, and there is ≈ 5 dB less power in the outer lon-
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Figure 9: Normalized power of input waves as a function of the longitudinal index nx
(top), and as a function of the transverse index ny for nx = 50, 100, 150, and 200 in
ascending order (bottom). The characteristic impedance is Zc = 400 Ω.

gitudinal rows. The phase of the input waves is depicted in Fig. 10, normalized
with the phase obtained using the H-W excitation. Ignoring the difference at the
first transversal rows where the input power is very small, a linear behaviour is
observed. The phase difference is less than 180 ◦ over the entire array, which im-
plies a small difference in the progressive phase shift. Further, an offset between
the longitudinal rows is apparent and corresponds to approximately a 10 ◦ shift
between the center- and the outer row.

Fig. 6 shows the TARCs obtained when the optimization routine was em-
ployed at each discrete frequency, independent of the excitation at adjacent fre-
quencies. As a consequence, the optimum a is allowed to have rapidly fluctuating
phase across the frequency band at every port. In fact, a closer inspection of the
obtained solutions at frequencies in the outer edges of the band reveals that those
far field patterns are distorted and not similar to the pattern obtained at the cen-
ter frequency. Despite the good match for 0.26 ≤ f/f0 ≤ 0.9, the solutions are
somewhat impractical.

A more functional formulation is introduced by restricting the phase variation
over frequency with respect to the resonance frequency of the array fc at each
port n,

an(f) = an(fc)e−j(k−kc)nxdx , (4.4)

which eliminates this randomness. Here, kc denotes the free space wavenumber
at frequency fc.

A second set of solutions was obtained using (4.4) with fc/f0 = 0.43 and
Zc = 400 Ω. Fig. 11 shows the achieved TARC for the 200 × 12 bowtie array
using the two convex optimization routines and the H-W excitation. The −10 dB
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Figure 10: Input wave phase as a function of the longitudinal antenna index nx
when normalized with the phase obtained using the H-W excitation. The characteristic
impedance is Zc = 400 Ω.

bandwidth is 35 MHz for the dependent frequency scheme, which corresponds to
a fractional bandwidth of 54 %. Due to the enforced linear frequency-dependency
under this excitation, a stable far field is obtained across the band resembling
the pattern at f = fc.

The fractional bandwidth is smaller than for the independent frequency scheme,
yet significantly improved with respect to the narrow bandwidth obtained using
the H-W excitation. The H-W excitation results in a narrow bandwidth and a
TARC that never sinks below −10 dB regardless of the choice of Zc.

4.3 Performance of Different Array Configurations

The method used to obtain the results presented above can be described as a
step-by-step procedure:

1. Choose constraints on side lobe level F0 and main lobe solid angle Ω0 in
accordance to the performance of the array under the H-W excitation.

2. For all values of characteristic impedance Zc, execute the convex optimiza-
tion routine across the frequency band of interest.

3. Find the resonance frequency fc of the array for the appropriate choice of
Zc.

4. Employ the dependent frequency excitation based on fc using (4.4).

5. Generate the desired results, e.g., TARC, input waves, far field patterns
and cumulative distribution of radiated power Φ.

The method was employed to three array configurations of the bowtie, a 50× 12
array, a 100× 12 array and a 200 × 12 array, and the optimization settings and
performance output are displayed in Table 2. The bandwidth is not sensitive to
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Figure 11: TARC for the convex optimization routines using dependent- and inde-
pendent frequencies with Zc = 400 Ω, and the H-W excitation with Zc = 50 Ω.

the array size, but a moderate shift of the resonance of the array can be observed.
The exponential increase in input wave power is apparent for all configurations
under the optimized excitation.

Fig. 12 shows the cumulative distribution of radiated power. The uniform
distribution of transmit power across any array under the H-W excitation results
in a linear relation, as depicted in the figure. As the array size decreases, a
larger fraction of the array is responsible for the same fraction of radiated power.
Interestingly, the results suggest that despite the difference in array size, the
radiated power originates mainly from the final fraction of transverse rows of the
array. In particular, for the 200× 12 array 6 % of the radiated power originates
from the last transverse row (nx/Nx = 1), and approximately 90 % of the radiated
power originates from the last 50 transverse rows (nx/Nx = 0.75). However, the
first 100 transverse rows contributes to less than 1 % of the radiated power.

4.4 Truncated Optimized Excitation

The retrieved cumulative distribution curves was an incentive to truncate the
retrieved input waves from the optimization of the 200 × 12 array such that
anx,ny = 0 for all nx < 150 and check the impact of the modified excitation.
The far field pattern is shown in Fig. 13, and the TARC is shown in Fig. 14.
The truncation corresponds to an overall reduction of the radiated power by
10 % (1 dB). The power in the main lobe direction is 2.5 dB lower than if the
full excitation is used (all ports active), which means that an additional 1.5 dB
power is lost in the endfire direction. Some ripples are introduced, but the far
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Table 2: Performance for different bowtie array configurations. F0 denotes the side
lobe level, Ω0 the main lobe solid angle, Zc the characteristic impedance, and BW the
−10 dB fractional bandwidth. HPBW denotes the half-power beamwidth in elevation.
The λ/2-displacement frequency is f0 = 150 MHz.

Config. F0 Ω0 Zc f/f0 BW HPBW

50× 12 −25 dB (θ0 ± 60◦, φ0 ± 25◦) 200 Ω 0.47 53 % 30◦

100× 12 −30 dB (θ0 ± 65◦, φ0 ± 25◦) 400 Ω 0.53 55 % 22◦

200× 12 −35 dB (θ0 ± 70◦, φ0 ± 30◦) 400 Ω 0.43 53 % 18◦
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Figure 12: The cumulative distribution of radiated power for different array configu-
rations using the optimized excitation and the H-W excitation.

field pattern is relatively well-preserved. A shift of the center frequency can be
observed in Fig. 14; however, the −10 dB bandwidth is not compromised and
the performance is still improved with respect to the array’s performance under
the H-W excitation.

5 Discussion

The results suggest that the optimum excitation is found by exponentially incre-
asing the power to the antennas as the longitudinal index increases. In fact, for
the 200× 12 array approximately 90 % of the radiated power originated from the
last 50 transverse rows of the array, and the first 100 transverse rows contributed
to less than 1 % of the radiated power. The exponential increase in feed power
occurred for various array sizes, which implies that, for large enough arrays, me-
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Figure 13: Normalized far field pattern for the 200 × 12 bowtie array when the op-
timized excitation is truncated such that anx,ny = 0 for all nx < 150. The far field
is normalized with respect to the maximum value using the optimized excitation of all
ports.
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Figure 14: TARC for the 200× 12 bowtie array using different excitation configurati-
ons. The optimized excitation is truncated such that anx,ny = 0 for all nx < 150. The
H-W excitation is applied to ports with nx > 150.
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rely a fraction of the antennas in the array needs to be excited in order to obtain
good endfire performance. Interestingly, these results are in relationship with
classical findings; tapering of the excitation amplitude can be used as a means
to control the trade off between optimized side lobe level and beamwidth [5,29].

The truncated excitation of the 200×12 array resulted in a well-preserved far
field pattern and maintained bandwidth, yet some degraded performance with
respect to the achieved gain in the endfire direction could be observed. From
an engineering perspective, it can be argued that only operating a fraction of
the array is beneficial on a system level if the loss in gain is acceptable. If the
complete array were to be used in endfire mode, it would require transmit/receive
(T/R) modules (assumed identical for all ports) with a dynamic range of 40 dB
as seen in Fig. 9. Since, however, the majority of the radiated power originates
from the last quarter of the array, the dynamic range of the T/R modules can
be limited to 15 dB if only these rows are utilized. The nice linear behaviour of
the input phase, as seen in Fig. 10, can also be deemed practical.

6 Conclusions

This paper presents an approach that utilizes convex optimization to optimize
the matching of endfire antenna arrays. As in former adaptations of convex
optimization to pattern synthesis problems, constraints can be put on the side
lobe levels and the main lobe beamwidth. Simulations were efficiently run using
an in-house full wave solver developed for the purpose of treating electrically
large arrays, and numerical results were provided for a 200×12 bowtie array. The
optimization routine was first employed independently at each discrete frequency
point, and it was found that a significantly improved matching could be obtained
in comparison to the matching obtained with the H-W excitation. Furthermore,
the impact of the characteristic impedance on the TARC could be studied through
the use of efficient post processing routines.

The optimization scheme was modified by restricting the phase variation over
frequency at each antenna port. This resulted in a smaller bandwidth, yet signi-
ficantly improved compared to the H-W excitation, and it provided stable results
with respect to the obtained far field patterns across the whole band.

The presented results illustrate the versatile applicability of the utilized con-
vex optimization formulation.

Future work includes a more extensive theoretical analysis of the results.
In particular, the relation between excitation frequency, various parameters of
the array configuration and the exponential increase in feed power along the
longitudinal direction will be studied. Also, the optimum choice of characteristic
impedance will be further examined.
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Abstract

Two approaches to the macro basis function (MBF) method that target
interconnected subdomains have been adapted to finite linear arrays, and
benchmarked against each other in order to estimate their performance
with respect to the strong near field coupling that occurs under the endfire
mode operation. The methods, here referred to as method A and B, are
based on the synthetic function- and characteristic basis function method
respectively, presented in previous literature. The occurrence of very strong
near field coupling can be seen to affect the number of MBFs required for a
certain level of accuracy, although both approaches perform well under the
test scenario. However, method B provides a considerable more efficient
compression with respect to a maximum acceptable error level.

1 Introduction

The conventional method of moments (MoM) is a widely used full-wave analysis
tool for electrically large or complex structures, which uses an integral equation
to formulate the problem at hand. The memory allocation of standard MoM
scales as O(N2) for N degrees-of-freedom, and typically the Rao-Wilton-Glisson
(RWG) [11] function is chosen as the local basis function. However, for large-
scale problems N becomes exceedingly large, and it becomes necessary to adapt
hybrid techniques in order to solve the problem in a time efficient manner using
minimal memory usage [3].

A method that deals with this particular problem, although various other
approaches also exist, is the MBF method. Using a subdomain-division of the
complete geometry, the induced surface current on each subdomain is expressed
through aggregated basis functions. A compressed version of the equation sy-
stem is obtained, and the computation time and memory storage is consequently
reduced. Numerous variations of the approach have been proposed; e.g., the cha-
racteristic basis function (CBF) method [2, 5, 7, 10], the synthetic function (SF)
method [9] and the eigencurrent method [1]. The common concept of these is the
same, whereas the differences lie in how to generate the MBFs.

For geometries where the partitioning results in contacting subdomains, the
MBF method must allow a continuous current to flow between neighbouring
regions. This needs to be modelled, and two alternative ways to do this are pre-
sented in [7] and [9] respectively. As the strength of the mutual coupling between
contacting subdomains can vary, it is a legitimate question to ask whether a par-
ticular approach can maintain a certain accuracy in the approximate solution and
simultaneously maintain a considerable reduction of the number of unknowns.

This work targets the adaptation of the MBF method to finite arrays with
interconnected antenna elements, and studies the effect of exciting the endfire
mode on the accuracy of the solution. The endfire excitation results in the main
lobe being launched in the longitudinal direction of the array, and consequently
very strong coupling between antenna elements will occur. Previous presented
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methods have not been studied under this extreme condition, and we aim here
to provide a comparison of different approaches in this respect. Two methods to
treat the interconnection problem, compression method A and B based on the
methods in [9] and [7] respectively, are analyzed. While this study only considers
finite arrays, both methods can be applied to more general geometries of arbi-
trary complexity [2,9]. The performances are evaluated using two measures: (1)
Relative error of the retrieved current, and (2) the compression ratio for a given
maximum value of the relative error. Results are provided for arrays consisting of
two different antenna geometries. Notably, the only difference between method A
and B will be the procedure of treating the interconnection between subdomains.

2 Macro Basis Functions

The original equation system in the RWG basis is described by the full MoM
representation,

ZI = V , (2.1)

which can be divided into sub-blocks Zi,j and Vi, containing the coupling terms
between subdomain i and j, and the excitation of subdomain i, respectively. The
aim of the MBFs method is then to efficiently compress each block by utilizing
an aggregated basis form instead of the local basis.

For clarity, we emphasize here the difference between the following terms: The
domain considered when computing a set of MBFs is denoted the Domain under
Excitation (DE); any domain on which a set of MBFs is employed is denoted a
subdomain. Only linear finite arrays are considered here, but the procedure can
easily be extended to the planar case, with the only effect being an increase in
the number of DEs.

2.1 Generation of Excitation Space

Both investigated methods rely on computing the induced surface currents on
the DE from a set of excitations. The resulting current vectors are computed as

ri = Z−1
DEVr,i, (2.2)

where Vr,i is the corresponding excitation for response i and ZDE is the moment
matrix of the DE. For consistency, the same excitation approach will be employed
in both methods.

First, each port in the DE is excited sequentially, as to generate the natural
responses. Point dipoles located at a subset of the node coordinates of all sub-
domains adjacent to the DE are used as excitations to invoke a representation of
induced currents due to near field coupling. This is illustrated in Fig. 1. Lastly,
a set of plane wave excitations is used as far-distanced external sources. A total
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Figure 1: Illustration of near field coupling excitations for the edge element of a linear
monopole array; the nodes of the adjacent subdomain are used as point dipole centers.

number of Ne responses are computed, and the response matrix

R =
[
r1, r2, . . . , rNe

]
,

constituting of all Ne response vectors, is the foundation on which the set of
MBFs will be based on.

2.2 General Macro Basis Function Approach

The MBFs are represented as column vectors of expansion coefficients, aggre-
gating the RWGs on the DE. The coefficients are retrieved from R through a
singular value decomposition (SVD),

R = UΣVH, (2.3)

where U and V are unitary matrices containing singular vectors, Σ is a diagonal
matrix with the singular values σ in descending order as its diagonal entries,
and superscript H denotes the Hermitian transpose. By discarding the singular
vectors of U whose normalized singular values are below a certain prescribed
threshold τ , we obtain the number of representative MBFs:

σm/σ1 ≥ τ, m = 1, 2, . . . ,M. (2.4)

The initial orthonormal set of MBFs, acting on the complete DE, is then repre-
sented by the matrix Û, containing the M first columns of U:

Û =
[
u1, u2, . . . , uM

]
.

The size of Û is NDE
rwg ×M , for NDE

rwg number of RWGs on the DE. The final
set of MBFs, acting only on a single subdomain, is represented by the matrix A
which is selected as a segment of Û according to the descriptions in Section 2.3
and 2.4 for the two methods respectively. With a set of MBFs expressed through
a corresponding matrix A for each subdomain, the total system of equations can
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Figure 2: Geometrical sectioning for extracting DEs for MBF generation according to
method A. The subdomain is extracted together with the corresponding HRWGs on its
border (bottom left and right). The RWGs along the subdomain borders represent a
separate subdomain (bottom center).

be reduced by block-wise compression of the subdomain coupling matrices and
excitation vectors:

ZMBF
i,j = AT

i Zi,jAj

V MBF
i = AT

i Vi

i = 1, 2, . . . , Nsd; j = 1, 2, . . . , Nsd.

(2.5)

Here, i and j are subdomain indices, superscript T denotes the transpose and a
total of Nsd subdomains are assumed.

2.3 Compression Method A

The DE considered for generation of a subdomain’s final set of MBFs is chosen
as the subdomain itself. To avoid edge conformity and invoke current continuity,
the enclosing RWGs are added on the border to the subdomain’s neighbours.
Recalling that an RWG is obtained by pairing up mesh-triangles, only the triangle
maintained within the subdomain is included. This is referred to as an half-RWG
(HRWG) in [9]. The response matrix R is then expanded to include excitation

of the HRWGs. Moreover, A is extracted from Û by removing the expansion
coefficents for the HRWGs, and treating all RWGs along the subdomain borders
as a separate subdomain. For Na number of antennas in the array, the number of
subdomains will then be Nsd = Na + 1. Since no reduction of unknowns occurs
on this final subdomain, for Nl number of RWGs on all borders, A is an identity
matrix of size Nl ×Nl. The scheme is visualized in Fig. 2.

For a linear array, there are three DEs to consider; one for each edge element
(one border present) and one for the centred elements (two borders present).
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Figure 3: Geometrical sectioning for extracting DEs for MBF generation according to
method B. For centered elements two neighbouring subdomains are included (top), for
edge elements one neighbouring subdomain is included (below). The highlighted region
denotes the region where the corresponding MBFs are employed.

2.4 Compression Method B

The DE considered for generation of a subdomain’s final set of MBFs is chosen
as the subdomain itself together with its closest neighbours. Again, there are
three DEs to consider as illustrated in Fig. 3. A trapezoidal windowing function
is employed on R prior to applying the SVD [6]:

R̂ = ΛR, (2.6)

R̂ = UΣVH. (2.7)

Here, Λ is a diagonal matrix with its entries being either 0, 1 or 0.5 depending on
if the corresponding RWG lies outside or inside the subdomain, or on the border
between two subdomains respectively. The weighting of 0.5 ensures a proper
weight when the geometry is considered globally. The matrix A, representing
the final set of MBFs, is then selected as the truncated singular vectors in Û.

3 Numerical Results

Two 10 × 1 finite antenna arrays, a monopole array and a bowtie array, are
considered in this section. The geometries are shown in Fig. 4, and the total
number of RWGs are 7 938 and 3 769 respectively. The spacing is d = 2 m
for the monopole array and 2.4 m for the bowtie array. The monopole has a
length of 1 m and a width of 0.04 m, and the bowtie has length l = 2 m, width
w = 2 m, centerwidth wc = 0.12 m and is placed 1 m above ground. The arrays
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Figure 4: Five elements in the two 10 × 1 arrays under consideration: (a) monopole
array, (b) bowtie array.
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are excited at frequency f = 67.5 MHz using two progressive phaseshifts ϕ: ϕ = 0
for broadside mode operation, and ϕ = −(kd + 2.94/N), the Hansen-Woodyard
phaseshift [4], for endfire mode operation. The wavenumber k = 2πf/c, N = 10
is the number of antennas and c is the speed of light in air. The algorithms are
implemented in Matlab as add-ons to the source code provided in [8].

The accuracy is measured using the relative error of the current vectors in
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the L2-norm, defined as:

η =
||IMBF − IRWG||2
||IRWG||2

. (3.1)

With an acceptable error level of 1 % (η = 10−2), the maximum SVD thres-
holds for the two methods are determined: τmax,A and τmax,B respectively. The
compression ratio (CR) is a measure of a method’s compression efficiency,

CR =
N tot

rwg∑Nsd

i=1 Mi

, (3.2)

with Mi MBFs in subdomain i, and a total of N tot
rwg RWGs in the complete

geometry.
The singular value sequence and the CR for the monopole array is shown

in Fig. 5; the trend is similar for the bowtie array. Interestingly, the slope of
the singular value sequence is substantially different for the two methods, and
this characteristic directly reflects the obtained CR; method B corresponds to
a larger reduction of unknowns with respect to a fixed threshold. Notably, the
difference is not only a consequence of treating the border-RWGs as a separate
subdomain in method A, which would generate a fixed gap between the curves.
Thus, if τmax,A ≈ τmax,B, the achieved compression using method B would be
significantly greater which would result in a smaller final system of equations.

The computational complexity for generating the MBFs is greater for method
B since the DEs, on which the SVD is performed, will incorporate neighbouring
subdomains. Method B therefore requires the solution of a larger system of
equations in (2.2). As the total size of the array grows however, the generation
of the set of MBFs will constitute a smaller proportion of the total computation
time.

As seen in Fig. 6 and Fig. 7 the endfire mode results in a larger error than
the broadside mode for a given τ . This is to be expected, as the mutual coupling
is more critical under this scenario. Both methods show little sensitivity with
respect to the antenna geometry; however, a slight left-shift of the curves in Fig. 7
can be observed with respect to Fig. 6. Interestingly, a monotonic decrease is
only observed for method A. It is seen that the required accuracy is achieved
at a lower threshold with method B than for method A, with τmax,B ' 10−5

and τmax,A ' 10−6 in both examples. For the monopole, this corresponds to
CRB ≈ 25 and CRA ≈ 4. These results indicate that it is not straightforward to
a priori select the SVD threshold for a desired error level. The farfield pattern
of the 10× 1 monopole array under the endfire excitation is shown in Fig. 8 for
the full MoM, method A (τ = τmax,A) and method B (τ = τmax,B) , and good
agreement is observed.
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Figure 6: Relative error of the retrieved current vector for the monopole array. The
phaseshifts are ϕ0 = 0 and ϕHW = −(kd+ 2.94/N).
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4 Conclusions

Two different MBF methods, capable of treating subdomains in contact, have
been investigated and benchmarked against each other, and their performance
assessed with respect to broadside and endfire excitation. The study has shown
that both methods can provide accurate solutions and a significant compression
of the total equation system. However, method B presented in [7] has some ad-
vantages compared to method A presented in [9], particularly since the reduction
of unknowns is considerably greater for a certain level of accuracy. As the size of
the problem grows larger, the gain of achieving as great compression as possible
would become more critical. Notably, the overall compression (i.e., the singular
value sequence) is dependent on how the response matrix is generated, and due
to the many different variations of the MBF method that have been proposed
in previous literature, this study has provided a consistent approach with the
treatment of interconnections as the only difference between the methods.

The complexity of implementation is not regarded here, as we argue that
individual preferences and source code will greatly affect that choice.
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