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Abstract

Topology optimization is a mathematical tool for finding optimal distributions of material
phases within a design domain. It is commonly used in early design stages to generate
conceptual structural layouts. Ultimately, designs generated by topology optimization
consist of distinct material phases with enhanced performance. Most research on topology
optimization methods focuses on linear elastic mechanical problems with the objective to
maximize stiffness. Whereas linear problems are well understood, methods for solving
geometrically and/or material non-linear, transient, path-dependent problems are less so.

This thesis consists of a general introductory part and six appended papers in which
topology optimization frameworks that account for non-linear response are presented. The
introductory part gives an overview of topology optimization methods, motivates optimiz-
ation for non-linear problems and details the specific solution methods for the non-linear,
transient and path-dependent frameworks on which the included papers are based on.

All papers but Paper E present non-linear optimization frameworks that employ hyper-
elastic material models and are based on finite strain theory. In Papers A and B, topology
optimization methods for multiple material phases and for tangent stiffness maximization,
respectively, are established. It is shown that an arbitrary number of phases can be in-
cluded in the optimization and that the optimized distribution of the phases depends on
the load magnitude. It is also shown that the definition of the stiffness measure used in
topology optimization of non-linear elastic structures is of great importance. In Papers
C, D and F, inelastic constitutive models are included in the optimization frameworks.
Rate-dependent, i.e. viscous, inertial and finite strain effects are combined with topology
optimization to generate maximum energy absorbing structures. Both macroscopic struc-
tures and microstructural designs are presented, wherein plastic work is optimized. It is
shown that micro and macro response can be tailored for a specific load magnitude, loading
rate and load path. The developed scheme in Paper F enables optimization of structures
for maximum stiffness while constraining the maximum specific plastic work. Since signi-
ficant plasticity occurs at design domain boundaries, a regularization technique for explicit
control of boundary effects in topology optimization problems, presented in Paper E, is
utilized. This optimization approach shows that by constraining the specific plastic work,
stiff designs with smooth stress distributions are generated.
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Sammanfattning

Matematiska optimeringsmetoder är kraftfulla verktyg för effektiv design av lastbärande
strukturer. Genom optimering kan en given mängd material omfördelas för att förbättra
strukturers h̊allfasthet, exempelvis för att uppn̊a maximal styvhet. Konventionella met-
oder, där designförslag iterativt utvärderas och förbättras baserat p̊a mänsklig intuition,
är ofta ineffektiva och tidskrävande. För att förkorta denna process och möjliggöra optimal
design kan topologioptimering användas. Topologioptimering löser ett optimeringsprob-
lem baserat p̊a matematiska beskrivningar av strukturens geometri. Beskrivningen till̊ater
ändringar gällande strukturens form, tjocklek och sammankoppling av dess komponenter.
Lösningen till optimeringsproblemet ger konceptuella designer med maximerad önskvärd
egenskap, samtidigt som specifika villkor p̊a designen, s̊asom begränsad materialanvänd-
ning, uppfylls.

De flesta etablerade topologioptimeringsmetoder är baserade p̊a teori som endast gäller
under begränsade förh̊allanden; antaganden om materialegenskaper och yttre lasters stor-
lek och hastighet görs för att kunna etablera en förenklad fysikalisk modell vilket medför en
förenkling av det matematiska optimeringsproblemet. Dessa antaganden begränsar dock
användningsomr̊adena för topologioptimering. Vid optimering av exempelvis krocksäkra
fordon, skyddsutrustning och stötdämpare kan lokalt stor och plastisk irreversibel deform-
ation av materialet förekomma. Dessutom sker deformationen ofta under ett väldigt kort
tidsspann. S̊aledes finns det behov för topologioptimeringsmetoder baserade p̊a fysikaliska
modeller som innefattar stora plastiska töjningar samt irreversibla och transienta processer.
S̊adana metoder har etablerats i denna avhandling.

I avhandlingens första del presenteras metoder som har utvecklats för att maximera
strukturers styvhet under olinjär elastisk materialrespons och stora töjningar. Modellerna
möjliggör design av strukturer uppbyggda av flera material och visar att den optimerade
strukturen är starkt beroende av lastniv̊an. Definitionen av själva styvhetsm̊attet visas
även vara avgörande för den optimerade designen d̊a responsen är olinjär.

I den senare delen av avhandlingen presenteras ett verktyg för att optimera energi-
absorption av designer b̊ade p̊a makroskopisk och mikroskopisk niv̊a, där irreversibla och
transienta effekter inkluderas. Detta optimeringsverktyg genererar optimerade designer
med markant högre energiabsorption i jämförelse med metoder som antar sm̊a töjningar
och l̊angsamma lasthastigheter.

Slutligen presenteras en optimeringsmetod som möjliggör maximering av strukturell
styvhet samtidigt som generering av plastisk energi begränsas. Optimeringsmetoden kan
användas för att undvika utmattning och skador p̊a strukturen. I anknytning till denna
metod har även ett koncept utvecklats för att kontrollera randeffekter i optimeringspro-
cessen; detta för att eliminera artifakter som annars kan uppkomma vid designdomänens
yttre ränder och därmed p̊averka strukturens prestanda.
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1 Introduction

Optimal design of load-bearing structures is an important part of product development
processes. In the design phase, structures are often made stiffer by addition of material
in highly stressed regions in order to better sustain external loads. In most engineering
applications, however, cost savings by material reduction are desired. Thus, material re-
distribution is preferred over material addition. For instance, in the design of bridges,
buildings, cars, aircrafts and many other mechanical systems, it is preferable to optimize
the material distribution to produce lighter and stronger structures at reduced cost and ma-
terial consumption. Conventional design methods, which iteratively evaluate and improve
designs based on intuition of design engineers, are often inefficient and time-consuming.
Instead, mathematical tools such as topology optimization can be used for optimal design.

Topology optimization methods finds optimal compromises between performance and
material usage. In practice, this is done by solving a constrained optimization problem
numerically such that a cost function is minimized (or maximized). The choices of cost and
constraint functions depend on the intended use of the design; for instance, one may choose
to minimize the weight of a structure subject to a stiffness constraint, or to maximize struc-
tural stiffness subject to a constraint on the amount of material. For structural design,
the topology optimization methods are commonly used in initial design stages to generate
conceptual designs that later can be fine-tuned before manufacturing, through simple post-
processing and possible size and shape optimization. In contrast to size and shape optim-
ization, topology optimization gives significant design freedom (cf. Bendsøe and Sigmund
(2013)), since neither shape nor size of structural members are predefined prior to the
optimization. Instead, a design domain in which material should be distributed is defined,
e.g. by a box, as illustrated in Fig. 1. Thus, topology optimization allows for simultaneous
optimization of shape, size and connectivity of the design.

Load

Unknown material distribution

Figure 1: Topology optimization design domain with boundary conditions.

To solve linear elastic topology optimization problems for maximum stiffness, efficient
numerical methods have been established, some of which require less than one hundred
lines of computer code (Sigmund (2001); Andreassen et al. (2011)). Several alternative
strategies for solving optimization problems of this type have been proposed. To evaluate
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their effectiveness, the proposed strategies commonly use benchmark problems, e.g. linear
elastic maximum stiffness topology optimization problems solved for the design domain and
boundary conditions shown in Fig. 1. A solution to this optimization benchmark problem,
based on the optimization framework of Paper E (Wallin et al. (2020)), is visualized in Fig.
2. The figure shows the optimized structure, where efficient distribution of the available
solid material (dark color) leads to that forces are transferred between the load and support
regions for maximum stiffness.

Solid material

Void

Figure 2: A structure optimized for maximum stiffness by topology optimization performed
on the domain shown in Fig. 1.

1.1 Topology optimization applications: A brief overview

Since the pioneering work by Bendsøe and Kikuchi (1988), topology optimization has
evolved from considering only linear elastic mechanical problems with the objective to
maximize stiffness, to consider more complex design objectives. For instance, compliant
mechanisms (Sigmund (1997)), material design (Sigmund (1994b)) and maximization of
the fundamental frequency (Andreassen et al. (2018)) have been considered. Such design
objectives are based on optimization problems with global measures of the constraint and
cost functions. Other design problems based on local measures, such as stress-based op-
timization (Cheng and Jiang (1992); Le et al. (2010); Holmberg et al. (2013)), have also
been considered. Apart from different design objectives, topology optimization has also
been used to design multi-material linear elastic structures (Zhou and Wang (2007)).

Because a topology is a mathematical description that refers to the properties of a geo-
metric object, e.g. a solid or a fluid, topology optimization is suitable for design problems
with physics other than linear structural responses; it has been used for heat conduction
problems, acoustics, fluid flow, aeroelasticity, and in other multiphysics disciplines (see
Deaton and Grandhi (2014) for an overview).

Recently, topology optimization methods have also been developed with additive man-
ufacturing constraints (see the review by Liu et al. (2018)) to shorten the process between
numerical simulation and manufactured design. With increased need for powerful large-
scale design methods, efficient numerical parallel optimization schemes have been estab-
lished, e.g. the Giga-voxel computational method for the design of a full-scale aeroplane
wing presented by Aage et al. (2017). However, the majority of the established topology
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optimization methods are restricted to linear elasticity, which means that the potential
benefits that topology optimization can provide are not fully utilized.

1.2 Non-linear structures and materials in topology optimization

To determine the response of elastic materials and structures where the strains are small,
a linear elastic assumption is adequate. However, for structures and materials that are
subject to large deformations, the linear elastic assumption is not accurate, which means
that topology optimization schemes must be extended to account for non-linearities for
optimal design.

To account for large deformations, kinematic frameworks different from those of the in-
finitesimal strain theory’s are adopted. Additionally, frameworks that assume large strains
commonly employ constitutive laws where the material response is non-linear. To illustrate
differences between linear and non-linear optimization frameworks, the design domain with
boundary conditions shown in Fig. 3a is considered for maximum stiffness topology optim-
ization. Two different optimizations are performed, whose optimized structures are shown

Displacementa)

b)

c)

Figure 3: Maximum stiffness structures, optimized on the design domain shown in a), for
b): linear elastic response, and c): large deformations and hyperelasticity.
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in Fig. 3b and 3c, respectively for a linear elastic model and a large strain hyperelastic
model. Clearly, the two optimized structures differ. To quantify the differences, both op-
timized Designs 3b and 3c are analyzed using the large strain hyperelastic model. In this
analysis, the stiffness of Design 3b, optimized for the linear elastic model, is approximately
50 % lower than that of the stiffness of Design 3c, optimized for the large strain hypere-
lastic model. In summary, this example demonstrates that less costly linear elastic models
can give significantly worse topology optimization results when large strains and material
non-linearities are present.

A few research studies have considered geometrically non-linear behavior for topo-
logy optimization. Large deformation theory has been included in topology optimiza-
tion schemes to demonstrate optimization differences between linear and non-linear kin-
ematic assumptions. The work Buhl et al. (2000) reported generally small, but possibly
large differences in cases involving buckling or snap-through effects, whereas the work in
Pedersen et al. (2001) demonstrated significant differences when designing compliant mech-
anisms. The comparison of structures and compliant mechanisms in Bruns and Tortorelli
(2001) showed dramatically different designs results, depending on the linear or non-linear
kinematics. All three frameworks assumed small strains; the former two studies used a lin-
ear stress-strain constitutive law, whilst the latter employed the hyperelastic Saint Venant-
Kirchhoff model. The small strain assumption and hyperelastic Saint Venant-Kirchhoff
constitutive model were also used in the work by Kemmler et al. (2005), where stability
in topology optimization was studied for non-linear kinematics, and further differences in
optimization results arising from different kinematic assumptions were reported.

It is known that the hyperelastic Saint Venant-Kirchhoff material model does not ad-
equately model the response for large strains. In particular, it fails in compression as it
softens for large compressive strains. This behavior is illustrated in Fig. 4, where the uni-
axial Cauchy stress versus uniaxial strech γ is plotted for a Saint Venant-Kirchhoff model
(dotted line) and a compressible neo-Hookean model (solid line). The figure shows that the
two models practically overlap for uniaxial stretches γ ≈ 1, i.e. for small uniaxial strains,
whereas otherwise large differences can be seen. For large compression, i.e. for γ → 0, the
stress given by the Saint Venant-Kirchhoff model vanishes.

These differences of hyperelastic models and their consequences in topology optim-
ization were investigated in the work by Klarbring and Strömberg (2013), where several
different models, e.g. the Saint Venant-Kirchhoff model and different compressible neo-
Hookean models, were compared, showing that the optimized structures are dependent
on the material model and that the Saint Venant-Kirchhoff model require more computa-
tional effort. The work of Wang et al. (2014a) established an efficient energy interpolation
scheme for topology optimization of structures under large deformations. By this inter-
polation, solid material can be modeled by a hyperelastic strain energy function, whereas
regions devoid of material can modeled using linearized theory, which can improve the
convergence of the optimization. This energy interpolation scheme is employed in Paper B
(Wallin et al. (2018)). Other techniques for improving the optimization convergence, based
on removal of devoid regions in the numerical analysis, have been employed, e.g. the recent
study Dalklint et al. (2020), which established an eigenfrequency constrained topology op-
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Figure 4: Uniaxial Cauchy stress versus stretch γ for a St. Venant-Kirchhoff model (dotted
line) and a neo-Hookean model (solid line).

timization framework of prestrained hyperelastic structures. In Klarbring and Strömberg
(2013), it was further highlighted that for non-linear kinematics, the stiffness measure is
not obvious, and several choices of objective functions are possible, which may lead to
different optimization results (see also Buhl et al. (2000) and Kemmler et al. (2005)).

Thus, it is clear that for non-linear structures, the optimized designs depend on the
stiffness measure, kinematic relations, load magnitude and the material model. As shown in
(Wang et al. (2014b); Zhang and Khandelwal (2019); Wallin and Tortorelli (2020);
Zhang and Khandelwal (2020)), non-linear considerations are also important for mater-
ial design.

Although important, the non-linear elastic frameworks can not be used to optimize
designs which are plastically deformed. When structures and materials are plastically
deformed, energy is dissipated. In design for maximum energy absorption, the objective
is to find a structure or material that can dissipate maximum kinetic energy during a
loading process. Energy absorption plays a crucial role in e.g. crashworthiness design
and in the design of highway guardrail systems. In such design applications, vehicles and
guardrail systems in highways are designed to absorb energy during impact for safety of the
passengers cf. e.g. Lu and Yu (2003). Energy absorption is also an important consideration
in design of other protective systems, e.g. in development of packaging products, for body
armor and for seismic-resistant buildings. To optimize the energy absorption of such designs
using topology optimization, constitutive models accounting for plasticity are essential.

Several plasticity-based topology optimization schemes for energy absorption have been
presented, e.g. Bogomolny and Amir (2012); Nakshatrala and Tortorelli (2015); Li et al.
(2017); Zhang et al. (2017); Alberdi and Khandelwal (2017) to mention a few. Since en-
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ergy absorbing designs are commonly subject to large load magnitudes that lead to large
plastic strains, such plasticity models that assume small strains are not sufficient, and
should instead include finite strain theory in the optimization frameworks. A few research
studies have implemented optimization frameworks based on finite strain plasticity, cf. e.g.
Wallin et al. (2016). The study showed a significant influence of the load magnitude on
the optimized energy absorbing structures. However, for dissipation processes that occur
during fast loading processes, e.g. impact scenarios, the aforementioned frameworks based
on rate-independent plasticity fail to accurately model the response. To acknowledge rate-
dependent effects and enable design of energy absorbing structures subject to large and
time-dependent loads, theoretical frameworks based on finite strain visco-plasticity, e.g.
Simo and Miehe (1992), should be combined with transient schemes for topology optimiz-
ation, as done in Paper C (Ivarsson et al. (2018)) and in Alberdi and Khandelwal (2019).

In other applications, such as low-cycle fatigue, high energy absorption is not desired.
Instead, structures are designed to be stiff, and plasticity needs to be limited to ensure
the desired fatigue life. Paper F proposes an approach for designing such structures for
maximum stiffness while constraining the maximum specific plastic work. In this way, local
zones of high plastic deformation are not present in the optimized structures.

1.3 Scope of the work

This thesis presents topology optimization frameworks for non-linear solid structures and
materials. The common theme of the research is to exploit non-linear material response in
combination with topology optimization. The first two Papers A and B present design op-
timization schemes where the importance of the finite strain effects and the design objective
formulations are highlighted. Papers C and D enable optimization of energy absorption
for structures and microstructures, where the effects of loading rate, load magnitude and
load path are demonstrated. In Paper E, an efficient filter regularization technique for
density-based topology optimization is established. Finally, Paper F presents a scheme
for maximizing stiffness while constraining the maximum specific plastic work, where the
regularization technique of Paper E is utilized.

The optimization frameworks present sensitivity schemes that are essential for the
gradient-based optimization process. Details of the sensitivity scheme for finite strain
viscoplastic and transient schemes are given in Appendix A.
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2 Topology optimization

This section gives a short overview of current topology optimization methods, presents
the mathematical formulation of a general topology optimization problem, regularization
techniques, material interpolation schemes and solution methods for topology optimization.

2.1 Topology optimization methods

Several different approaches for topology optimization exists. The different approaches are
commonly categorized by the method of describing the geometry, and include density, level
set and phase-field methods.

The majority of the topology optimization research is based on the density method
(Bendsøe (1989); Zhou and Rozvany (1991)), in which the design domain is parametrized
by nodal or elemental design variables representing the material distribution. In density
methods, regularization techniques are used such that a mixture of materials and devoid
of material is allowed. To deem such mixtures unfavorable and approach a binary design,
penalization (e.g. Bendsøe (1989); Sigmund and Torquato (1997); Stolpe and Svanberg
(2001)) and Heaviside thresholding (Guest et al. (2004)) can be applied in the optimiza-
tion. Other methods based on the homogenization approach (Bendsøe and Kikuchi (1988))
regularizes the optimization problem such that structures with fine microstructures are op-
timized.

In level set methods (Wang et al. (2003)), a material phase is defined by a positive
level set function, and its boundary is identified by a zero level set contour. The evolution
of the level set is usually obtained by solving the Hamilton-Jacobi equation. In level set
approaches, mixtures of material phases are not present. However, most of these approaches
do not allow the introduction of new “holes”, i.e. disjoint regions of devoid of material, in
the topology, which makes the optimization problem sensitive to the initial design, i.e. the
optimization initiation.

Phase-field methods use diffuse interfaces between phases in the design representa-
tion. The evolution of the phase-field can be modeled through the Allen-Cahn approach
(Wallin and Ristinmaa (2015); Paper A Wallin et al. (2015)) or the Cahn–Hilliard ap-
proach (Zhou and Wang (2007); Wallin et al. (2012)). Contrary to level set methods,
phase-field methods do not need to explicitly track interfaces when solving the govern-
ing equations for the phase-field evolution.

Other popular topology optimization methods include the discrete design methods,
which are based on a binary design representation. Among these methods, research on
evolutionary topology optimization, e.g. Bi-directional Evolutionary Structural Optimiza-
tion (BESO) (Huang and Xie (2010); Huang et al. (2011)), has gained much attention. In
BESO methods, material is removed or re-introduced in the optimization process through
binary design updates. Although the design is binary, BESO methods make use of gradi-
ents and regularization techniques to evaluate sensitivities. As such, BESO methods are
based on similar techniques used in density methods, whereas the design is heuristically
updated based on weighted sensitivities.
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Comprehensive reviews of topology optimization methods can be found in, e.g.
Sigmund and Maute (2013) and Deaton and Grandhi (2014). This thesis considers only
density-based and phase-field methods. Therefore, in the following, the variable ρ denotes
the phase-field or density field representing the material distribution.

2.2 The optimization problem

Topology optimization finds the material distribution ρ(X) within a reference domain Ωo

such that a cost function go is minimized under m inequality constraints gi ≤ 0, i =
1, . . . , m. A general density-based topology optimization problem can mathematically be
stated as

minimize
ρ

go(u(ρ),w(ρ), ρ),

subject to

�

gi(u(ρ),w(ρ), ρ) ≤ 0, i = 1, . . . , m

ρ(X) ∈ {0, 1}, in Ωo.

(1)

The displacement and internal variable state fields u(ρ)1 and w(ρ), which satisfy balance
equations, are, together with the density ρ in each point X of the domain Ωo, used to
quantify the cost and constraint functions. The amount of material

�

Ωo
ρdV is usually

included in (1), where it is either constrained or chosen to be minimized.
The material distribution parametrization is given by element or nodal design vari-

able values stored in a design variable vector ρ. Since a large number of elements or
nodes are needed to resolve the design, the discretized version of the optimization prob-
lem (1) becomes computationally demanding to solve. Furthermore, both the optimiza-
tion problem (1) and its discretized version are ill-posed, as they lack solutions in gen-
eral (Sigmund and Peterson (1998)), which in the numerical solution renders, for instance,
mesh-dependent designs. To accommodate non-existence of solutions, relaxation and re-
striction methods are used.

2.3 Relaxation

When the design space of (1) is relaxed, the design variable, ρ, is allowed to take any value
in the interval [0, 1] in the material macrostructure, and material properties are linearly
interpolated by ρ. The drawback of this relaxation is that the solution renders a non-
binary design. Another relaxation method is to enlarge the design space further and allow
fine-scale oscillations of the domain microstructure. This is done by evaluating microstruc-
tural homogenized properties that correspond to each evaluation point in the discretized
macroscopic structure, such that the response of the macrostructure can be determined
and subsequently the optimized macroscopic design can be obtained. The homogenization
approach was used in the seminal work on topology optimization by Bendsøe and Kikuchi

1u is coupled with acceleration and velocity fields in transient approaches
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(1988), where microstructures were described by unit cells, or Representative Volume Ele-
ments (RVE)s, composed of rectangular holes. However, since the relaxed solution gener-
ates a macroscopic design where intermediate material areas are present, it can only be
realized by including the material microstructure. Therefore, to approach a solution with
binary values of the material phases, topology optimization methods commonly interpolate
material parameters such that intermediate areas are penalized in the optimization.

A topology optimization framework for designing periodic viscoplastic microstructures
is presented in Paper D (Ivarsson et al. (2020)), where an alternative to nonlinear ho-
mogenization methods is used, similar to the work Wang et al. (2014b). In this study,
the microscopic composites are tailored to achieve enhanced macroscopic performance, by
solving a topology optimization problem via restriction.

2.4 Restriction

In restriction methods, the optimization problem is regularized by restricting spatial oscil-
lations of the design. The methods commonly impose a length scale that prevents rapid
oscillations of the relaxed set of designs ρ ∈ [0, 1]. Restriction can be imposed through,
e.g. perimeter control (Haber et al. (1996)) or slope constraints (Peterson and Sigmund
(1998)). In this thesis, restriction by phase-field regularization (in Paper A) and by filter-
ing (in Papers B-F) is used.

Phase-field regularization

In phase-field methods, the spatial variations of the phase-field is restricted by imposing a
cost for phase-field gradients, which result in a smooth phase-field with diffuse interfaces.
The multi-material framework in Paper A assumes N number of phases ρα(X), α =
1, 2, . . . , N , and models the phase-field evolution by minimization of the energy functional

Λ(ρα) =

N�

α=1

�

Ωo

γε

2
�∇oρ

α�2 dV
� �� �

cost for for spatial variations in ρα

+

N�

α=1

�

Ωo

γ

ε
φ(ρα)dV

� �� �

cost for non-binary ρα

. (2)

In the functional Λ above, the second term is related to the bulk energy and imposes a cost
for phase mixtures and negative phases. The bulk energy is minimized for binary phase-
fields values characterized by φ = 0. However, such binary phases with sharp interfaces
are prevented by the first term of (2), related to the interface energy, which penalizes
the gradients ∇oρ

α. This means that a minimization of (2) is a competition between
minimization of the interfacial energy, which favors smooth phase-fields with less spatial
variations, and minimization of the bulk energy, which favors binary phase-field values
with sharp interfaces. The length scale parameter ε > 0 in (2) determines the interface
width between phases; small values of ε sets a low cost for gradients and a high cost for
non-binary phase-fields, resulting in sharp interfaces, whereas higher values of ε result in
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large interface widths and more diffuse phase-fields. The parameter γ > 0 is related to the
energy of the phases and does not influence the interface width.

In this work, the specific format of the bulk energy potential φ is

φ(ρα) = −1

2

N�

α=1

(ρα)2

� �� �

cost for phase mixtures

+

N�

α=1

IαG(ρ
α)

� �� �

cost for negative phases

, (3)

where the first term sets a cost for phase mixtures, which is minimized for binary phase
values, and IαG is an obstacle imposing infinite penalty for negative phase values, ρα < 0,
i.e.

IαG =

�
∞ ρα < 0,
0 otherwise.

(4)

In addition to the obstacles introduced in the bulk energy (3), the point-wise volume
constraint

�N
α=1 ρ

α = 1 is enforced in this work, which implies that phase-field values
ρα > 1 are not possible. As a consequence, phases are strictly enforced to belong to the
Gibbs N-simplex G :=

�
ρα :

�N
α=1 ρ

α = 1, 0 ≤ ρα ≤ 1
�
.

The phase-field evolution, i.e. minimization of the energy Λ, is simulated and shown in
Fig. 5 for a case with three phases, N = 3, each having different material properties and
volume fractions. The figure shows snapshots of the phase-field at different time instants,
t, starting from a random guess at t = 0. The figure shows that the perimeter of each
phase is minimized and that mixtures of phases are avoided.

t = 0 t = 5 t = 20

t = 100 t = 200 t = 350

Figure 5: Phase-field evolution; minimization of the energy Λ.

The influence of the length scale parameter ε is exemplified by simulating three different
minimizations of the energy Λ with ε = 1, 10 and 100 mm, respectively. Fig. 6 plots Phase
1 at the time instant t = 350 for these three simulations. Clearly, the interface width is
determined by ε.
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Figure 6: Distribution of Phase 1 at t = 350 for different length scale paramter values: a)
ε = 1, b) ε = 10 and c) ε = 100 mm.

Filtration

Filtering methods in density-based topology optimization were first introduced by Sigmund
(1994a) through sensitivity filtering, which restricts derivatives of the optimization cost and
constraint functions. The sensitivity filter replaces actual response sensitivities by weighted
averaged sensitivities, where in each point of the domain the sensitivity is obtained by a
weighted average of neighboring sensitivities. As this filter is based on heuristic modifica-
tions of the sensitivities, it has more or less completely been abandoned, and alternatives
such as various types of density filters (Bruns and Tortorelli (2001); Sigmund (2007)) have
been used instead. Density filters introduces a geometric length scale parameter r that
restricts the minimum interface width between phases; they are based on the convolution

ρ̃(X) =

�

Ωof
w(Y −X) ρ(Y ) dV

�

Ωof
w(Y −X) dV

, (5)

where Ωof ⊆ Ωo is the support domain of the filter and w = w(X; r) is the weighting kernel
function. The support domain is a sphere with filter radius (i.e. length scale parameter)
r, and the weight function w is commonly chosen as

w(X; r) = max(0, 1− |X|
r

), (6)

where r has a similar effect on interfaces as the phase-field regularization parameter ε has.
The filtered density ρ̃ ∈ [0, 1] given by the convolution (5) describes the amount of material
in each point X of the domain, i.e. the cost and constraint functions of the optimization
problem are quantified by the filtered density, such that ultimately, ρ̃ defines the optimized
design. In practice, density filters are applied on the finite element discretization to piece-
wise constant design fields, e.g. Nelm constant element design variables ρe, e = 1, . . . , Nelm

within the finite element mesh, such that the discrete filter operation results in a piece-wise
constant filtered design field ρ̃.

As opposed to density filtering methods, filtering based on Helmholtz’ partial differen-
tial equation (PDE) (Lazarov and Sigmund (2011)) results in a continuous filtered design
field, i.e. ρ̃ may be given in each integration point of the discretized domain. In this filter
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method, the filtered density field ρ̃ is obtained from the design variable field ρ by solving
a PDE governed by the potential Π, defined as

Π(ρ̃) =
1

2

�

Ωo

l2o �∇oρ̃�2 dV
� �� �

cost for spatial variations in ρ̃

+
1

2

�

Ωo

(ρ− ρ̃)2dV

� �� �

cost of the difference between ρ and ρ̃

. (7)

The second term of the potential Π sets a cost for differences between ρ and ρ̃, and is
trivially minimized for ρ̃ = ρ. But since ρ is allowed to take binary values, such minimiza-
tion generates a highly oscillatory ρ̃. This oscillation is prevented by the first term of (7),
which penalizes gradients ∇oρ̃, i.e. similar to the phase-field energy functional, cf. (2),
the first term sets a cost for spatial variations of ρ̃. Thus, regions where ∇oρ̃ �= 0, i.e.
interface regions, are limited. The compromise between these two effects is determined by
the (bulk) length scale parameter lo.

Minimization of the potential Π leads to the PDE established in Lazarov and Sigmund
(2011), i.e.

− l2oΔoρ̃+ ρ̃ = ρ in Ωo, (8)

which is solved with the homogeneous Neumann boundary condition

∇oρ̃ ·No = 0 on ∂Ωo, (9)

where Δo is the Laplacian with respect to the material coordinates X, and No is the out-
ward normal unit vector to the design domain boundary ∂Ωo. This boundary condition is
convenient because 1) is conserves volume, i.e.

�

Ωo
ρ̃dV =

�

Ωo
ρdV and 2) no special treat-

ment of boundaries is required in the implementation of the discretized solution to the PDE
defined by (8) and (9). However, the homogeneous Neumann boundary condition result in
that, at domain edges, interfaces of optimized designs are forced to be perpendicular to the
design domain boundary. Furthermore, in (7) it is seen that the PDE filter associates no
cost for interfaces at domain edges because of the boundary condition (9), i.e. the spatial
variation ∇oρ̃ on ∂Ωo does not contribute to the potential (7). Consequently, the solution
of the PDE (8) with the homogeneous Neumann boundary condition (9) favors designs
having interfaces coincident with design domain boundaries rather than within the design
domain. This is commonly reflected in the optimization by designs tending to ‘stick’ to
the domain boundary. When design features at the domain boundary are crucially import-
ant, e.g. in stress optimization, where sharp edges of structures should be avoided, these
boundary effects can severely affect the optimization.

The aforementioned boundary effects appear also when applying density filters without
any explicit treatment of domain boundaries. The work Clausen and Andreassen (2017)
demonstrated these effects, and established the ‘domain extension approach’ to avoid them
by extending, i.e. ‘padding’, the design domain, such that both the finite element analysis
and filter operation are performed on an extended domain. Similar boundary effects can
be observed in phase-field based topology optimization, and to mitigate them, the work
Wallin and Ristinmaa (2014) proposed a scheme for explicit penalty on phases located
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at domain boundaries, which resulted in an optimization problem solved with a Robin
boundary condition.

In Paper E, an augmented version of the Helmholtz’ PDE filter regularization is presen-
ted wherein the potential (7) is augmented by a penalty term 1

2

�

∂Ωo
lsρ̃

2dS for placing
material ρ̃ along domain boundaries, through

Πaug(ρ̃) =
1

2

�

Ωo

l2o �∇oρ̃�2 dV +
1

2

�

Ωo

(ρ− ρ̃)2dV +
1

2

�

∂Ωo

lsρ̃
2dS. (10)

Minimization of the augmented potential (10) enforces the Robin boundary condition

l2o∇oρ̃ ·No = −lsρ̃, on ∂Ωo, (11)

and result in the same governing PDE, (8). Ultimately, the augmented PDE filter uses the
Robin boundary condition (11) instead of the homogeneous Neumann boundary condition
(9) to solve (8). The (surface) length scale parameter ls controls the penalty for placing
material at domain boundaries, and as demonstrated in Paper E, the particular choice
ls = lo renders optimized designs practically identical to those obtained with the original
PDE filter (Lazarov and Sigmund (2011)) accompanied by explicit boundary treatment i.e.
‘padding’ techniques.

The last Paper F of this thesis presents a framework for maximizing stiffness with
constrained maximum specific plastic work, which utilizes the augmented PDE filter to
avoid unwanted boundary effects. The paper shows that the combination of judicious
choices of material interpolation schemes, an aggregated specific plastic work constraint
and restriction by the augmented PDE filter enable design of stiff structures without locally
high plasticity. Similar to Papers B, C and D, the restriction method in Paper F is combined
with Heaviside thresholding to approach binary designs.

2.5 Heaviside thresholding

Even for binary optimized design variable fields ρ, because of the restriction method, the
filtered density ρ̃ contains intermediate areas, i.e. interfaces between material phases. In
practice, this smooth design is not easily realized and requires additional treatment, e.g.
sizing or shape optimization, in order to be manufactured. Furthermore, in interfaces,
both the stress and plastic evolution are non-physical and may affect the performance of
the optimized design. Thus, topology optimization approaches which are able to reduce
interface regions are preferable.

In phase-field based topology optimization methods, interfaces can be shrinked via
length scale parameter settings (cf. the previous section, Fig. 6) combined with adaptive
remeshing for resolving interfaces, as done in Paper A. In density-based topology optimiza-
tion methods that apply filters, however, the length scale parameter, e.g. the density filter
radius r, is commonly spatially fixed and chosen larger than the maximum element size.
This means that even effective remeshing strategies using fixed length scale parameters,
e.g. the work Salazar de Troya and Tortorelli (2018), do not avoid interfaces. To shrink

13



interfaces and more closely approach a binary design, Heaviside thresholding (Guest et al.
(2004)) can be used. The thresholding technique is based on a smooth approximation of
the Heaviside unit step function us(ρ̃−ω) that thresholds the filtered field ρ̃ at ω onto [0, 1].
The smoothed Heaviside function used in this thesis, proposed in Wang et al. (2014a), is

ρ̄ = H̄(ρ̃) =
tanh(ωβH) + tanh(βH(ρ̃− ω))

tanh(ωβH) + tanh(βH(1− ω))
, (12)

where ρ̄ ∈ [0, 1] is the physical thresholded density field, and βH control the smoothness
of the unit step function: for βH → 0, ρ̄ → ρ̃, i.e. the effect of the thresholding vanishes,
whereas for βH → ∞ the smoothed thesholding (12) approaches the Heaviside unit step
function such that filtered variables are thresholded to either 0 or 1. Fig. 7 shows a
schematic illustration of the connection between design variables ρ (blue, dotted), the
filtered density ρ̃ (red, dashed) and the thresholded physical density ρ̄ (black, solid) in one
dimension (1D). The filtering applied to the 0–1 design variable field gives a smooth field
with a wide interface. The smoothing effect is reduced by the thresholding which generates
a sharper transition between 0 and 1.

Design variable ρ

Filtered ρ̃

Thresholded ρ̄

Spatial position

V
al
u
e
of

ρ
,
ρ̃
,
ρ̄

Figure 7: Illustration of filtering and thresholding. Design variable field ρ (dotted), filtered
field ρ̃ (dashed) and thresholded field ρ̄ (solid).

To decrease the risk of convergence to local optimas, the thresholding (12) is preferably
applied through continuation schemes. Such continuation schemes builds upon gradual
increases of βH from low to high values, and results in a steep Heaviside function in a late
stage of the optimization process. The effect on βH-continuation schemes for optimization
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of linear elastic structures, with possible volume preserving thresholding, has been invest-
igated in e.g. Xu et al. (2010), Guest et al. (2011) and Li and Khandelwal (2015). Volume
preserving schemes are constructed to avoid the violation of volume constraints during the
continuation of βH , and are based on modifying the threshold ω in each optimization to
give equal volume of filtered and thresholded design fields. The frameworks herein use the
fixed threshold ω = 0.5; the minor violations of volume constraints during the continuation
of βH do not severely affect the optimizations.

It has been shown that for sharp Heaviside approximations, i.e. high values of βH , the
local length scale control for solid material and devoid of material imposed by the filtering
may be lost (Wang et al. (2011)) when applied to piece-wise constant filtered fields. To
remedy this, Wang et al. (2011) proposed a robust formulation based on the solution of
three thresholded fields with different thresholds ω, 0.5 and 1− ω, where ω ≤ 0.5 ≤ 1− ω.
Under the assumption of identical topologies of these three thresholded fields, the robust
formulation ensures a minimum length scale on both solid and void material phases. In this
thesis, Heaviside thresholding with modest sharpness (βH ≤ 40) is applied on a continuous
filtered field, and loss of length scale control is not encountered using a single thresholded
field with ω = 0.5.

It should be noted that the application of the Heaviside thresholding (12) implies that
the physical material density and the optimized design is defined by ρ̄. Thus, the design
volume is

�

Ωo
ρ̄dV , and material parameters are interpolated by the thresholded field ρ̄.

2.6 Material interpolation

With a continuous representation of material phases, through relaxation and restriction,
and with possible thresholding, material constituents can be described by smooth inter-
polation functions. The choices of material interpolation functions are important driving
forces for the optimization process; they are constructed such that distinct material phases
are favored over mixtures of phases.

For linear elastic minimum compliance problems,2 there are well-established methods
for interpolation of material properties, see e.g. Bendsøe and Sigmund (1999), where in-
terpolation schemes of this type are compared to variational bounds for effective material
parameters of mixtures of materials. Among these, the Solid Isotropic Material with Penal-
ization (SIMP) (Bendsøe (1989)) scheme and its modified version (Sigmund and Torquato
(1997))

Ẽ(ρ̄) =
�
δo + (1− δo)ρ̄

p
�
E (13)

have most extensively been used for interpolating the Young’s modulus E. The scheme (13)
with the exponent p > 1 gives an effective Young’s modulus Ẽ(ρ̄) less than proportional
to ρ̄ whereas the mass is interpolated with p = 1. Thus, the interpolation results in that
intermediate regions 0 < ρ̄ < 1 are less effective for the optimization problem of minimizing

2The compliance is F
T
extu, i.e. the scalar product between external forces Fext and displacements u,

evaluated in the finite element model
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compliance subject to a constraint on available mass. The small residual value δo > 0 is
imposed in order to avoid zero stiffness at ρ̄ = 0 and singularity of the finite element
stiffness matrix. The alternate Rational Approximation of Material Properties (RAMP)
scheme

Ẽ(ρ̄; q) =
�

δ0 +
ρ̄(1− δ0)

1 + q(1− ρ̄)

�

E, (14)

proposed by Stolpe and Svanberg (2001) gives, for q > 0, a similar effect of driving the
optimization process towards a distinct design. The RAMP scheme (14) ensures that the
compliance is a concave function of ρ̄ for a sufficiently large penalization factor q and thus
convergence towards a binary design is guaranteed, as opposed to the SIMP scheme which
does not guarantee a concave compliance function no matter how large p is chosen. In
practice, this feature of the RAMP scheme is less important (Sigmund and Maute (2013));
however, the RAMP scheme may be preferred over the SIMP scheme because it has a
non-zero gradient at ρ̄ = 0 for all q ≥ 0 whereas the gradient of the SIMP scheme at
ρ̄ = 0 is zero for all p > 1. Both schemes (13) and (14) are utilized in the density-based
optimization schemes in this thesis, and although different, the schemes are not compared
quantitatively here.

In the multi-material phase-field optimization framework of Paper A, a SIMP-type
interpolation scheme is used to establish the material constituents of each phase ρα, α =
1, 2, . . . , N . The separable scaling function

g =
N�

α=1

gα(ρα) (15)

is used to establish the interpolated strain energy w̃e through

w̃e = g · we, (16)

where the strain energy of solid material we is given in Section 3.2 (see also Paper A). Due
to the hyperelastic material model, the interpolation schemes for the stress and stiffness
tensors follows the format (16). The scaling function for phase α is

gα(ρα) = (ραϑα + ǫthresh)
p, (17)

where ϑα ∈ [0, 1] is the relative stiffness ratio for phase α and ǫthresh is a small residual
value. Similar to the SIMP scheme (13), the residual value ǫthresh is necessary to avoid
vanishing stiffness if ϑα = 0 is chosen for the void material phase.

2.7 Interpolation schemes for inelastic problems

For topology optimization problems involving inelastic material response, there are, in ad-
dition to elastic parameters and mass density, multiple material parameters that determine
the structural response. As such, it is possible to interpolate these additional parameters.
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As pointed out in Bendsøe and Sigmund (1999), interpolation of the yield limit in inter-
mediate regions 0 < ρ̄ < 1 is a fundamental question in inelastic problems. First, it may
be preferable that plasticity is not generated in regions devoid of material, ρ̄ = 0, such
that plasticity is only generated in the solid phase. Second, a (fictitious) description of the
plastic response in intermediate regions is needed. This description and its implications for
the optimization results are less understood; different interpolation schemes for the yield
limit have shown to give widely different optimized structures (Pedersen (2002)).

Topology optimization methods that include strain hardening and design for maximum
energy absorbtion commonly interpolate the initial yield stress in a different manner than
the elastic material parameters, e.g., separate penalization exponents, respectively pE > 0
and pσyo

> 0 for the stiffness (for E) and the initial yield stress σyo are used (Maute et al.
(1998); Bogomolny and Amir (2012); Li et al. (2017); Zhang et al. (2017); Amir (2017),
Paper C-D). This avoids large inelastic strains in intermediate regions; for pσyo

< pE , the
yield strain is relatively delayed. In addition to the choice of interpolation exponents, the
choice of residual values δo also influences the strain at yield. The delay of initiation of
plasticity for ρ̄ < 1, and in particular for ρ̄ → 0 is discussed below.

Consider a material with Young’s modulus E = 1 GPa, initial yield stress σyo = 2 MPa
and for simplicity, perfect plasticity, i.e. no hardening. The strain at yield is ε̄o = σyo/E =
0.002. By interpolating the Youngs modulus and the yield stress with the SIMP scheme
(13), the yield strain, ε̄, depends on the density ρ̄ as well as the the choices of penalization
exponents and residual values, i.e.

ε̄(ρ̄) =
δ
σyo
o + (1− δ

σyo
o )ρ̄pσyo

δEo + (1− δEo )ρ̄
pE

· ε̄o, (18)

where δ
σyo
o > 0 and δEo > 0 are the residual values for the initial yield stress and the Young’s

modulus, respectively. The particular choices pE = 3 with pσyo
< pE for the penalization

exponents have been employed in several studies, e.g. Maute et al. (1998); Wallin et al.
(2016); Alberdi and Khandelwal (2017). For these choices, with pσyo

= 2.5, δ
σyo
o = 10−4

and δEo = 10−6, 1D stress-strain curves for a prescribed strain ε = 0.01 are given in Fig.
8. In this figure, the elastic and inelastic response is indicated with blue and red color,
respectively, where it is clear that evolution of plasticity is delayed for ρ̄ < 1.
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ρ̄ = 100 = 1

ρ̄ = 10−0.1 ≈ 0.8

ρ̄ = 10−1 = 0.1
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Figure 8: Stress-strain curves for pE = 3.0 and pσyo
= 2.5 for several values of ρ̄. For ρ̄ = 1,

the yield strain is ε̄(ρ̄ = 1) = ε̄o = 0.002 (dashed line). For ρ̄ < 1, yield is delayed as
indicated by the solid green line.

To study the effect of the residual values and penalty exponents on the yield strain
(18), ε̄ versus ρ̄ is plotted for pE = 3, pσyo

= 2.5 and varying δ
σyo
o = 1, 10−1, . . . , 10−6 = δEo

in Fig. 9. The figure shows that for small δ
σyo
o ≪ 1, the yield strain has the approximate

slope pσyo
−pE, cf. the dotted line3. This means that the delay of plasticity in intermediate

areas is dependent on the difference between the penalization exponents pE and pσyo
. Fig.

9 also shows that with decreased δ
σyo
o , the yield strain is decreased, cf. the solid lines of

varying δ
σyo
o , and that ε̄(ρ̄) increases exponentially with decreasing ρ̄ since the yield strain

is approximately

ε̄ ≈ δ
σyo
o

ρ̄pE
· ε̄o (19)

for ρ̄pE > δEo (shaded area) and ρ̄pσyo < δ
σyo
o , cf. the dashed, red curves. Furthermore, Fig.

9 shows that with decreased ρ̄, for ρ̄pE < δEo , the strain at yield approaches the limit

ε̄(ρ̄ = 0) =
δEo
δ
σyo
o

· ε̄o, (20)

which, in fact, is independent of the choice of penalization exponents, cf. (18). The
relation (20) holds also for plasticity models where hardening is considered, when the
Young’s modulus and initial yield stress is interpolated by (13).

3Because
1

ε̄o

dε̄

dρ̄

�
�
�
�
ρ̄=1

= (1 − δ
σyo

o )pσyo
− (1− δEo )pE
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Figure 9: Yield strain versus density for pE = 3 and pσyo
= 2.5, with varying δ

σyo
o =

1, 10−1, . . . , 10−6 = δEo (solid lines). The yield strain is approximately δ
σyo
o /ρ̄pE (red dashed

lines) given ρ̄pE > δEo (shaded area) and ρ̄pσyo < δ
σyo
o . For all δ

σyo
o < 1, the tangent

dε̄/dρ̄|ρ̄=1= ρ̄(pE−pσyo) (dotted black line).

Yielding at ρ̄ = 0 may be avoided, and the elasto-plastic response in intermediate
regions 0 < ρ̄ < 1 can be controlled by making judicious choices of the different penalization
exponents and residual values; the effect of these choices can be summarized as follows. The
yield strain ε̄ is for ρ̄ = 0 independent of the choice of penalty exponents, and is determined
by the residual values only, cf. (20). For intermediate values ρ̄pE < ρ̄ < 1 (shaded area
of Fig. 9), the yield strain increases with increased difference between the penalization
exponents pE and pσyo

, and with increased δ
σyo
o ; the yield strain is approximately ρ̄(pσyo−pE)

for small δ
σyo
o ≪ 1 and approximately δ

σyo
o /ρ̄pE for larger δ

σyo
o .

In maximizing energy absorption, topology optimization schemes using the common
choices pE = 3, pσyo

= 2.5 < pE with δEo ≪ 1 and δEo < δ
σyo
o have shown promising results.

As shown in Paper F, when the objective is to maximize stiffness subject to maximum
specific plastic work, other choices of interpolation schemes are preferred.

2.8 Solution schemes for the optimization problem

By discretization using the finite element method and the techniques described above,
(1) is solved using numerical optimization. The optimization algorithms used for topo-
logy optimization are commonly gradient-based. In phase-field and level set methods, the
optimization problem is solved by solving partial differential equations that model the
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evolution of the topology. Density-based methods instead commonly use mathematical
programming techniques to solve the optimization problem.

In phase-field approaches, the evolution of the phase-field can be solved by the Allen-
Cahn (Wallin and Ristinmaa (2015), Paper A) or the Cahn–Hilliard (Wallin et al. (2012))
approach, which respectively require the solution of a second and fourth order PDE. The
solution procedure for the multi-material phase-field approach in Paper A involves a min-
max problem that is solved using Howard’s algorithm. Level-set approaches similarly model
the evolution of the topology by solving a Hamilton-Jacobi type PDE.

In density-based topology optimization problems, Optimality Criteria (OC) optimiz-
ation methods (see Bendsøe and Sigmund (2013)) can be used. Such methods are based
on convex linearizations, which are of great importance because generally, topology op-
timization problems are non-convex; even the popular linear elastic minimum compliance
problem with the SIMP interpolation (13) is non-convex for p > 1 (Bendsøe and Sigmund
(2013)). However, OC methods for density-based topology optimization are commonly
restricted to problems involving a single constraint and cost function gradients of equal
sign. Therefore, there is a need for flexibility to handle general optimization problems
with varying signs of gradients and multiple (non-linear) constraints. A frequently used
optimization scheme for topology optimization, which is also employed in Papers B-F, is
the Method of Moving Asymptotes (MMA) (Svanberg (1987)).

The MMA performs a sequence of convex approximations of the original optimization
problem. The method is based on convex and separable linearizations in which the moving
asymptotes determine the linearization. Since the convex approximations are only accurate
for small changes in the design, the optimization problem is solved iteratively wherein the
design variables are updated and subsequently new MMA approximations are established.
In essence, the design update is determined by the asymptotes which are heuristically
updated in each optimization iteration to control how conservative the approximation
should be to improve convergence of the optimization.

To improve the MMA optimization and avoid possible local minima, it may be benificial
to use continuation schemes for the material interpolation penalty exponents. The basic
idea of continuation schemes is to start from low penalty exponent values, e.g. p = 1, which
for linear elastic minimum compliance problems gives a convex optimization problem, and
commonly renders a solution with intermediate regions. Subsequently, the continuation
schemes increase the penalty exponents incrementally during the optimization to approach
0-1 design variables. However, continuation schemes are based on heuristics, and often need
to be tuned for the specific optimization problem to be solved. Additionally, continuation
schemes often require more optimization iterations than schemes which use fixed penalty
exponents.

The MMA updates require a sensitivity analysis to determine gradients of the cost
and constraint functions. As opposed to e.g. linear elastic minimum compliance topo-
logy optimization problems, which are self-adjoint, sensitivity analyses for path-dependent
problems are not trivial, because the sensitivities for such problems are path-dependent
too.
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3 Kinematics and constitutive models

This section presents the nonlinear kinematics needed to account for finite strains, and
the constitutive models that account for isotropic hyperelasticity and isotropic hardening
viscoplasticity.

3.1 Kinematics

In the finite strain setting, the deformed configuration Ω is distinguished from the reference
configuration Ωo. Consider a material point X initially at time t = 0 located in Ωo. The
motion of the particle is given by the smooth mapping ϕ such that it at time t > 0 is located
at x = ϕ(X, t) in Ω, or equivalently at x = X + u(X, t) where u is the displacement.
The deformation gradient associated with the mapping between the configurations Ωo and
Ω is defined by F = ∂Xϕ. To ensure that the mapping ϕ is unique, the local volumetric
change described by the Jacobian J = det(F ) is assumed to be strictly positive, i.e. J > 0.
The local deformation is also described by the right Cauchy-Green deformation tensor

C = F TF (21)

and the Green-Lagrange strain tensor

E =
1

2
(C − 1), (22)

where 1 is the second order unit tensor.
To model viscoplastic deformation, the multiplicative decomposition

F = F eF vp, (23)

of the deformation gradient is used, where the elastic and viscoplastic parts are denoted
F e and F vp, respectively. The plastic deformation is assumed to be incompressible, i.e.
det(F vp) = Jvp = 1, which is a common assumption for e.g. metals. The isotropic elastic
response is modeled in terms of the elastic Finger tensor

be = F e(F e)T (24)

and its isochoric, i.e. volume preserving, part, b̄e = (Je)−2/3be, where Je = det(F e).
In deriving evolution equations for the plastic deformation, the time derivative of be is
required and is given as

ḃe = lbe + belT + Lbe, (25)

where l = Ḟ F −1 is the spatial velocity gradient and

Lbe = F Ċvp−1
F T (26)

is the Lie derivative of be. Here, Ċvp−1
is the time derivative of the inverse viscoplastic

right Cauchy-Green deformation tensor, Cvp−1 = (F vpTF vp)−1.
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3.2 Constitutive models

The constitutive models employed herein are based on isotropic hyperelasticity, and pre-
sumes the existence of an energy potential. The Helmholtz free energy per unit volume
ψ, which in absence of thermal effects is equal to the internal energy e, is used to estab-
lish the constitutive model. The constitutive models are required to fulfill the second law
of thermodynamics, which for isothermal conditions can be formulated as the dissipation
inequality

D = ẇint − ψ̇ ≥ 0. (27)

For reversible processes, e.g. for hyperelasticity, the dissipation is zero, and the rate of
internal mechanical work, ẇint, is equal to the rate of internal energy.

For hyperelasticity, the free energy ψ equals the strain energy potential we, and the
state of the system is characterized byC, i.e. we = we(C), which gives ψ̇ = 2(∂we/∂C) : Ė
through (22). By expressing the rate of the internal mechanical work in terms of the second
Piola-Kirchhoff stress S as ẇint = S : Ė, and equating the dissipation (27) to zero, the
constitutive relation

S = 2
∂we

∂C
, (28)

is obtained. Alternatively, the equivalent constitutive relation P = ∂we/∂F is obtained by
expressing the rate of internal mechanical work in terms of the first Piola-Kirchhoff stress
P = FS as ẇint = P : Ḟ .

The elastic strain energy, we, is chosen to model a compressible neo-Hookean solid and
comprises a volumetric part we

vol and an isochoric part we
iso as

we =
1

2
κ
�Je2 − 1

2
− ln(Je)

�

� �� �

we
vol

+
1

2
µ
�

I1 − 3
�

� �� �

we
iso

, (29)

where κ and µ are the bulk and shear modulii, and the first invariant I1 = tr(C̄) =
J−2/3tr(C) = tr(b̄e). For an overview of different hyperelastic material models, see e.g.
Holzapfel (2000), and for a comparison on different hyperelastic models in topology optim-
ization, the reader is referred to the work by Klarbring and Strömberg (2013).

To model viscoplasticity, the isothermal version of the model presented in Simo and Miehe
(1992) is adopted, wherein the Helmholtz free energy per unit volume is decomposed of an
elastic part we = we(be) and a plastic part ψp(α) through

ψ = we(be) + ψp(α), (30)

where α is the internal state variable that characterizes the plastic response, i.e. isotropic
hardening. The local dissipation inequality is stated as

D = τ : d− ψ̇ ≥ 0 (31)
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where τ is the Kirchhoff stress, related to the Cauchy stress σ through τ = Jσ and to S

through τ = FSF T , and d = sym(l) is the symmetric part of the spatial velocity gradient.
Time differentiation of ψ together with the relation (25) yields the constitutive relation

τ = 2
∂we

∂be
be, (32)

and the equivalent dissipation inequality

D = τ :
�

−1

2
(Lbe)be−1

�

−Kα̇ ≥ 0 (33)

where K = ∂ψp/∂α is the drag stress. To include rate effects, the dissipation inequality
(33) is regularized through

Dη = D − 1

η
j+(f), (34)

where the viscosity is determined by the material parameter η ∈ (0,∞). The regularizing
function is chosen as j+(f) = 1

2
�f�2 to model linear viscosity, where �f� = f for f ≥ 0

and �f� = 0 for f < 0, and is given terms of the static isotropic hardening von Mises yield
function

f =
�
�τ dev

�
�−

�

2

3
σy. (35)

In this way, elastic response, f < 0, is distinguished from viscoplastic response, character-
ized by f ≥ 0. In (35), τ dev is the deviatoric Kirchhoff stress and σy is the yield stress.
The elastic-viscoplastic response may also be characterized by the dynamic yield function

f d = f − �f� (36)

where viscoplastic response occur for fd = 0 and elastic response is given for fd < 0.
As a special case, by letting η → 0, viscous effects vanishes, i.e. Dη → D and a rate-
independent format is retrieved. For further discussion on viscoplastic regularization, see
Ottosen and Ristinmaa (2005).

The evolution laws for the plastic deformation – for be and α – are obtained by the
principle of maximum dissipation, by maximizing the dissipation (34) with respect to τ

and K, and are given as

Lbe = −2

3
λtr(be)n, (37)

α̇ = −λ
∂f

∂K
, (38)

where n = τ dev/
�
�τ dev

�
� is the normal to the yield surface, and λ = 1

η
�f� is the magnitude

of the viscoplastic load increment. For the rate-independent format, λ is instead given by
the Karush-Kuhn-Tucker (KKT) conditions

λ ≥ 0, f ≤ 0, λf = 0, (39)
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and the consistency condition

λḟ = 0 (40)

which implies that during plastic flow, when λ > 0 and f = 0, the stress state must always
remain on the yield surface, i.e. ḟ = 0.

4 Numerical solution procedure for transient, path-

dependent problems

The numercal solution procedure utilized in Paper C is given in this section. The formula-
tion is generalized to account for inertial effects and it can easily be reduced to consider only
quasi-static processes, as done in Papers D and F. Furthermore, Paper D details the special
treatment of the numerical solution procedure needed to include periodic boundary condi-
tions in the design of periodic microstructures. The numerical solution procedure is based
on a Total Lagrangian approach, i.e. the discretized finitie element equations are formu-
lated in material coordinates, and the standard finitie element Galerkin approach is utilized.
For details of the finite element discretization, see e.g. Bathe (1996) or Belytschko et al.
(2000).

4.1 Mechanical balance laws and discretization

In absence of body forces, the mechanical balance law is given by

∇o · (FS) = ρoü in Ωo, (41)

where ρo is the material density in the reference configuration. The balance equation (41)
is supplemented with boundary conditions, respectively traction t = t̄ and displacement
u = ū specified over the two complimentary parts, ∂Ωou and ∂Ωot, of the boundary ∂Ωo,
and is solved using the finite element method together with the Newmark time integration
scheme. The discretized finite element formulation at time step n reads

R(n)(a(n),u(n),w(n)) = Ma(n) + F
(n)
int(u

(n),w(n))− F
(n)
ext = 0, (42)

where a, u and w are the nodal acceleration, displacement and internal state variable
vectors, respectively, and the mass matrixM, the internal force vector Fint and the external
load vector Fext are defined as

M =
��

�

Ωe
o

ρoN
TNdV, (43)

F
(n)
int =

��
�

Ωe
o

B(n)T (u(n),X)S(u(n),w(n))dV, (44)

F
(n)
ext = ξ(n)

��
�

∂Ωe
ot

NT t̄dS, (45)
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where
��

is the finite element assembly operator. In (43)-(45), N and B denote the
element shape function and strain-displacement matrices, respectively, and ξ ∈ [0, 1] is
the load scale parameter.

The time discretization is based on the Newmark time integration scheme wherein the
time interval [0, T ] is discretized into N subintervals of length Δtn, n = 1, . . . , N . In each
discrete time step tn, the displacement and velocity v updates are given by

u(n) = u(n−1) + Δtv(n−1) +
1− 2β

2
Δt2a(n−1) + βΔt2a(n), (46)

v(n) = v(n−1) + (1− γ)Δta(n−1) + γΔta(n), (47)

where the Newmark stability parameters are set to γ = 0.5 and β = 0.25 such that the time
integration scheme is unconditionally stable, cf. e.g. Bathe (1996) or Ottosen and Ristinmaa
(2005). The time integration scheme couples the displacement, velocity and acceleration
fields so that (42) may be solved for a.

In addition to the discretized residual (42) and the Newmark updates (46)-(47), the
local viscoplastic evolution equations (37) and (38) are integrated by the implicit Euler
scheme to yield a Gauss point-i vector equation

Ci(u
(n),u(n−1),w(n),w(n−1)) = 0, (48)

whose explicit expression is given in Appendix A.

4.2 Coupled solution procedure

The residuals (42) and (48) are solved using Newtons method in two nested loops as
described in Michaleris et al. (1994) and Kulkarni et al. (2007). This is done for each time
step tn through linearizations of the coupled residuals

R
�
a,u,w(u)

�
= 0, (49)

Ci

�
u,w(u)

�
= 0, ∀ i = 1, ..., Ngp, (50)

where w = w(u), and where the arguments w(n−1) and u(n−1) of (48) are suppressed since
they are known at time step tn.

In the inner Newton loop, w is obtained by solving the local constitutive residual
equation (50) in each i of the Ngp Gauss points for a fixed u. The linearized system

∂Ci

∂w
dw = −Ci (51)

provides the update dw, which by updating wi ← wi + dw until convergence is attained
yields w. Subsequently, in the outer Newton loop, (49) is linearized about a, giving

K̃da = −R, (52)
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which is solved for da and used to update a ← a+ da. In the linearized system (52),

K̃ =
�∂R

∂a
+ βΔt2

�∂R

∂u
− ∂R

∂w

Dw

Du

��

(53)

is the consistent tangent operator, where ∂u/∂a = βΔt2 follows from (46), and the operator
D(·)/D(⋆) was introduced to denote the total differentiation of (·) with respect to (⋆). The
derivative Dw/Du is the collection of all

�Dw

Du

�

i
= −

�∂Ci

∂w

�
−1∂Ci

∂u
(54)

at the Ngp integration points, which are obtained by differentiating (50) with respect to u,

and the inverse of the local tangent
�
∂Ci/∂w

�
−1

is known from (51).
The residual (49) can also be solved for u by solving the linearized system

K̂du = −R (55)

for du and updating u ← u+ du using the tangent

K̂ = KT +
1

βΔt2
M (56)

where

KT =
DR

Du
=
�∂R

∂u
− ∂R

∂w

Dw

Du

�

, (57)

is the consistent tangent stiffness matrix, and ∂R/∂a = M was used. By letting Δt → ∞,
the tangent K̂ → KT , and quasi-static conditions are retrieved, i.e. a and v vanish, cf.
the Newmark equations (46)-(47).

Consistent tangent stiffness

The consistent tangent stiffness matrix KT of (57) is for rate-independent plasticity defined
as

KT =
��

�

Ωe
o

�

BTDTB+GTYG
�

dV, (58)

where the element shape function derivatives in G and the stresses Y are given in Paper B
(Wallin et al. (2018)), and DT is the matrix representation of the consistent tangent DT .
Since the constitutive model is formulated in terms of the Kirchhoff stress, the consistent
tangent is established in spatial coordinates and is then mapped back to the material config-
uration and used in (58). The return-mapping algorithm used to integrate the elastoplastic
constitutive and the spatial consistent tangent are given in Simo and Hughes (1998). Modi-
fications of DT and the return-mapping algorithm needed to accomodate viscoplasticity are
presented in the Appendix of Paper D.
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5 Sensitivity analysis

To solve the topology optimization problem (1) by gradient-based optimizers, sensitivity
analyses for the objective and constraint functions are needed. Different methods for ob-
taining design sensitivities exist, e.g. finite difference methods, automatic differentiation
and analytical methods. The finite difference method is simple to implement, but is asso-
ciated with truncation errors and cancellation, and high computational cost. Automatic
differentiation is a powerful alternative method which avoids tedious implementations of
sensitivities, and instead differentiates the computer code itself by defining partial deriv-
atives of the elementary functions involved in the finite element program. However, the
computational cost is usually high, cf. the review van Keulen et al. (2005) on different
methods for obtaining sensitivities in linear elastic topology optimization problems.

Analytical differentiation of the objective and constraint functions, are less costly
and provide accurate design sensitivities by either direct or adjoint methods. Motiv-
ated by a large number of design variables and few response functions of the topology
optimization problem (1), adjoint methods are preferred over direct methods (cf. e.g.
Christensen and Klarbring (2008); Alberdi et al. (2018)).

For transient and path-dependent problems, sensitivities are path-dependent, and the
sensitivity analysis is a terminal-valued problem that needs to be solved backwards in
time. Solution methods for obtaining path-dependent discrete adjoint sensitivities for
diverse problem types in the context of topology optimization are given in the work
Alberdi et al. (2018). This thesis implements the discrete adjoint analytical scheme presen-
ted in Michaleris et al. (1994) to obtain accurate sensitivities.
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The basis of the path-dependent sensitivity analysis established in Paper C is the op-
timization problem formulation

O







minimize
ρ

go = Θ
�
u(N)(ρ), . . . ,u(1)(ρ),w(N)(ρ), . . . ,w(0)(ρ),ρ

�
,

subject to







R
�
a(ρ),u(ρ),w(ρ),ρ

�
= 0 ∀ tn ∈ [0 T ],

C
�
u(ρ),w(ρ),u(n−1)(ρ),w(n−1)(ρ),ρ

�
= 0 ∀ tn ∈ [0 T ],

Newmark equations (46) and (47) ∀ tn ∈ [0 T ],

gV =
1

V̄

�

Ωo
ρ̄dV − 1 ≤ 0,

(59)

where Θ is the generalized cost functional, e.g. the plastic work or the Poisson’s ratio type
displacement constraint employed in Paper D, and where gV is the volume constraint on
maximum allowed volume V̄ in the reference configuration. Due to the path-dependent
material behavior and the design dependence, the residuals at each time step tn, are ex-
pressed as R = R

�
a(ρ),u(ρ),w(ρ),ρ

�
and C = C

�
u(ρ),w(ρ),u(n−1)(ρ),w(n−1)(ρ),ρ

�

and are treated as implicit constraints in the optimization problem. The Newmark equa-
tions (46) and (47) at each time step tn are also included in the optimization problem, cf.
Nakshatrala and Tortorelli (2015).

In the sensitivity analysis, the gradients of the cost and constraint functions are evalu-
ated by the adjoint method Michaleris et al. (1994). The sensitivity of the cost functional
with respect to the design variable ρe is expressed as

DΘ

Dρe
=

∂Θ

∂ρe
+

N�

n=1

� ∂Θ

∂u(n)

Du(n)

Dρe
+

∂Θ

∂w(n)

Dw(n)

Dρe

�

. (60)

In the above sensitivity expression, the sensitivities Du(n)/Dρe and Dw(n)/Dρe are anni-
hilated by augmenting a series of adjoint equations to the cost functional Θ. To this end,
the adjoint vectors λ, γ, λu and λv are combined with the equalities in (46), (47), (49)
and (50) to define the equivalent functional

28



Θ̃ = Θ
�
u(N)(ρ), . . . ,u(1)(ρ),w(N)(ρ), . . . ,w(0)(ρ),ρ

�

−
N�

n=1

λ(N−n+1)TR
�
a(ρ),u(ρ),w(ρ),ρ

�

−
N�

n=1

γ(N−n+1)TC
�
u(ρ),w(ρ),u(n−1)(ρ),w(n−1)(ρ),ρ

�

−
N�

n=1

λu

(N−n+1)T
�

u(n−1)(ρ) +Δtnv
(n−1)(ρ) +

1− 2β

2
Δt2na

(n−1)(ρ) + βΔt2na(ρ)− u(ρ)
�

−
N�

n=1

λv

(N−n+1)T
�

v(n−1)(ρ) + (1− γ)Δtna
(n−1)(ρ) + γΔtna(ρ)− v(ρ)

�

.

(61)
It is emphasized that all quantities are assumed to be evaluated at time step tn, if not
otherwise stated. As seen in (61), λ, γ, λu and λv are associated with the global equi-
librium R, the local constitutive C, the Newmark displacement update and the Newmark
velocity update equations, respectively. In the quasi-static frameworks of Paper D and
F, however, the Newmark equations are suppressed, and R = R

�
u(ρ),w(ρ),ρ

�
, resulting

in a simplified sensitivity analysis where the adjoint vectors λu and λv are excluded and
therefore the last two terms of (61) are not present.

It is also emphasized that the augmented functional Θ̃ equals Θ, since the augmented
equations (46), (47), (49) and (50) hold. Furthermore, the derivative of the augmented
cost functional equals the derivative of the cost functional, i.e. DΘ̃/Dρe = DΘ/Dρe.
Differentiation of the augmented function (61) with respect to the design variables ρe
yields

DΘ̃

Dρe
=

∂Θ

∂ρe
+

N�

n=1

�∂Θ

∂u

Du

Dρe
+

∂Θ

∂w

Dw

Dρe

�

−
N�

n=1

λ(N−n+1)T
�∂R

∂a

Da

Dρe
+

∂R

∂u

Du

Dρe
+

∂R

∂w

Dw

Dρe
+

∂R

∂ρe

�

−
N�

n=1

γ(N−n+1)T
�∂C

∂u

Du

Dρe
+

∂C

∂w

Dw

Dρe
+

∂C

∂u(n−1)

Du(n−1)

Dρe
+

∂C

∂w(n−1)

Dw(n−1)

Dρe
+

∂C

∂ρe

�

−
N�

n=1

λ(N−n+1)
u

T
�Du(n−1)

Dρe
+Δtn

Dv(n−1)

Dρe
+

1− 2β

2
Δt2n

Da(n−1)

Dρe
+ βΔt2n

Da

Dρe
− Du

Dρe

�

−
N�

n=1

λ(N−n+1)
v

T
�Dv(n−1)

Dρe
+ (1− γ)Δtn

Da(n−1)

Dρe
+ γΔtn

Da

Dρe
− Dv

Dρe

�

.

(62)
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In the remaining parts of the sensitivity analysis, a series of adjoint equations are
solved for the adjoint vectors λ, γ, λu and λv in each time step tn such that the implicit
sensitivities

Da(n)

Dρe
,
Da(n−1)

Dρe
,
Dv(n)

Dρe
,
Dv(n−1)

Dρe
,
Du(n)

Dρe
,
Du(n−1)

Dρe
,
Dw(n)

Dρe
, and

Dw(n−1)

Dρe
(63)

in all time steps tn are annihilated. This is done by solving a coupled terminal-value adjoint
problem, which starts by solving adjoint equations in time step N , such that the implicit
sensitivities (63) in time step N , e.g. Du(N)/Dρe, are annihilated, whereafter the implicit
sensitivities in time steps n = N − 1, . . . , 1 are annihilated. Subsequently, the sensitivity
of the augmented functional reduces to

DΘ̃

Dρe
=

∂Θ

∂ρe
−

N�

n=1

λ(N−n+1)T ∂R

∂ρe
−

N�

n=1

γ(N−n+1)T ∂C

∂ρe
. (64)

The solution procedure of the adjoint equations is detailed in Paper C, and the necessary
modifications needed to account for periodic boundary conditions are presented in Paper
D. The partial derivatives in (64), e.g. ∂R/∂ρe, are presented in Paper D, and the partial
derivatives in (62), e.g. ∂R/∂u, are presented in Appendix A.

6 Future work

The frameworks presented in this thesis enable topology optimization of non-linear, dissip-
ative structures and materials, and are demonstrated by numerical examples given in the
appended papers. For simplicity, the examples are restricted to plane problems that can
be run on a conventional desktop computer.

One of the challenges in topology optimization is to solve larger, possibly multi-scale,
problems that require a large number of nodes to resolve the design. Efficient parallel
algorithms for solving large-scale linear elastic topology optimization problems do exist, but
they often require huge sources of computational power. To decrease computational cost
and promote solving large-scale inelastic topology optimization problems, reduced order
models could be used. In this way, the solution to the state equations can be replaced by
an approximate solution that requires less computational effort. For topology optimization
involving inelastic response, appropriate interpolation schemes for suppressing plasticity in
intermediate regions, such that fewer local constitutive equations need to be solved in the
optimization, should be exploited in future work.

It would also be interesting to include the optimization frameworks established in this
thesis in surrogate design models, based on machine learning techniques. Such surrogate
models could result in efficient methods for solving more complicated physical problems
than the current models are restricted to. The incorporation of reduced order models in
surrogate design models for tailoring micro-architected materials, with possible multi-scale
design, is an interesting topic for future work.
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7 Summary of the appended papers

Paper A: A multi-material topology optimization method is established. The method
optimizes the distribution of an arbitrary number of material phases with different mech-
anical properties for maximum stiffness. The formulation is based on finite strain theory
and the importance of the load magnitude is shown by numerical examples.

Paper B: A topology optimization for maximizing the end-tangent stiffness of structures
under finite strains is presented. An efficient sensitivity analysis required for the optimiz-
ation is presented wherein a third order derivative of the strain energy is computed. It is
shown that optimization results for maximum tangent stiffness and for minimum compli-
ance differ significantly for structures subjected to large load magnitudes.

Paper C: A transient finite strain viscoplastic framework for topology optimization of
energy dissipating structures is established. The finite strain viscoplastic model uses the
multiplicative split of the deformation gradient and is based on isotropic non-linear harden-
ing viscoplasticity. The model is combined with a transient scheme based on the Newmark
time integration scheme. Path-dependent adjoint sensitivities are derived to solve the op-
timization problem. Numerical examples reveal that energy absorption can be significantly
enhanced by including rate and inertial effects in the optimization, and that the optimized
structure is dependent on both load magnitude and loading rate.

Paper D: The finite strain viscoplastic framework presented in Paper C is extended to
enable design of periodic viscoplastic microstructures for maximum energy absorption. An
efficient scheme for incorporating periodic boundary conditions, and simulating macro-
scopic loading cases of the viscoplastic microstructures based on inverse homogenization,
is presented. A Poisson’s ratio type displacement constraint is incorporated in the op-
timization which enables microstructures to be designed for e.g. zero contraction when
subjected to uniform tensile loads. It is shown that the optimized microstructures are
dependent on, and can be tailored for, both the loading rate and load path as well as the
load path they experience.

Paper E: A PDE filter regularization scheme for topology optimization is presented. The
formulation is based on a scalar length scale parameter that enables tuning of the filtered
structural boundaries at the edges of the design domain. The regularization scheme treats
domain boundaries in a manner that is consistent with existing filter padding techniques,
but reduces the implementation complexity. Analytical examples in 1D and numerical
examples in 2D and 3D confirm that the regularization scheme mimics padding techniques
and in particular is well-suited for large-scale topology optimization.

Paper F: In Paper F, an elasto-plastic topology optimization framework for constrain-
ing the maximum specific plastic work is established. The optimization scheme enables
design of structures for maximum stiffness while limiting the spatial peak value of the
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specific plastic work to e.g. avoid low-cycle fatigue. Paper F utilizes the PDE regulariz-
ation technique established in Paper E to avoid undesired boundary effect that otherwise
can obstruct the optimization. Effective schemes for interpolating material properties are
presented and are shown suitable by numerical examples. The examples demonstrate the
influence of different levels of constraint tolerance on the maximum specific plastic work
on the optimized structures. It is also shown that the load path significantly influences the
optimized structures.
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A Derivatives

Derivatives needed for the optimization are derived in this section, where both tensor and
matrix notations are used. Second order tensors are denoted by bold italic font, e.g. A,
and fourth order tensors by e.g. D, whereas vectors and matrices are indicated with upright
bold font, e.g. b̄e. Moreover, the matrix and vector representations of tensors are given in
Voigt notation. The element e nodal displacement vector is denoted ue.

Different dyadic products, denoted ⊗,⊗ and ⊗, are used. Let A = Aijei ⊗ ej and
B = Bijei ⊗ ej be two tensors with components Aij and Bij and basis vectors ei and ej .
The dyadic products of A and B yield fourth order tensors and are given by

A⊗B = AijBklei ⊗ ej ⊗ ek ⊗ el, (65)

A⊗B = AikBjlei ⊗ ej ⊗ ek ⊗ el, (66)

A⊗B = AilBjkei ⊗ ej ⊗ ek ⊗ el. (67)

Additionally, the notation �A� =
√
A : A is used.

It is also emphasized that the local constitutive residual and the left Cauchy-Green
deformation tensor are distinguished by the subscript i, i.e the local residual vector (and
tensor) is here denoted Ci (and Ci) whereas the left Cauchy-Green deformation tensor is
denoted C.

The local residual equation

The local Gauss point-i residual equation is defined in Papers C and D for viscoplastic
response. In this definition, the two expressions

1Ci = f be,(n−1)fT − be −
�

2

3
(α− α(n−1))tr(be)n = 0, (68)

1Ci = f̄ b̄e,
(n−1)

f̄T − b̄e −
�

2

3
(α− α(n−1))tr(b̄e)n = 0, (69)

are equivalent due to plastic impressibility, i.e. det(F p) = 1. The latter format (69), where

f̄ = F̄ F̄ (n−1)−1
, follows the models presented in Simo and Miehe (1992); Wallin et al.

(2016) and is used here for the computer implementation. In the implementation, the

format w =
�

b̄eT α
�T

of the internal state variable vector is utilized. To complete the

sensitivity analysis, the residual must also be defined for elastic response. The residual Ci
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is, at integration point i and time step n, defined as Ci =
�
1CT

i
2Ci

�T
, where

If n is viscoplastic:

1Ci = f̄ b̄e,
(n−1)

f̄T − b̄e −
�

2

3
(α− α(n−1))tr(b̄e)n = 0,

2Ci = f(τ , K)−
�

3

2

η

Δtn

�
α− α(n−1)

�
= 0.

(70)

If n is elastic:

1Ci = f̄ b̄e,
(n−1)

f̄T − b̄e = 0,

2Ci = α− α(n−1) = 0.
(71)

Derivatives of the local residual Ci

Derivatives of C
(n)
i at time step n is calculated herein. The superscript n is dropped for

convenience, and henceforth all quantities are assumed to be evaluated at time step tn,
unless otherwise stated.

Derivatives of Ci with respect to w

The derivative

∂Ci

∂w
=







∂1Ci

∂b̄e

∂1Ci

∂α
∂2Ci

∂b̄e

∂2Ci

∂α







(72)

is for an elastic load step n given by

∂Ci

∂w
=

�

−I 0

0T 1

�

(73)

where I is the matrix form of the fourth order symmetric unit tensor I. For a viscoplastic
load step, the derivative ∂Ci/∂w needs special attention. First, ∂1Ci/∂b̄

e is calculated
using

∂

∂b̄e

�

tr(b̄e)n
�

= n⊗ 1+ tr(b̄e)
∂n

∂b̄e
(74)

where

∂n

∂b̄e
=

1
�
�b̄e,dev

�
�

�

P
dev − n⊗ n

�

, (75)
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which follows from n = τ dev/
�
�τ dev

�
� = b̄e,dev/

�
�b̄e,dev

�
�, where b̄e,dev = b̄e − 1

3
tr(b̄e) is the

deviatoric part of b̄e, and Pdev = I−Psph, where Psph = 1
3
1⊗1 is the spherical fourth order

projection tensor. With the above relations (74) and (75), the partial derivative of 1Ci in
(70) with respect to b̄e is given by

∂1Ci

∂b̄e
= −I −

�

2

3
(α− α(n−1))

�

n⊗ 1+
tr(b̄e)
�
�b̄e,dev

�
�

�

P
dev − n⊗ n

��

. (76)

The other components of ∂Ci/∂w are, for a viscoplastic load step, given by

∂1Ci

∂α
= −

�

2

3
tr(b̄e)n, (77)

∂2Ci

∂b̄e
= µn, (78)

∂2Ci

∂α
= −

�

3

2

�∂σy

∂α
+

η

Δtn

�

, (79)

where τ dev = µb̄e was used to obtain (78), and ∂σy/∂α = H + Y
∞
δexp(−δα) for the

non-linear hardening model.

Derivatives of Ci with respect to w(n−1)

Next, the derivative

∂Ci

∂w(n−1)
=







∂1Ci

∂b̄e,(n−1)

∂1Ci

∂α(n−1)

∂2Ci

∂b̄e,(n−1)

∂2Ci

∂α(n−1)







(80)

at time step n is calculated. The components

∂1Ci

∂b̄e,(n−1)
=f̄ ⊗ f̄ , (81)

∂2Ci

∂b̄e,(n−1)
=0T (82)

are independent of elastic/inelastic response. The derivative

∂1Ci

∂α(n−1)
=







�

2

3
tr(b̄e)n if load step n is viscoplastic,

0 otherwise,

(83)

and

∂2Ci

∂α(n−1)
=







�

3

2

η

Δtn
if load step n is viscoplastic,

−1 otherwise.

(84)
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Derivatives of Ci with respect to u(n)

To evaluate ∂1Ci/∂ue, it is used that ∂b̄e/∂ue = 0, giving

∂1Ci

∂ue
=

∂f̄

∂ue
b̄e,(n−1)f̄ + f̄ b̄e,(n−1)∂f̄

T

∂ue
(85)

for both elastic and viscoplastic response. Differentiation of f̄ =
�
J (n−1)/J

�1/3
FF (n−1)−1

with respect to ue gives

∂f̄

∂ue
=
�J (n−1)

J

�1/3

Ñ− 1

3
f̄(C−1)TB(X,ue), (86)

where it was used that

∂J

∂ue
= J(C−1)TB(X,ue) (87)

which follows from J =
�

det(C), Jacobi’s formula ∂(det(C))/∂C = J2C−T , and the

relations C = 2E + 1 and dE = Bdue. In (86), the matrix Ñ = ∂(FF (n−1)−1
)/∂ue

(cf. Jönsson and Wingren (2015)). The explicit format of the element strain-displacement
matrix B(X,ue) is given in Paper B. The derivatives (85) and ∂2Ci/∂ue = 0T hold for
both elastic and viscoplastic response.

Derivatives of Ci with respect to u(n−1)

Similar to the previous subsection, derivatives of f̄ are needed in the evaluation of the
derivative

∂1C i

∂u
(n−1)
e

=
∂f̄

∂u
(n−1)
e

b̄e,(n−1)f̄ + f̄ b̄e,(n−1) ∂f̄T

∂u
(n−1)
e

. (88)

To that end,

∂f̄

∂u
(n−1)
e

=
1

3
f̄(C(n−1)−1

)TB(n−1)(X,u(n−1)
e )− Ň (89)

is obtained after using (87), where the matrix Ň = ∂(FF (n−1)−1
)/∂u

(n−1)
e . The derivatives

(88) and ∂2Ci/∂u
(n−1)
e = 0T hold both for elastic and viscoplastic response.

Derivatives of the global residual R

The derivatives of the residual R at time step n, defined by the finite element assembly

R =
��

Re of the element counterparts

Re =

�

Ωe
o

ρoN
TNdV ae +

�

Ωe
o

BTSdV −
�

∂Ωe
ot

NT t̄dS = 0, (90)

are derived herein.
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Derivatives of R with respect to w

The derivative ∂Re/∂b̄
e is

∂Re

∂b̄e
=

�

Ωe
o

BT ∂S

∂b̄e
dV, (91)

where

∂S

∂b̄e
= F−1 ∂τ

∂b̄e
F−T = F−1(µPdev)F −T (92)

which follows from ∂τ/∂b̄e = ∂b̄e,dev/∂b̄e = µPdev, whereas ∂Re/∂α = 0T .

Derivatives of R with respect to w(n−1)

Since the residual (90) has no explicit dependence on the internal variables at time step
n− 1, ∂R/∂w(n−1) = 0.

Derivatives of R with respect to u

To establish ∂R/∂u, it should first be noted that ∂R/∂u �= DR/Du = KT where KT is
the consistent tangent stiffness matrix, cf. (57) and (58). Second, ∂R/∂u does not possess
major symmetry, which will be elaborated on shortly.

The derivative

∂Re

∂ue

=

�

Ωe
o

�∂BT

∂ue

S+BT ∂S

∂ue

�

dV (93)

where

∂BT

∂ue
S = GTYG (94)

and the shape function derivatives contained in G and the stresses in Y are given in the
Appendix of Paper B. In a non-linear hyperelastic framework, the stress can be expressed
in terms of the Cauchy-Green deformation tensor, i.e. S = S(C), such that

DS

Due
= 2

DS

DC
B = DB (95)

where D is the matrix representation of the elastic stiffness tensor

D = 2
DS

DC
, (96)

and thus the tangent stiffness matrix is

DR

Du
=
��

�

Ωe
o

�

GTYG+BTDB
�

dV. (97)
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To establish D, is used that the differentiation

DS

DF
= F−1 Dτ

DF
F−T −

�

F−1⊗S + S⊗F−1
�

(98)

leads to that D can be decomposed as

D = D1 + D2, (99)

where

D1 = κJ2C−1 ⊗C−1 + µJ−2/3
�

(C−1⊗1+ 1⊗C−1 − 2

3
C−1 ⊗ 1

�

−µJ−2/3 2

3
1⊗C−1 + 2µ̄C−1 ⊗C−1 (100)

and

D2 =−
�

C−1⊗S + S⊗C−1
�

=−
�κ

2
(J2 − 1)− µ̄

��

C−1⊗C−1 +C−1⊗C−1
�

− µJ−2/3
�

C−1⊗1+ 1⊗C−1
�

(101)

where µ̄ = µ1
3
tr(b̄e). From (100) and (101) is it seen that neither D1 nor D2 possess major

symmetry because
�

C−1⊗1 + 1⊗C−1
�

does not. However, the summation D1 + D2, i.e.

the elastic stiffness tensor

D = (κJ2 + 2µ̄)C−1 ⊗C−1 − 2

3
µJ−2/3

�

C−1 ⊗ 1+ 1⊗C−1
�

−
�κ

2
(J2 − 1)− µ̄

��

C−1⊗C−1 +C−1⊗C−1
�

(102)

is symmetric (see also Paper B). It is also noted that the elasticity tensor is in the spatial
configuration given as

C = κJ2
1⊗ 1− κ(J2 − 1)I+ 2µ̄Psph − 2

3

�
�τ dev

�
�

�

n⊗ 1+ 1⊗ n
�

, (103)

cf. e.g. Simo and Hughes (1998).
To revert to the derivative ∂Re/∂ue of (93) and the framework based on plasticity, the

format S = S(u,w(u)) is used, i.e. the stress is written in arguments of the displacements
and the internal variables, which implies ∂S/∂u �= DS/Du. Similar to (98),

∂S

∂F
= F−1 ∂τ

∂F
F−T −

�

F−1⊗S + S⊗F−1
�

(104)

and due to ∂b̄e,dev/∂ue = 0, one obtains that, similar to (95),

∂S

∂ue
= D̃1B+ D̃2G̃. (105)
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In (105), D̃1 and D̃2 are the matrix representations of the tensors

D̃1 = (κJ2C−1 ⊗C−1) (106)

and

D̃2 = −
�

F−1⊗S + S⊗F−1
�

= −
�

F−1
ik Slj + SilF

−1
jk

�

ei ⊗ ej ⊗ ek ⊗ el

= [D̃ijkl]ei ⊗ ej ⊗ ek ⊗ el, (107)

where the latter, D̃2, possess minor symmetry but not major symmetry, and the matrix

G̃ =
∂N

∂X
, (108)

i.e. G̃ is similar to the element shape function derivative matrix G.
To summarize, the derivative ∂R/∂u is obtained via (93), (94) and (105)-(108), and is

given by

∂R

∂u
=
��

�

Ωe
o

�

GTYG+BT D̃1B+BT D̃2G̃
�

dV. (109)

Discretized viscoplastic work and its sensitivity

The discretized viscoplastic work is

W vp ≈
N�

n=1

�

Ωo

�

σy(α) +
3

2

η

Δtn
(α− α(n−1))

��
α− α(n−1)

�
dV

≈
Nelm�

e=1

Ngp�

i=1

N�

n=1

�

σyo +K(α) +
3

2

η

Δtn
(α− α(n−1))

��
α− α(n−1)

�
J iso
i wi (110)

where σyo is the initial yield stress, J iso is the determinant of the Jacobian operator in the
isoparametric mapping and w is the weight function, where w = 1 for fully integrated tri-
linear brick elements. The discretization of the viscoplastic work and the explicit format
of the drag stress K(α) are detailed in Paper C.

For simplicity, the sensitivity of the viscoplastic work in one Gauss point, i.e.

Ŵ vp =
�

σyo +K(α(n)) +
3

2

η

Δtn
(α(n) − α(n−1))

��
α(n) − α(n−1)

�

+
�

σyo +K(α(n+1)) +
3

2

η

Δtn
(α(n+1) − α(n))

��
α(n+1) − α(n)

�

+
�

σyo +K(α(n+2)) +
3

2

η

Δtn
(α(n+2) − α(n+1))

��
α(n+2) − α(n+1)

�
+ . . . (111)

for n = 1, 2, . . . , N − 2, is considered, where J iso and w are suppressed. The derivative of
(111) with respect to α in time steps n = 1, 2, . . . , N , is presented in this section.
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Time step N

In the time last time step, n = N , the derivative

∂Ŵ vp

∂α(N)
=
�∂K(α(N))

∂α(N)

�
α(N) − α(N−1)

�
+ σyo +K(α(N)) + 3

η

Δtn
(α(N) − α(N−1))

�

(112)

if N is a viscoplastic time step. If N is an elastic time step, ∂Ŵ vp/∂α(N) = 0.

Time step n = 1, 2, . . . , N − 1

For all other time steps, 1 ≤ n < N , the sensitivity depends on the different load cases:

1. elastic loading (n, n− 1 elastic),

2. elastic to viscoplastic loading, (n− 1 elastic, n viscoplastic),

3. viscoplastic to elastic (un)loading, (n− 1 viscoplastic, n elastic), and

4. viscoplastic to viscoplastic loading, (n− 1, n viscoplastic).

These load cases can be covered by considering different combinations of elastic/viscoplastic
loading of three time steps (denoted n− 1, n and n + 1).

Case 1

If both n− 1 and n are elastic time steps, the derivative

∂Ŵ vp

∂α(n)
= 0. (113)

Case 2

In Case 2, the current time step n is elastic and time step n + 1 is viscoplastic. Case 2 is
split into two subcases, since all previous time steps n = 1, 2, . . . , n − 1 are either elastic
(Case 2.1) or some are not, if e.g., n− 1 is a viscoplastic time step (Case 2.2).

For the former Case 2.1, if all previous time steps n = 1, 2, . . . , n − 1 are elastic, the
internal variable α(n) is zero, giving, at time step n + 1,

Ŵ vp =
�

σyo +K(α(n+1)) +
3

2

η

Δtn
(α(n+1) − 0)

��
α(n+1) − 0

�
, (114)

which results in the derivative

∂Ŵ vp

∂α(n)
= 0, if n and all previous time steps are elastic. (115)
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Conversely, for Case 2.2, if any time step n− i, i ≥ 1, is viscoplastic and n + 1 is also
a viscoplastic time step, then α(n) > 0 although n is an elastic step. If e.g. viscoplastic
loading occur in time step n− 1, α(n) = α(n−1) > 0, which gives

Ŵ vp =
�

K(α(n−1)) + σyo +
3

2

η

Δtn−1

(α(n−1) − α(n−2))
��

α(n−1) − α(n−2)
�

� �� �

contribution from time step n−1

+
�

K(α(n+1)) + σyo +
3

2

η

Δtn+1
(α(n+1) − α(n))

��
α(n+1) − α(n)

�

� �� �

contribution from time step n+1

(116)

resulting in, in contrast to (115), the nonzero derivative

∂Ŵ vp

∂α(n)
= −

�

σyo +K(α(n+1)) + 3
η

Δtn+1
(α(n+1) − α(n))

�

. (117)

Case 3

For a viscoplastic time step n and an elastic time step n+ 1,

∂Ŵ vp

∂α(n)
=
�∂K(α(n))

∂α(n)

�
α(n) − α(n−1)

�
+ σyo +K(α(n)) + 3

η

Δtn
(α(n) − α(n−1))

�

. (118)

Case 4

If both n and n + 1 are viscoplastic time steps,

∂Ŵ vp

∂α(n)
=
�∂K(α(n))

∂α(n)

�
α(n) − α(n−1)

�
+ σyo +K(α(n))−

�
σyo +K(α(n+1))

�

+ 3
� η

Δtn
(α(n) − α(n−1))− η

Δtn+1
(α(n+1) − α(n))

��

. (119)
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