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Abstract

Paperboard has been the basis for packaging materials used to aseptically store and
protect food and beverages for a long time. To ensure that there are no bacteria that can
spoil the product, sterilizing treatments are made. One such treatment is the retorting
process, which involves heating to high temperatures in a pressurized environment of
water vapor and dry air. The porous nature of paper materials and the affinity of
the cellulose fiber to interact with water make sterilizing environments particularly
demanding. Gaps in the knowledge of the physics of the interaction between moisture,
temperature and deformation may lead to difficulties in designing robust processes and
materials.

In this work the interplay between moisture, temperature, and deformation are inves-
tigated in cellulose based materials using macroscopic continuum modelling. Adopting
the mixture theory framework, thermodynamically consistent models are derived using
a systematic treatment of the dissipation inequality. Paperboard is conceptually viewed
as a superposition of immiscible phases, which consist of miscible constituents. Consti-
tutive theory is developed that allows for modelling and simulation of paperboard in a
range of industrially relevant applications.

The thesis contains an introductory part addressing the basic aspects of cellulose
based materials followed by a short review of paper modelling. Thereafter the physical
characteristics of paper and paperboard are explored. The concepts of mixture the-
ory and its use in this work are addressed and subsequently a discussion of the model
applications and simulation results are held. The central part of this thesis comprises
five papers denoted Paper A to Paper E. Paper A describes non-isothermal moisture
transport, assuming a rigid material. The central feature is the non-equilibrium sorp-
tion and its coupling to vapor and heat transport. In Paper B the concepts in Paper
A are extended to model rapid processes with large temperature variations. The con-
ceptual view of the material is reconsidered in Paper C and Paper D, for the purpose
of describing swelling and inter-fiber water transport. The model is used to simulate
edge wicking and exchange of mass between fiber, inter-fiber liquid and vapor under
isothermal conditions. Paper E further enhances the model presented in Paper C and
Paper D by considering non-isothermal problems, to encompass conditions relevant for
the retorting process of food packages designed for long shelf-life. Simulations of the
coupled heat transport, mass transport and deformation during retorting of paperboard
packaging are presented, addressing the large variations in temperature, moisture and
pressure representative of the retorting process.
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Populärvetenskaplig
sammanfattning

Papper och kartong är material som produceras i stora volymer och har m̊anga använd-
ingsomr̊aden. Däribland återfinns en rad vardagliga ting s̊asom tidningar, böcker, hy-
gienprodukter och förpackningar. Den goda tillg̊angen p̊a cellulosafiber i världen gör
att s̊adana produkter ofta är billiga att producera. Material baserade p̊a cellulosa kan
göras b̊ade styva och relativt starka i förh̊allande till sin vikt, vilket gör dem konkur-
renskraftiga mot t.ex. plast. Samhällets miljöfokus har lett till högre krav p̊a att välja
förnyelsebara material för en h̊allbar framtid vilket bidrar till en ökad efterfr̊aga p̊a
skogsprodukter.

Cellulosans förm̊aga att interagera med vatten är en egenskap som är viktig vid
tillverkning av pappersprodukter. Kartongtillverkning sker kontinuerligt genom att en
fiber–vatten lösning pumpas ut p̊a en vira som sedan successivt avvattnas och sedan
torkas s̊a att fiberna konsolideras och skapar fiber–fiber bindningar. Resultatet är en
porös fiberstruktur med preferentiell orientering av fiberna längs med den riktningen
som tillverkning skett.

Kartong har länge används som basen för förpackningsmaterial avsedda för att
förvara och skydda drycker, typiskt mjölk och juice. För ungefär tv̊a decenier sedan
lanserades kartongbaserade förpackningar som ett alternativ till metal- och glaskon-
server. D̊a konserver skall ha l̊ang h̊allbarhet, ofta flera år, utanför en kylkedja ställs
höga krav p̊a förpackningen. För att säkerhetsställa att det inte finns n̊agra bakterier
som kan förstöra produkten genomg̊ar den fyllda förpackningen en autoklaveringspro-
cess. Detta innebär en upphettning till höga temperaturer i en trycksatt omgivning
av vatten̊anga och torr luft. Processen är generellt längre än en timme och kylningen
sker ofta med hjälp av vattensprej. Den porösa naturen och cellulosafiberns affinitet till
vatten gör autoklaveringsmiljön särskilt p̊afrestande för kartong.

Först̊aelsen för materialets beteende under den här typen av processer är inte full-
ständig. De existerande kunskapsluckor för hur kopplingen mellan fukt, värme och
deformation ser ut leder till sv̊arigheter med att designa robusta processer och material
för detta ändam̊al. I detta arbete tas en materialmodell fram för att addressera s̊adana
problemställningar. Fokus i detta arbete är härledening av en materialmodell som kan
användas för att analysera transport av massa, värme och röreslsemängd i cellulosa-
baserade i material under ett rad olika omständigheter, inkluderat den p̊afestrande
miljön som uppkommer under autoklavering. Den materialmodell som tas fram i detta
arbete är baserat p̊a ett teoretiskt ramverk kallat blandningsteori. Den teoretiska mod-
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ellen är en makroskopisk modell där materialet beskrivs som en superposition av tre
faser: svällande fiber, vatten och fuktig luft.

I denna avhandling är fem artiklar sammanbundna, betecknade A till E, där samtliga
behandlar blandingsteori för cellulosabaserade material. Modellens komplexitet utökas
gradvis genom artiklarna och olika modellaspekter och tillämpningar undersöks. I ar-
tikel A undersöks fukt och värmetransport för kartongrullar under atmosfäriska förh̊all-
anden. Artikel B utökar modellen fr̊an artikel A för att kunna ta hänsyn till snabba
förlopp med stora temperaturvariationer. I artiklarna C och D introduceras en vätske-
fas i materialbeskrivningen och fiberna i nätverket antas kunna deformera, svälla och
transportera fukt. Modellen används för att simulera kantintränging under konstant
temperatur. Den teoretiska utvecklingen är i huvudsak presenterad i artikel C medans
i artikel D implementeras och undersöks kantinträngning för olika hydrofobering. Gen-
eraliseringen till höga temperaturer för detta modellkoncept görs i artikel E där mate-
rialbeteendet av vätskekartong modelleras under autoklavering.
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Symbols and abbreviations

Table 1: Abbreviations

Abbreviation Full text

Al Aluminium

AKD Alkyl ketene dimer

ASA Alkenyl succinic anhydride

BET Brunauer–Emmett–Teler (moisture sorption isotherm)

BKP Bleached kraft pulp

CD Cross-machine direction

EWI Edge wicking index

FE Finite element

FSP Fiber saturation point

GAB Guggenheim–Anderson–de Boer (moisture sorption isotherm)

HH Hailwood-Horrobin (moisture sorption isotherm)

LD-DPX Low density duplex paperboard

MD Machine direction

MRI Magnetic resonance imaging

NMR Nuclear magnetic resonance

PP Polypropylene

RH Relative humidity

RVE Representative volume element
◦SR Schopper–Riegler number

WRV Water retention value

ZD Out-of-plane direction
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Table 2: Latin symbols

Symbol Description

A Area (m2)

Aα, Aαj
, Aαβ , Aαβj

Specific Helmholtz free energy of component (J/kg)

an The nth model coefficient

aw Fiber water activity (–)

aαβ Interface area per unit volume (m2/m3)

ãαβ Interface area per unit pore volume (m2/m3)

āαβ Interface area (m2)

ãs Fiber surface area per unit pore volume (m2/m3)

bα, bαj
, bαβ , bαβj

External entropy source of component (W/(kg·K))

b Perimeter length (m)

bα, bαj , bαβ , bαβj Specific body force vector of component (N/kg)

C Moisture content (–)

Cn Smoothness degree n (–)

C Sorption compression factor (–)

Ce
ss Elastic right Cauchy-Green deformation tensor (–)

D,D∗ Dissipation (W/m3)

Dω Effective fiber diffusion coefficient (m2/s)

Df
v Binary diffusion coefficient of vapor in air (m2/s)

Deff
v Effective vapor diffusion coefficient (m2/s)

Deff
v Effective vapor diffusivity tensor (m2/s)

dα,dαβ Rate of deformation tensor of component (1/s)

Êαj
, Êαβj

Net rate of energy gain of component within the phase, or
interface (W/m3)

Ea Activation energy (J/mol)

E Young’s modulus (Pa)

ei Unit base vector in direction i (–)

êααβ , ê
αj

αβ Net rate of mass gain of component from interface
(kg/(m3·s))

êαβαβγ , ê
αβj

αβγ Net rate of mass gain of component from contact line
(kg/(m3·s))

f Generic function

Fαj
Deformation gradient of component (–)

F eαj
Elastics part of the deformation gradient of component (–)

F θαj
Thermal expansion part of the deformation gradient of
component (–)

F ωαj
Swelling part of the deformation gradient of component (–)
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g Gravitational acceleration vector (m/s2)

îαj
, îαβj

Net momentum gain of component from within the phase,
or interface (N/m3)

I Identity tensor (–)

Jαj
Jacobian determinant of component (–)

Jα,Jαj
Mass flux of component (kg/m2·s)

JDgv Diffusive mass flux of water vapor (kg/(m2·s))
KEWI Edge wicking index (kg/m2)

Keff
g Effective gas permeability (m2)

Kp Intrinsic permeability coefficient (m2)

Kp Intrinsic permeability tensor (m2)

K Thermal conductivity tensor (W/(m·K))

kα Thermal conductivity of component (W/(m·K))

keff Effective thermal conductivity (W/(m·K))

kser Thermal conductivity, serial representation (W/(m·K))

kpar Thermal conductivity, parallel representation (W/(m·K))

Ld Distance (m)

Lsorp Net isosteric heat of sorption (J/kg)

m̂s:g Desorption rate (kg/(m3·s))
m̂l:g Evaporation rate (kg/(m3·s))
m̂l:s Absorption rate (kg/(m3·s))
m,mα,mαj

,mαβ ,mαβj
Mass of component (kg)

mdry Dry solid mass (kg)

mfree Inter-fiber liquid water mass (kg)

msorb Fiber water mass (kg)

mtot Total paper mass (kg)

mwater, mw Water mass (kg)

Mgv Water molar mass (kg/mol)

MP ,MI Number of phases and interfaces (–)

nα Volume fraction (–)

n̄ Unit normal vector (–)

P Set of primary variables

pα, pαj Pressure of component (Pa)

psb, p̃
s
l Water–fiber interaction pressure (Pa)

pc Capillary pressure (Pa)

p̄s Solid extra pressure (Pa)

psatgv Water vapor saturation pressure (Pa)

qv, ql Relative exchange rate parameter (–)

qα, qαj
, qαβ , qαβj

Heat flux vector of component (W/m2)

xiii



qcond Conductive heat flux vector (W/m2)

q̃ Combined heat flux vector (W/m2)

Q̂ααβ , Q̂
αj

αβ Net rate of energy gain of component from interface
(W/m3)

Q Volumetric flow rate (m3/s)

Q̂αβαβγ , Q̂
αβj

αβγ Net rate of energy gain of component from contact line
(W/m3)

R Universal gas constant (J/(mol·K))

Rk Constraint equation k

Re Reynolds number (–)

R3 Three-dimensional space

r Equivalent pore radius (m)

r̂αj , r̂αβj Net rate of mass gain of component within the same phase,
or interface (kg/(m3·s))

rα, rαj
, rαβ , rαβj

External heat source of component (W/kg)

Rα,Rαj
Transport coefficient tensor

S Set of system components

S Inter-fiber water saturation (–)

Sirr Irreducible saturation (–)

Sαβ ,Sαβj Surface stress tensor of component (N/m)

Ŝαβαβγ , Ŝ
αβj

αβγ Net gain of momentum of component from contact line
(N/m3)

Sωi , S̃ωi Swelling tensor (–)

Sθi , S̃θi Thermal expansion tensor (–)

T̂ ααβ , T̂
αj

αβ Net gain of momentum of component via interface (N/m3)

t Time (s)

th Thickness (m)

T Temperature (◦C)

T Set of specific system components

u Displacement field (m)

uα, uαj
, uαβ , uαβj

Specific internal energy of component (J/kg)

Vtot Total volume (m3)

v, vα Volume of component (m3)

v,vα,vαj
,vαβ ,vαβj

Velocity of component (m/s)

vK,L Velocity of component K relative to component L (m/s)

W Moisture ratio (–)

wαj
Diffusion velocity of component (m/s)

Xαj
Material coordinate vector of component (m)

x Spatial position vector (m)
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Z Set of conjugated variables
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αi Hygroexpansion coefficient in direction i (–)
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δ Constriction factor (–)
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θ Absolute temperature (K)
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κα Relative permeability of component (–)

κ
(k)
f kth hardening parameter (–)

λk Lagrange multiplier k
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αβ Lagrange multiplier (J/kg)

Λωi ,Λ
θ
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Λ,Λα,Λαj
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Λs,Λg Lagrange multiplier tensor (J/kg)
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, µαβ Chemical potential of component (J/kg)
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ρ, ρα, ραj
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σα,σαj
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σeff Effective stress tensor (Pa)
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Chapter 1

Introduction

Most, if not all, people in the modern world encounters paper and paper products
frequently and has an intuitive feel for what it is. Paper designed for high absorption,
printing, structural elements and packaging materials exist everywhere. Corrugated
board, toilet paper, milk cartons, wrapping paper and printing paper are just a few
examples of the vast array of applications for paper. The properties of papers for
different applications can vary dramatically and a range of fibers, treatments, chemicals
and production techniques exists to accomplish this. Materials based on cellulose can
be made both stiff and relatively strong in relation to their weight, which makes them
competitive against e.g. plastic. Society’s environmental focus has led to higher pressure
to choose renewable materials for a sustainable future, which contributes to an increased
demand for forest products.

The basic element of paper is the cellulose fibers derived from wood through pulping.
Paper products may, therefore, be recyclable as well as considered renewable. The
abundance of the raw material for paper makes it relatively inexpensive and accessible
around the world, with an annual production and consumption of several hundred
million tonnes (Holik, 2006).

Paper materials can be seen as a porous medium consisting of a network of wood
fibers with an inter-fiber pore space filled with air and sometimes also liquid water.
The fibers have a high affinity towards water, thus water vapor is readily adsorbed from
the environment. The presence of water in the fibers strongly influence the mechanical
properties of paper and cause swelling of the material. Many paper applications require
that the fibers are chemically treated to become hydrophobic, thus inhibiting capillary
sorption of liquid.

To be able to adapt and develop new competitive paperboard products, it is nec-
essary to understand the material behaviour throughout the different stages of the
material life cycle. It is therefore of importance to understand the transport of mois-
ture through the material to be able to achieve a good product design. Through theory
and simulation of the coupled multiphysics of cellulose based materials, the research
presented in this thesis can aid in this endeavour. Focus is set on developing constitu-
tive theory to be able to simulate material behavior of paperboard for liquid packaging
applications.
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1.1 From wood to food package

In this section a brief overview of the path from the forest to a packaging material is
given. This will help to set the stage and understand the paper processes and treat-
ments, which will aid in making appropriate choices in the subsequent model develop-
ment. In Figure 1.1 an illustration of the path from wood to package is shown where a
sketch of the typical process stages are outlined.

Cooking Washing
Oxygen 

delignification
Bleaching

Debarking Chipping

Pulp production

Kraft pulp

Stock preparation

Headbox Forming Pressing Drying (Coating)

Paperboard production

Packaging material manufacturing

Paperboard

Printing

Creasing Cutting (Side sealing)

Food manufacturer

Filling Sealing Retorting

Packaging material

Wood (logs)

Packaged food product

Lamination

Figure 1.1: Illustration of the involved process steps from wood to a packaged food product.
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1.1.1 Wood pulp and pulp production

Wood is the raw material for pulp production. There are several established methods
for turning wood into fibers for papermaking. The various methods provide different
properties of the fibers, which ultimately effect the properties of the paper product. A
distinction can be made between mechanical and chemical pulps. Mechanical pulp is
produced by mechanically separating the cellulose fibers from wood, whereas the fibers
are separated using chemicals and heat, in chemical pulps (Holik, 2006). The most
commonly used chemical pulping process is the sulphate process, also known as the
kraft process. In the kraft pulping process, most of the lignin in the raw wood material
is dissolved, resulting in a yield (mass of obtained fibers per mass of supplied wood)
of 45–55% (MacLeod, 2007). To obtain white paper the residual lignin can be further
reduced by bleaching. Figure 1.2 shows the structural hierarchy of wood from tree to
fiber wall.

Figure 1.2: The hierachy of wood from macroscopic to microscopic elements. Reconstruction based
on the fiber wall structural arrangement proposed by Kerr and Goring (1975), cf. Baggerud (2004).
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The basic element of pulp is the fiber, which is primarily a cellulose structure. The
wood fibers consists of mainly three components, cellulose, hemicellulose and lignin,
where their relative amounts depends on the wood species. The length and thickness
of the fibers differ depending on e.g., growth section and the species of wood. Fiber
lengths typically ranges between 1–5 mm with widths of 20–50 µm (cf. Baggerud, 2004).
Wood fibers are hollow with a central lumen stretching along the length of the fiber.
The purpose of this cavity is to transport water via the roots through the trunk to
the leaves of the tree. The fiber cell wall is 2–8 µm thick and is in itself a composite
structure of cellulose micro fibrils and voids (opened up during the pulping process by
removal of the lignin matrix).

1.1.2 Paper and paperboard production

Paper is produced in large facilities using continuous production. The principle of the
paper machines used worldwide was developed in the beginning of the 19th century and
remain to this day conceptually similar (Baggerud, 2004), see Figure 1.3. The idea of
the production process is to, in a rapid and energy-efficient way, remove water to allow
for the pulp fibers to consolidate to a cohesive network with a controlled quality.

Pulp suspension

Head box

Suction boxes
Wire

Press nips

Forming section Press section Dryer section

Reel
CoaterHeated cylinders

Figure 1.3: Schematic illustration of a paper machine showing the head box, forming section, press
section and dryer section.

The pulp that is supplied from the pulping process is heavily diluted with water to a
pulp suspension usually containing < 1% fibers. In the pulp going into the fiber suspen-
sion various chemicals, fillers (e.g., mineral particles) or other additives are supplied,
tailored for the intended use of the end product. The suspension flows from the head
box on to a moving water permeable forming fabric (wire). The wire continuously move
relative to the head box and hydrodynamically this causes a flow field where fibers tend
to align with the flow direction. The fiber orientation consequential to this motion is the
main reason paper products generally exhibit a strong orthotropic symmetry. The char-
acteristic principal material directions being the machine direction (MD), cross-machine
direction (CD) and thickness direction (ZD), see Figure 1.4. The orthotropic nature
of the material is apparent in both transport properties, dimensional stability and me-
chanical properties. It is common that several paper layers (plies) are added together
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Figure 1.4: Illustration of the material directions of paperboard originating from the manufacturing
process.

to obtain a multi-ply paper construction with designed specific properties. Typically
paper layers which have different densities, contain different fiber length distributions
and/or which are either unbleached or bleached are combined. Such multi-ply construc-
tions thereby make it possible to design properties such as the colour, printability and
bending stiffness of the final paper product.

The material is transported on felts through a press section where much of the water
is removed in steps to achieve a high fiber density and bringing the fibers closer together,
allowing for bonds to become established between fibers. The now cohesive paper next
passes through a long section of warm cylinders with the purpose to remove water by
evaporation. After the drying section the material may pass through a section where
a surface coating is applied. This is typically some clay based coating to improve the
surface finish and gloss, in particular for materials intended to print on.

It is apparent that the material consisting of an assembly of fibers is porous in na-
ture. The porosity of paper and paperboard varies greatly depending on its intended
application ranging from highly porous high sorption materials to dense load carrying
structures. The strength of the material comes primarily from the bond density (rela-
tive bonded area) between the fibers. The porosity allow for fluid flow through the pore
space as well as through the fiber phase. In particular, water is known to travel through
cellulose structures both within the inter-fiber pore space and the fiber phase with con-
tinuous mass exchange in between. The strong anisotropy from the production process
greatly influences the transport properties, where macroscopically measured transport
coefficient may differ by orders of magnitude between different principal material di-
rections. The thickness and basis weight of paper vary and it is typically referred to
as paperboard if the thickness is greater than 300 µm or its basis weight exceeds 250
g/m2 (Robertson, 2016, chap. 6). Figure 1.5 shows the porous nature of a paperboard
material consisting of a network of collapsed wood pulp fibers.

Sizing treatments are used extensively to improve the appearance and the resilience
to water. For many paperboards some degree of internal hydrophobization is usually
necessary in order to increase its resistance to water penetration. Internal sizing are
accomplished by mixing hydrophobization agents into the stock which are spread across
and reacted to the cellulose fiber surfaces in the drying section. Common sizing agents
are organic compounds such as alkyl ketene dimers (AKD) and alkenyl succinic anhy-
dride (ASA) (Lindfors et al., 2005; Hubbe, 2007).
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Figure 1.5: Cross-section of a 360 µm thick paperboard. Synchrotron X-ray tomogrphy image taken
at the Tomcat beamline, Swiss Light Source. Courtesy of Stephen Hall, Division of Solid Mechanics,
Lund University.

1.1.3 Packaging material manufacturing

The central role of a package is to store and protect its content. For food and diary
products it is desired that the product is kept fresh for as long as possible. Hence
the contents of the package must be protected from e.g., oxygen, light, and prevent or
inhibit bacterial growth. The package also provides the structural stability necessary
to transport and store the product safely. The demand on a good package is there-
fore complex. Packages for liquid food products are commonly made from paperboard
based materials. Such packaging materials are usually made from layered structures
to accomplish the necessary multifunctionally, where the center of the composite is the
paperboard; whose primary purposes are to provide shape, structural stability and a
good printing surface. The inside is laminated with aluminium foil to provide oxygen
and light barriers. The outermost layers are thin polymer films to protect the print
and the paperboard from outside influences as well as to provide an additional barrier
between the product and the aluminium and board, see Figure 1.6.

Manufacturing of the packages are made in several stages. The first step is usually
printing of the paperboard. The material is then creased to provide easier forming of the
packages later. Creasing is a converting operation where controlled localized damage
is introduced into sheet in predefined patterns. The creasing pattern is essential in
the forming of the package to achieve a well defined package shape. After creasing the
material is laminated and cut from the broad paperboard rolls to a width appropriate
for a single package. The packaging material may subsequently be sealed along one
edge by melting the polymer layers and then cut to discrete packages.

For packaging of liquid products, the most common process involves the packaging
material being roll-fed into a filling machine, where it is sterilized in a hot peroxide
bath before packages are formed, filled with heat-treated product, cut and sealed into
aseptic packages ready for shipment to retailers. For packaging of food products, the
filling machine is instead fed with side-sealed packaging material sleeves, which are
erected, filled with food and sealed.
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Figure 1.6: Illustration of a multi-layered structure of paperboard based packaging material for
aseptic packages.

In the early 2000s, packages were developed to compete with traditional food cans
with very long product shelf-life. To achieve this the filled and sealed packages need to
undergo a batch sterilization process called retorting, which was originally designed for
metal and glass containers. This processes involves a prolonged stay in an autoclave at
high pressure, high humidity and high temperature.

1.2 Multiphysics modelling of paper and paperboard

With the long history and the large production volumes of paper materials it is no sur-
prise that it has captured the interest of numerous researchers and engineers throughout
the years. Historically much effort has been put on modelling the evolution of properties
during the papermaking procedure. In this section some of the approaches and con-
cepts that has been used to model the physics of such materials will be discussed. The
employed methods range from simplistic and purely phenomenological to more sophisti-
cated and theoretically well grounded approaches. The increase in computational power
in recent year has opened up avenues to render representative 3D networks to run mi-
croscale simulations on. This type of approach has proven useful for obtaining effective
properties necessary for macroscopic modelling, which is still the dominating method
due to the capacity to encompass much larger domains with the same computational
effort.

A macroscopic approach involves the formulation of governing equations by assum-
ing the upscaled material can be described using continuum mechanics. Thus a set of
partial differential equations can be derived that describe the system behavior. The way
to obtain the macroscopic description is not unique and different upscaling procedures
exist. The approach that is adopted in this work is based on what is known as mixture
theory and it is elaborated on in Chapter 3. These theoretical methods are often very
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general and can be applied to principally any porous medium. Thermodynamically con-
sistent modelling frameworks has been presented by e.g., Bowen (1980, 1982); de Boer
(1996, 2005); Svendsen and Hutter (1995); Achanta et al. (1994); Bennethum (1994);
Hassanizadeh and Gray (1979a,b, 1980) and Schrefler (2002).

These models have the common denominator that they make use of the entropy
inequality to derive constitutive equations. The resulting relations are thus coupled by
means of this constraint and the model assumptions are necessarily compatible with
the fundamental laws of physics. Important to remember is that the relations are
thermodynamically consistent but the choices are in no way unique. The framework
only sets the boundaries to work within.

1.2.1 Models for paper manufacturing applications

The production of paper and paperboard is a process which involves removal of water
from a dilute suspension all the way to evaporative drying of a consolidated paper web.
Flow of water, gas and heat through material are therefore central to the manufac-
turing process. Considerable amount of the research, past and ongoing, concerns the
understanding of the development of basic properties and material quality through the
paper machine (Baggerud, 2004). These models are generally only concerned with the
transport and transfer in the out-of-plane direction (ZD) and are thus one-dimensional.
As the material passes through the whole moisture spectrum, these models are set up
to deal with high moisture contents and multiphase flow, i.e. both liquid and gas trans-
port. In the very early stages of the manufacturing process, the dewatering process is
a hydrodynamic problem and only when the material has become sufficiently cohesive
it is subject to modelling as a paper.

Analytical modelling of paper therefore is most relevant during drying. Starting in
the 1950s attempts were made to model physics of the drying process (Nissan and Kaye,
1955; Nissan and Hansen, 1960; Nissan et al., 1962). From experimental considerations
Lee and Hinds (1981) developed a non-isothermal drying model that included vapor dif-
fusion and capillary transport as means of water transport. Later Ramaswamy (1990);
Modak, Ryan, Takagaki and Ramaswamy (2009); Modak, Takagaki and Ramaswamy
(2009) developed a multiphysics model for internal mass and heat transfer in paper
during drying that accounted for convective mechanisms. Reardon (1994) derived a
comprehensive mathematical model for the drying process considering pore size dis-
tribution and shrinkage. The modelling of mass and heat transport in paper with
particular focus on the incorporation of shrinkage have been presented in the works of
Baggerud (2004); Karlsson and Stenström (2005a,b); Östlund (2005); Weineisen and
Stenström (2008, 2007). As is pointed out in Baggerud (2004) some of the drying
models are designed to be solved in parallel with the real process to give feedback to
the control parameters of the industrial process. The acceptable level of complexity is
therefore closely associated with its application. Results can be used in many different
ways including aid for designing product or process, reducing the required experimental
costs, to test hypothesis, or to understand and explain different observed behaviors.
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1.2.2 Models for paper and paperboard products

Contrary to the conditions during paper manufacturing, paper products are often con-
sidered at atmospheric temperatures and hygroscopic moisture contents, the conditions
relevant for everyday use. Diffusion of pore vapor and moisture in the fiber as well
as the interaction between the vapor and the fibers become central for these models.
Traditionally there has also been a split between the models for mechanical aspects and
those that concern the transport. For instance sophisticated models to account for 3D
elasto-plastic material behavoir exists (e.g., Xia et al., 2002; Harrysson and Ristinmaa,
2008; Nyg̊ards et al., 2009; Borgqvist, 2016; Isaksson and Carlsson, 2017; Robertsson
et al., 2018; Li et al., 2018). However these models do not consider the porous nature
of the material and the effects of moisture and temperature, instead the main purpose
of the mechanical models is to predict the material behavior in e.g., converting pro-
cedures such as creasing and folding, where ideally ambient conditions are constant.
The combined effects of temperature and moisture (in the hygroscopic regime) on the
mechanical properties of paper was considered in Linvill and Östlund (2014) for the
purpose of modelling deep drawing.

The transport of moisture through paper materials has been a topic of interest for
a while and numerous experimental and modelling publications can be found in the
scientific literature. Both steady and unsteady states have been subject to extensive
study (cf. Ramarao et al., 2003). The complexity of the models varies depending on
application and intended use. Several early approaches lump information into a single
transport coefficient and a corresponding driving force, thus essentially considers the
material as a single continuum (Hashemi et al., 1997; Amiri et al., 2002). More detailed
approaches that consider the porous nature of the paper was adopted by Bandyopad-
hyay et al. (2000); Gupta and Chatterjee (2003a); Radhakrishnan et al. (2000) and
Ramarao et al. (2003). In their investigations of moisture transport they assumed par-
allel diffusion of water vapor and fiber water. Ramarao et al. (2003) emphasizes the
advantage the porous media approach has compared to lumped models, which often
falls short in explaining the reasons for the observed behavior. Heat transport and
deformation are not considered in these models.

Foss et al. (2003) used a coupled heat and moisture transport model to investi-
gate the mechanisms of sorption and found that the temperature in the sheet could
be explained by the link between heat and mass transfer. A multiphyiscal approach,
incorporating the coupling between heat and mass balances, was adopted by Zapata
et al. (2013) to model hot surface printing. Both Foss et al. (2003) and Zapata et al.
(2013) derived 1D models, considering only transport in ZD. Recently Askfelt (2016)
developed constitutive theory for paper materials using mixture theory considering large
strain in 3D as well as coupled mass, momentum and heat equations. The target was to
understand the material behavior in the transversal sealing process and the formation
of blisters in paper based package material. Askfelt (2016) incorporated the mechan-
ical aspects into the modelling framework as well by generalization of the model by
Borgqvist (2016) to a porous medium setting.

The hydrophilic and hygroscopic nature of cellulose based materials makes them
specially susceptible to invasion of water into the inter-fiber pore space. Models that
account for the response of paperboard during exposure to liquid water have historically
been decoupled from moisture and heat transport models for paper products. One pos-
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sible reason is the difference in time scale for the different phenomena, another is the fact
that in the intended application one does not expect water present in condensed form.
Although, the distinction is blurred by models that lumps water transport into a single
transport phenomena. The early attempts to model capillary transport of inter-fiber
water adopted the classical Lucas–Washburn equation (Lucas, 1918; Washburn, 1921).
However, this rather simple model does not take into account the internal processes of
the material and it was shown that the underlying assumptions poorly approximates
the reality for swelling media such as paper (Bristow, 1971; Salminen, 1988). Masoodi
(2010) and Masoodi and Pillai (2010) proposed a macroscopic continuum approach
that described the wicking in paper-like material using Darcy’s law to model the liquid
flow. In their work they enhance the traditional models with a sink term to account
for swelling, in this case by the change of porosity. Their phenomenological extension
made it possible to avoid some of the problems encountered by the conventional Darcian
approach for non-swelling media.

With modern tomography methods and softwares for generating fibrous porous me-
dia it is possible to obtain digital representations of the real material. Simulations on
such domains are excellent for obtaining representative properties, but they are gener-
ally difficult or very computationally costly to scale up. In the works of Mark et al.
(2012) and Johnson et al. (2015) Stokes flow on a domain obtained from X-ray tomog-
raphy of paperboard was used to derive material properties for a macroscale Darcy type
flow model, which was used to predict pressurized edge wicking. Aslannejad and Has-
sanizadeh (2017) used a similar methodology with tomographic imaging to investigate
macroscopically representative hydraulic properties for printing paper.

An inherent difficulty in the flow simulations of representative porous media do-
mains is the problem to incorporate the physical behavior of the fiber network. As the
skeleton, in which the flow is simulated, is inert and rigid during the simulation. Instead
these simulation focus on solving the Navier–Stokes or Stokes equations for flow using
e.g., computational fluid dynamics, which makes it difficult to address paper–water in-
teractions such as mass exchange and swelling. However, an advantage of the microscale
considerations of the model is the possibility to capture stochastic variations inherent
to natural porous media.

In this work, the modelling of the multiphysics of paperboard is approached from
a mixture theory view point. A central aspect of the methodology is to derive the
model with a unified framework in a mathematically rigorous and thermodynamically
consistent manner. The constitutive assumptions adopted for paperboard encompass
more generally the larger family of cellulose based materials. In Paper A to Paper E
the modelling gradually is expanded to compass a broader range of physical aspects
of the material. With this approach, models of different complexity are derived in
a mixture theory framework incorporating the relevant physics and the consequential
interconnectedness of the mechanisms. One of the key feature of the models presented is
the recognition of the non-equilibrium mass transfer, which allow transient flow without
assuming local equilibrium. From Paper C and forth, deformation and swelling in a 3D
large strain setting are accounted for and the conceptual material view includes an
inter-fiber water phase to incorporate multiphase flow.
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1.3 Scope and structure of this thesis

This thesis explores the possibilities to model paperboard and conceptually similar ma-
terials. The chosen method was to adopt a mixture theory approach and develop a
constitutive models within the framework. The models are investigated in their capac-
ity to capture the core physics in a range of industrially relevant processes for paper
materials. Central features of the constitutive theory is its foundation in the mathemat-
ically rigorous mixture theory framework and the systematic treatment of the second
law of thermodynamics to obtain thermodynamically consistent models.

The capability to incorporate deformation, heat transport, moisture transport and
their interplay has been an overarching goal. The aim was to provide a tool for analysis
and thus enhance the understanding of the mechanisms and phenomena present during
simultaneous moisture and heat transport under external loads.

In Chapter 2 the physics of paper materials are discussed with particular focus
on the interaction with water. The theoretical foundation for the modelling effort is
presented in Chapter 3, where the concepts of the mixture theory framework and its
use in this work are considered. Chapter 4 concerns the model applications that have
been investigated. Therein some of the key findings of the simulations are presented.
The conclusions and outlook are discussed in Chapter 5. The main part of this thesis
comprises five papers, denoted Paper A to Paper E.
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Chapter 2

Physics of paper materials

Fibrous cellulose based materials are inherently porous materials where the heterogene-
ity introduces spatial variations in properties. To obtain macroscopic models for such
material some kind of upscaling is necessary to generate a representative continuum.
The physics of the material are then lumped into effective material properties. Studies
show that approaches that homogenize the whole paper i.e. lump all transport into
one parameter, frequently fail to capture the overall behavior (Ramarao et al., 2003).
Instead by considering a more detailed description of the material and explicitly ac-
counting for the multiphase nature, the complexity can be better captured.

In this chapter an overview of experimental and modelling results for important
physical aspects of cellulose based materials is provided. The purpose is to summarize
and discuss the relevant mechanisms presented in the scientific literature. In Paper A to
Paper E detailed discussions of the physics were not possible due to the condensed for-
mat. Thus the idea with the contents of this chapter is to provide a more comprehensive
explanation underlying the constitutive choices.

The chapter is separated into two sections, the first concerning the local interaction
between fibers and water, and the second dealing with transport properties. Table 2.1
shows a list of physical phenomena in cellulose based material and in which part of this
thesis they are considered in the model development.
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Table 2.1: List of phenomena with reference to papers in this thesis where each phenomenon is further
considered.

Phenomenon A B C D E

Fiber saturation point x x x

- Temperature dependent x

Moisture sorption isotherm x x x x x

- Temperature dependent x x x

Mass exchange: vapor–fiber x x x x x

Mass exchange: liquid–vapor x x x

Mass exchange: liquid–fiber x x x

Hygroexpansion x x x

Fiber swelling x x x

Elastic deformation x x x x

Plastic deformation x

Bulk gas flow x x x x x

- non-Darcian flow x

Vapor diffusion x x x x x

Fiber water diffusion x x x

Liquid water transport x x x

- Varying hydrophobicity x x

Heat conduction x x x

Heat convection x x x

2.1 Paper and water interactions

The interaction between paper and water is of highest significance for papermaking and
paper chemistry. To model the multiphysics of the material in environments of high or
varying humidity, or the presence of water in its condensed form requires incorporation
of the interaction between the fibers and the water. Therefore, quantification of the
state and amount of water in the material is important. The amount of water contained
within a material can be characterised using a mass concentration measure, or a mass
ratio. The former is referred to as the moisture content, C, and the latter as the
moisture ratio, W, defined as,

C =
mwater

mtot
, W =

mwater

mdry
, (2.1)

with mwater, mdry and mtot denoting the water mass, dry fiber mass, and total paper
mass, respectively. The two measures of water are related as C = W/(1 + W ). Due
to its linearity in the amount of water the moisture ratio W is favoured in modelling
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contexts. The definition of moisture ratio (W) contains both the sorbed water and
the water residing in the pore space between the fibers, however since they affect the
properties of the material differently, the fiber moisture ratio ω is introduced, defined
as

ω =
msorb

mdry
, (2.2)

where msorb is the mass of water associated with the fiber. The water associated with
the pore space give rise to a certain fraction S of the pore volume being occupied,
called the liquid saturation. In constitutive modelling the parameter S is important
because of its impact on flow properties. The mass of inter-fiber water is related to
the saturation via mfree = ϕSρlVtot where ϕ is porosity, ρl the liquid density and Vtot
the total volume. The total water mass is given by mwater = msorb + mfree, as the
contribution from the water vapor is omitted. Thus, in the absence of inter-fiber liquid
water it follows that W = ω.

The water vapor found in the pore space of the material is characterised by its
relative humidity, i.e.,

φ =
pgv
psatgv

, (2.3)

where pgv and psatgv are the vapor pressure and saturation vapor pressure, respectively.
The relative humidity determines the tendency of the vapor to interact with the hygro-
scopic fibers.

2.1.1 The fiber saturation point

Tiemann (1906) introduced the concept of a fiber saturation point (FSP) as the point
during drying, at which the lumens of the wood are emptied of liquid water, the cell wall
begins to dry and the strength steeply increases with moisture removal. This definition
later proved problematic as e.g., the fiber wall may begin to desorb in some parts of
the sample before all lumens in the sample are emptied (cf. Engelund et al., 2013, and
references therein). The fiber saturation point was defined by Stone and Scallan (1967)
as “the amount of water contained within the saturated cell wall”. Engelund et al.
(2013) pointed out that this is not an operational definition, however, in theory this
applies to a single cell wall and can therefore be considered an intrinsic property of the
fiber.

For wood, the fiber saturation point is generally reported in the range 0.3–0.4 gram
water per unit dry mass (Engelund et al., 2013), where the specific values depend on the
wood species. Stone and Scallan (1967, 1968) used the solute exclusion technique and
pressure plate method to determine the FSP for wood and kraft pulps. In the solute
exclusion technique probe molecules of different known hydrodynamic diameter are used
to measure the inaccessible water by the change in solute concentration (Stone et al.,
1968; Zelinka et al., 2015). The larger the solute molecule is, the more of the water
in the fiber is inaccessible. From this method the pore size distribution of the swollen
material and the amount of water held therein may be inferred. In the pressure plate
method the material is drained from a saturated state by application of an external gas
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pressure. The applied pressure induce curved menisci in the saturated pressure plate,
which will reduce the equilibrium relative humidity (φ = pgv/p

sat
gv ) in the chamber

due to the vapor pressure reduction at a curved interface. The relation between the
applied pressure and equilibrium relative humidity in the chamber can be written as
(Fredriksson and Thybring, 2019)

ln
( pgv
psatgv

)
= −∆pMgv

ρlRθ
. (2.4)

Here, ∆p denotes pressure difference relative to atmospheric pressure, Mgv is the molar
mass of water, ρl is the liquid density, R is the universal gas constant and θ is the
absolute temperature. As the inter-fiber pores are larger than the pores in fiber cell
walls, they will be emptied at lower chamber pressures. Stone and Scallan (1967);
Zelinka et al. (2015) proposed that there will likely be an inflection point between
the pressures that drained the inter-fiber space and the pressures necessary to cause
desorption of the fiber cell wall. Based on the solute exclusion method, as well as
desorption tests using the pressure plate method, Stone et al. (1968) found the FSP, for
never-dried fibers of unbleached kraft pulps with pulp yields around 50%, to reside in
the interval 1.3–1.5 g/g. In the limit of high yields the FSP approaches that of wood.
Consequently the amount of yield is an important factor for the pulp fiber saturation
point.

The pulping process introduces what is often referred to as “macro-pores” in the cell
wall by removing the lignin i.e., new pore space is produced (Maloney, 1997). The sizes
of the cell wall pores are generally at least one order of magnitude smaller than inter-
fiber pores of a fiber network. Intra-fiber pores are in the approximate range 1–1000
nm while inter-fiber pores are typically several micrometers.

An experimentally more convenient way to get an estimate of how much water a fiber
can hold is to test the water retention value (WRV) of the pulp (correlated to FSP).
However, kraft pulps deviate quite substantially from the ideal line (FSP=WRV), where
WRV tends to overpredict the FSP found from solution exclusion method on the same
pulp (Maloney, 1997).

Additional fiber treatments and processing such as pressing, beating and bleaching,
affect the final amount of water the fibers can hold. Furthermore, previously-dried fibers
are known to have a lower FSP. This is related to a phenomenon known as hornification,
where the ability of the fiber to swell is reduced due to irreversible pore closure caused by
drying. Measurements with solute exclusion and nuclear magnetic resonance (NMR)
on unbleached softwood kraft pulp, before and after drying and pressing, revealed a
reduction in the amount of water retained in the fiber wall of 0.4 g/g (from about 1.1
g/g down to 0.7 g/g) (Maloney, 1997). The hornification effects is most pronounced
for low-yield pulps. The primary effect of beating is the production of secondary fines
which are capable of holding large amounts of water. Beaten fibers will thus have an
increased fiber saturation point relative to their unbeaten counterpart. Examples of
fiber saturation points reported in the literature for wood, pulp and paper can be seen
in Table 2.2.

The fiber saturation point for wood was measured by Stamm and Loughborough
(1935) over the temperature range 20–100 ◦C. In their experiment a decrease in FSP
with increasing temperature was observed, which could be accurately captured by a
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Table 2.2: Measurements of fiber saturation point reported in the literature.

Material FSP (g/g) Reference

Never-dried kraft pulp 1.29a Stone et al. (1968)

Never-dried softwood kraft pulp 1.35 Maloney (1997)

Dried beaten and reslushed kraft pulp (45 ◦SR) 0.72 Stone et al. (1968)

Dried and rewetted softwood kraft pulp 0.73 Maloney (1997)

Never-dried beaten kraft pulp (45 ◦SR) 1.49a Stone et al. (1968)

Sitka spruce (wood) 0.31 Stamm and Loughborough (1935)

Norway spruce (wood) 0.42 Hoffmeyer et al. (2011)

Never-dried kraft pulp - 92.4% yield 0.68a Stone and Scallan (1967)

Never-dried kraft pulp - 53.4% yield 1.24a Stone and Scallan (1967)

Bleached softwood kraft pulp (13 ◦SR) (WRV) 0.94 Tufvesson and Lindström (2007)

a converted from ml/g based on the water density ρl = 998 kg/m3

linear model. The observation that the fiber saturation point is temperature dependent
resonates with the intuition that at higher temperatures the higher molecular energies
should result in less water bonded to the fibers. In the recent work of Zelinka et al.
(2015) a binary phase diagram of wood-water system is presented with FSP varying
linearly as a function of temperature, presented up to 140 ◦C, with the temperature
sensitivity similar to Stamm and Loughborough (1935) and Berry and Roderick (2005).
Zelinka et al. (2015) adopted a thermodynamic definition of FSP, namely, the moisture
ratio where the chemical potential of the water component of the fibers is equal to that
of free water. Figure 2.1 shows a model reconstruction of the temperature dependency
of FSP based on the data from Stamm and Loughborough (1935) for Sitka spruce wood.
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Figure 2.1: Temperature dependency of the fiber saturation point (FSP) for Sitka spruce. Recon-
struction from data presented in Stamm and Loughborough (1935).
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The studies on temperature dependent fiber saturation point have been carried out
on wood and to be able to include it into the model for paperboard, some assumptions
must be made related to the influence of pulping.

The concept of FSP was relevant to consider in Paper C, Paper D and Paper E. In
Paper C the FSP is assumed to be 1.25 g/g which is representative for a never-dried kraft
pulp ≈ 50% yield. The influence of the fiber treatments and the rewetting of fibers in
consolidated paperboard material are considered in Paper D, thus the FSP is calculated
for a commercial liquid packaging board (Tufvesson, Eriksson and Lindström, 2007).
In Paper E the fiber saturation point is modelled as a linear function with temperature
as was found experimentally for wood by Stamm and Loughborough (1935). The FSP
and its corresponding temperature sensitivity are scaled to the FSP for paperboard in
the model development presented in Paper E.

2.1.2 The moisture sorption isotherm

Materials derived from cellulose are naturally hygroscopic which means they attract
and hold water molecules. The amount of water that is sorbed by the material depends
on the activity of the water in its surrounding. The activity of water (aw) is indicative
of the tendency for the water to participate in physical, chemical or biological reactions
(Al-Muhtaseb et al., 2002). Given sufficiently long time, an equilibrium is attained
between the material and its surrounding at constant temperature and humidity. The
relationship between the water content and the water activity can graphically be shown
as a curve referred to as the moisture sorption isotherm. Sorption interactions are
complex processes hence the specific sorption isotherms may not be obtained from
direct calculations but must instead be found from experimental investigations.

The moisture range corresponding to the humidity interval from 0 up to about 95–
98% RH is, within material science, often referred to as the hygroscopic moisture range.
Humidities above the hygroscopic range are sometimes denoted over-hygroscopic or su-
perhygroscopic moisture range (Fredriksson and Johansson, 2016; Fredriksson, 2019)
and it is characterised by large moisture changes in a narrow humidity range, often
attributed to capillary condensation. However, the transition point between the dif-
ferent moisture regimes is not well defined (Fredriksson and Thybring, 2018), instead
it is gradual and indicative of a change in the currently dominating water retention
mechanism. In the hygroscopic moisture range, sorption isotherms are usually mea-
sured gravimetrically for samples equilibrated over salt solutions with known activity
or by sorption balances. However, due to experimental difficulties to maintain fixed
temperatures, other measurement techniques are required in the high moisture regime
(Fredriksson, 2019).

The equilibrium relation between the relative humidity and the sorbed moisture is
hysteretic (Barkas, 1942; Chatterjee, 2001). Approaching a particular ambient humidity
from the dry (low activity) or from the wet (high activity) side will therefore result in
different equilibrium moisture content. Studies have shown that sorption hysteresis
in cellulose based materials decrease with increasing temperature (e.g., Salmén and
Larsson, 2018). The physical origin of the hysteresis in cellulose based material is
not yet fully understood (cf. Engelund et al., 2013; Fredriksson and Thybring, 2018,
and references therein). The aspects of moisture sorption hysteresis in cellulose based
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materials are not further pursued in this work. The interested reader is referred to
discussions on the topic in e.g. Barkas (1949); Engelund et al. (2013) and Fredriksson
and Thybring (2019)

A brief literature survey of sorption isotherms will reveal a myriad of different fitting
functions based on a range of different theories. The sorption isotherms for foods and
construction materials are particularly well researched areas (e.g., review by Chirife and
Iglesias, 1978). The most well known models are the Langmuir (Langmuir, 1918) and
the Brunauer–Emmett–Teller (BET) (Brunauer et al., 1938) models. Both are based
on surface adsorption phenomena and have physical interpretations of the material
coefficients. These models are widely used in chemistry and chemical engineering to e.g.
back-calculate equivalent internal surface area. Experimentally the moisture sorption
isotherms for cellulosic materials are observed to have sigmoidal shape, also called type
II isotherms. The sorption in wood (and in extension other cellulose based materials)
occurs by bulk sorption, since the water molecules can migrate into the cell wall bulk and
physically change the material by causing swelling. This effect limits the interpretation
of the coefficients in, e.g., the BET isotherm, as the theoretical background does not
comply with the observed physics of the situation.

In Table 2.3 some common isotherms adopted for cellulose based materials are
shown. In particular the GAB model generally gives a good fit for a large activity
range for paper-like materials. Although, a problem with the GAB model is that it
is not temperature dependent, thus to include this dependency additional heuristic
assumptions must be made.

Table 2.3: Common moisture sorption isotherm models for cellulose based materials. Herein a1–a4
denotes model parameters. Note that the temperature T = θ − 273.15 ◦C.

Name Isotherm model Reference

BET ω = a1a2aw
(1−aw)(1+a1aw−aw) Brunauer et al. (1938)

GAB ω = a1a2a3aw
(1−a2aw)(1−a2aw+a2a3aw) Anderson and McCarthy (1966)

HH ω = 1800
a1

(
a2aw

1−a2aw + a2a3aw
1+a2a3aw

)
Hailwood and Horrobin (1946)

Heikkilä aw = 1− exp
(
a1ω

a2 + a3ω
a4T

)
Heikkilä (1993)

Anderson aw = exp
{
−
(
a1 + a2θ

)
exp

[
− (a3 + a4θ)ω]

]}
Anderson (1946)

The presence of the fiber with affinity to water in a humid environment will lower the
equilibrium vapor pressure. This arises physically because the fiber components lowers
the energy by interaction with the water vapor. Therefore the nature of adsorption
requires it to be an exothermic reaction i.e., heat is released when adsorption takes
place. Conversely, heat must be supplied for the reverse, so-called desorption, to occur.

Thermodynamically, the sorption isotherm is coupled to the net isosteric heat of
sorption (Lsorp). The net isosteric heat of sorption refers to the additional heat above
the latent heat of condensation that is released upon sorption, thus the total heat
released is the sum of the two contributions. If there is no interaction the former will
be zero and hence the process is energetically equivalent to condensation. In classical
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thermodynamics this coupling is approximated by the Clausius–Clapeyron relation

Lsorp ≈
Rθ2

Mgv

∂ ln(aw)

∂θ

∣∣∣
psb

, (2.5)

where the fixation of interaction pressure psb often is assumed equivalent to holding the
fiber moisture ratio ω fixed i.e., psb is assumed to have negligible temperature depen-
dence. Equation (2.5) reveals a relationship between the heat release due to sorption
and the temperature dependency of the sorption isotherm.

Leuk et al. (2016) performed calorimetric measurements and investigated the cal-
culated sorption heat based on different isotherms. In their work they investigated
different single-temperature sorption isotherm functions, such as BET and GAB, as
well as multi-temperature isotherms like Anderson (1946) and Heikkilä (1993), with
the objective to evaluate the sorption heat derived from these models. They noted
that generally the GAB gives a very good fit but that it intrinsically does not have a
temperature dependence. They measured at temperatures 25, 50, 60 and 80 ◦C and
found from individual fitting that the GAB was supperior for the isotherm but it over-
predicted the heat of sorption. From their study the Heikkelä and the Anderson models
performed well up to about 80% RH for the isotherm but underpredicted moisture at
higher RH. It was conjectured that the net isosteric heat of sorption should roughly
exponentially decay with a finite maximum value close to zero moisture ratio. None
of the models behaved this way, but the Heikkelä isotherm performed best in this re-
gard, which was also the conclusion of Petterson and Stenström (2000). Both these
investigations found that, although experimental fits at a constant temperature can be
exceptional, the consequential sorption heat may be unphysical.

According to Leuk et al. (2016) and Petterson and Stenström (2000) the sorption
heat is expected to decrease with moisture ratio for any given temperature and for a
specific moisture the sorption heat should be lower at a higher temperature. Due to the
nature of the physical interactions of the material, it was pointed out that removal of the
last fiber water should correspond to the energy level required to break hydrogen bonds,
which is in the order of 1100–1700 kJ/kg for water at room temperature. Data for the
net isosteric heat of sorption of cellulose materials can be found in, e.g., Leuk et al.
(2016); Cleland et al. (2007); Stamm and Loughborough (1935); Rhim and Lee (2009).
A typical sigmoidal shape of the moisture sorption isotherm and the corresponding net
isosteric heat are shown in Figure 2.2.

In Paper A, a double exponential model is adopted (Chirife and Iglesias, 1978), which
provided satisfactory descriptions of both the sorption isotherm and the net isosteric
heat. However, an artefact of this two-parameter model is that the isotherm function
does not intercept the origin.

In Paper B, the Heikkilä type isotherm (Heikkilä, 1993) is used and it also pro-
vided appropriate values for the isosteric heat. The Heikkilä isotherm is a bit more
cumbersome to work with as it does not have an analytical inverse, which means that,
given a moisture, it is straightforward to calculate the activity, but the reverse require
numerical root finding. From a numerical point of view this is expensive when activity
(chemical potential) is used as the independent variable.

Temperature effects were disregarded in the models presented in Paper C and Pa-
per D. Consequently any fitted function which provided the moisture as a function of
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Figure 2.2: Moisture sorption isotherm adopted in Paper A for unbleached kraft paper with the
corresponding model prediction for the net isosteric heat of sorption. Experimental data for the isosteric
heat for kraft linerboard from Cleland et al. (2007).

activity was feasible. As data with pre-fitted polynomial curves was available these
were adopted. An issue in Paper C and Paper D was that data was missing in the
over-hygroscopic range, thus in order to model the full sorption isotherm extrapolation
up to the fiber saturation point was necessary. In Paper C and Paper D, the sorption
isotherm is described as a two-part function, with a low moisture and high moisture
regime.

In Paper E, a similar multi-part model for the sorption isotherm is adopted, with
the low moisture regime described using a GAB isotherm extended to explicitly account
for temperature as proposed by Cleland et al. (2007). The resulting isotherm behaved
well in the large temperature interval considered.

2.1.3 Mass exchange and sorption kinetics

The adsorption of water, discussed in the previous section, is an example of a mass ex-
change reaction that occur inside of the pore space of wood and products made thereof.
The adsoption transfers water molecules from the vapor to the fiber wall substance
and consequently changes the physical properties of the material. Cellulose materials
readily interacts with liquid water as well, however the kinetics of liquid absorption
is significantly faster than adsorption from vapor (Christensen, 1967). The process
of transferring mass between components of a porous media is an important ingredi-
ent when aiming to understand the macroscopic response of the material. Inherently
the details of the internal mass exchange of heterogeneous material are missed for ap-
proaches that homogenizes the whole system into a single-phase continuum. In many
models the mass exchange process within the material is assumed to be instantaneous
hence the dynamics of mass exchange is omitted. This can be justified for situations
where other processes are considerably slower (Baggerud, 2004; Karlsson and Stenström,
2005a; Zapata et al., 2013).

Leisen et al. (2002) showed with help of magnetic resonance imaging (MRI) that
effectively three different mechanisms are active when moisture is sorbed from vapor in
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paper materials, namely, fiber diffusion, vapor diffusion and mass exchange (adsorption).
In their experiment it was found that moisture was sorbed throughout the whole domain
rather than a moisture front penetrating from the boundaries. Since the MRI only
contrasted the fiber water it is a strong indication of the existence of non-equilibrium
sorption in the experiments. They proposed to model the adsorption rate driven by the
difference between the moisture ratio and the corresponding equilibrium value (based on
the sorption isotherm) using a constant kinetic coefficient. Foss et al. (2003) suggested
that the mass transfer rate could be described by the same type of driving force, but
specified the kinetic coefficient to scale with the interface area and porosity.

It has been observed by several authors (e.g., Ramarao et al., 2003; Wadsö, 1994)
that moisture transport in cellulose based materials exhibits a non-Fickian behavior.
This indicate that local chemical equilibrium does not prevail. To capture this kind
of behavior multiple mechanisms would be necessary to consider. It was shown by
Ramarao et al. (2003) that only in the special limiting cases could a single moisture
transport parameter be justified. One aspect of the non-Fickian behavior is that the
equilibration times was considerably longer for smaller steps in humidity compared to
large ones when the final moisture contents where identical (Wadsö, 1994). To incor-
porate this phenomenon Frandsen et al. (2007); Hozjan and Svensson (2011) proposed
non-linear sorption kinetic models for wood with vapor pressure as the driving force
for mass exchange. The basic properties of the vapor sorption exchange reaction in
cellulose materials was suggested to be 1) time to equilibrium increase with increasing
initial moisture content for similar steps in the relative humidity φ, 2) desorption rate
decrease with increasing initial moisture, 3) smaller steps in φ to the same final state
takes longer to reach equilibrium (Christensen, 1967; Wadsö, 1994; Frandsen et al.,
2007).

It is highlighted by several authors that the swelling pressure is important to explain
the sorption kinetics (Newns, 1956; Krabbenhoft and Damkilde, 2004; Engelund et al.,
2013). The swelling pressure (Π) in the fiber in an ambient relative humidity (φ) is
given by

Π = −ρl
Rθ

Mgv

ln
(aw
φ

)
. (2.6)

Christensen (1959) found that the equilibrium half-time was inversely proportional to
the maximum swelling pressure for a change in ambient conditions i.e., smaller steps
yield longer equilibration times. The swelling pressure is proportional to the chemical
potential difference, thus the generic description of the sorption process in terms of
chemical potentials tacitly incorporate a swelling pressure dependency. A mass exchange
interaction driven by the chemical potential difference turns out to possess the properties
listed above.

Noticeably the sorption of water from a liquid phase is significantly faster than from
vapor, often by several orders of magnitude. In Christensen (1967) it is reported that
the reciprocal equilibrium half-time (1/t0.5 where t0.5 is the time for the system to sorb
half of the moisture between its initial and final equilibrium state) for sorption in klinki
pine with the ratio of initial to final relative humidity φ0/φf = 0.9 was 3 × 10−5 s−1

from vapor, and 5× 10−3 s−1 from liquid (note φf = 1 for liquid). The study looked at
the swelling, defined as water uptake, and found that the initial penetration and filling

22



of capillaries was followed by a second stage of molecular migration into the solid, said
to be determined by the rate of molecular re-orientation.

Table 2.4 lists different approaches to modelling of the dynamic adsorption/desorption
reaction in cellulosic materials. Most published work have adopted models where the
rate is proportional to the difference in e.g. pressure, moisture ratio or chemical poten-
tial.

Table 2.4: Models for non-equilibrium mass exchange between water vapor and cellulose fibers. The
values peqgv and ωeq correspond to values at equilibrium, i.e., on the sorption isotherm.

Model Reference

m̂s:g =
{
a1 exp

[
− a2

(
2− peqgv

pgv

)a3]
+ a4

}
· (peqgv − pgv ), peqgv > pgv Frandsen et al. (2007)

m̂s:g = a1 · (ω − ωeq) Leisen et al. (2002)

m̂s:g = a1 · (µb − µgv ) = a1
Rθ
Mgv

ln
(
awp

sat
gv

pgv

)
Paper A and Paper B

m̂s:g = a1(ω, S) · (µsw − µgv ) Paper C and Paper D

m̂s:g = a1(θ, ω, S) · (µsw − µgv ) Paper E

In this work the mass exchange is assumed to be driven by the difference in chemical
potential. In Paper A and Paper B the kinetic coefficient for adsorption/desorption is
assumed constant, and calculated from the data shown in Figure 2.3.
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Figure 2.3: Dynamic adsorption at T = 23 ◦C for a step in ambient relative humidity from 50% to
89%, adapted from Paper A.

Paper C, Paper D and Paper E incorporates the experimental data by Askfelt and
Ristinmaa (2017a) for moisture desorption of paperboard as function of moisture and
temperature to account for moisture and temperature dependency of the sorption in-
teraction not captured by the chemical potentials. Scaling for the available contact
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area is also considered in Paper C to Paper E, hence the kinetic coefficient is modelled
dependent on the inter-fiber saturation.

2.1.4 Swelling, dimensional stability and mechanical response

The primary component of wood and paper-like materials is the cellulose fiber, thus
the macroscopic response of these materials are related to the intrinsic properties of
the fiber cell wall. Swelling of the fiber is one such property that impact the structure,
dimensions and strength of the material. In physical chemistry swelling refers to the
amount of a liquid absorbed by a material. However, in other context it can refer to
the increase in volume consequential to the interaction. The swelling behavior depends
on the chemical composition of the pulp, where an important factor is the availability
of hydroxyl groups (Alava and Niskanen, 2006).

The mixture of water and cell wall polymers (i.e., cellulose, hemicellulose and lignin)
may be considered as a gel, which has properties different from its constituents (Barkas,
1949). The volume of the gel aggregate changes with the amount of water and the sim-
plest and most common assumption is to equate it to the volume of water added. This
assumption is well justified for solid gels at moderate to high moisture contents. At
lower moisture contents, the volume change by sorption is less than the water vol-
ume, an effect that is termed sorption compression (Barkas, 1949). The origin of this
phenomenon is the large attraction forces between the water and the gel.

The uptake of water by individual fibers cause anisotropic swelling with larger
swelling of the fiber radially (Bosco, Bastawrous, Peerlings, Hoefnagels, Geers et al.,
2015; Joffre et al., 2016), as compared to the longitudinal direction. The behavior of
the single fiber propagates through the fiber network to produce the macroscopic hy-
groexpansive response of the paper material. Bonding between the fibers cause localized
micro-stresses due to the interaction of the mechanical and hygroexpansive properties
(Larsson and Wågberg, 2008). The combined effect of the fiber orientation, intrinsic
fiber swelling and fiber bonds generally produces anisotropic hygroexpansive strains
on macroscale, where the out-of-plane strain is the largest and the machine direction
strain is the smallest (Uesaka et al., 1992; Bosco, Peerlings and Geers, 2015). There are
numerous experimental and modelling publications that deal with the dimensional sta-
bility of paper as it may significantly influence the end-use performance, as well as the
runnability during printing and converting operations (e.g., Baggerud, 2004; Uesaka,
1994; Bosco, Peerlings and Geers, 2015). Ek et al. (2009) presents data for in-plane
hygroexpansion coefficients for various papers with values between 4–12% strain per
unit moisture ratio (kg water per kg dry mass). They highlight that the drying con-
ditions greatly influence the hygroexpasion upon rewetting. Additionally the refining
and beating also have some influence. The anisotropic fiber structure of paperboard
makes the orientation of the fibers an important factor determining the hygroexpansiv-
ity response. The degree of anisotropy between the in-plane and out-of-plane directions
often varies in order of magnitude for commercial paper grades.

The description of the mechanics of paper-like material has been addressed in two
distinct ways in the scientific literature. There are models that directly describe the
network of fibers and those that use a homogenized approach employing continuum
theory. The network models generally work from the microscale, by considering discrete
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fibers and their bonding and interactions to investigate the mechanical response of the
paper. Such models are typically based on stochastically generated networks. Examples
of works that describe paper mechanics in this way include Ostoja-Starzewski and Stahl
(2000); Strömbro and Gudmundson (2008); Kulachenko and Uesaka (2012).

Contrary, the continuum theories deal with averaged properties and modelling con-
cepts that incorporate effective properties that are calibrated to macroscopic exper-
iments. Continuum based elasto-plastic modelling has been shown to capture the
macroscopic material behavior of paper and paperboard quite well (Xia et al., 2002;
Harrysson and Ristinmaa, 2008; Borgqvist, 2016). The paperboard model proposed by
Borgqvist (2016) was developed with the aim to predict elasto-plastic material behavior
during creasing and folding operations. The thermodynamically consistent nature of
this model made it suitable for the mixture theory approach described in this thesis.

The strength and stiffness of fibers and fiber bonds are strongly impacted by mois-
ture. As a natural consequence the integrity and cohesion of the fiber network suffers
degradation in mechanical properties upon swelling. Linvill (2017) developed a model
for the 3D forming process of paper and paperboard. Therein it is recognized that the
impact of moisture and temperature on the constitutive behavior is central to consider
for the 3D forming process. In Linvill and Östlund (2014) measurements of the elastic
modulus of paper in ranges of moisture content 6.9–13.8% and temperatures 23–168
◦C were made. They adopted an exponential model to describe the stiffness reduction,
similar to the H-bond theory (Nissan, 1976). In the H-bond theory it is suggested that
freezing bound water does not significantly effect the stiffness, which indicates that the
moisture sensitivity of the stiffness should be lower at higher moisture ratios, an effect
not captured by a linear model adequate in the low moisture regime (Land, 2005). Ex-
perimental investigations of the stress–strain behavior of dry paper by Salmén and Back
(1978) support the use of Nissan’s theory (Nissan, 1976) to describe the temperature
sensitivity of the elastic properties. The temperature and moisture dependent elastic
modulus in accordance with this theory is described in Linvill and Östlund (2014) and
adopted in this work,

ln
(E
a1

)
= a2 − a3

ω

1 + ω
,

∂ ln(E)

∂T
= a4, (2.7)

where E denotes Young’s modulus. The theoretical models from Paper B and onward
considers the material to be deformable. In the model presented in Paper B a way
to incorporate elasto-plasticity into the framework is proposed, however simulation of
plastic response is not pursued. In the models proposed in Paper C, Paper D and
Paper E the swelling and elasticity are accounted for. Two different effects, namely
deformation of the sheet material and change in fiber volume, are associated to swelling
interactions. The former is modelled with the swelling part of the deformation gradient,

F ωss =
∑

i

Λωi ei ⊗ ei, i = {MD,CD,ZD},

Λωi = 1 + αi(ω − ω0),

(2.8)

where αi is the linear hygroexpansion coefficient and ei denotes the unit base vector in
material direction i. The volumetric swelling of the fibers are incorporated via consti-
tution of the fiber density ρss , see details in Section 3.2.2. The simulation conditions
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considered in Paper C did not necessitate the specification of the elastic properties
whereas in Paper D the elastic properties for paperboard are modelled using the elastic
part of the material model proposed by Borgqvist et al. (2015).

In Paper E the effect of the moisture and temperature on the elastic properties is
considered. The reduction of the elastic moduli is modelled based on (2.7) assuming
uncoupled moisture and temperature dependencies. Figure 2.4 illustrates the elastic
behavior implemented in Paper E. The out-of-plane stiffness was approximated using
EZD = 6.8× 10−3 · √EMDECD.
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Figure 2.4: Moisture and temperature dependent in-plane Young’s moduli adapted in Paper E.
Stiffness based on Borgqvist (2016) and the moisture and temperature sensitivities taken from Linvill
and Östlund (2016).

2.1.5 Saturation, pore size distribution and hydrophobicity

From a comparison of the mass of a water-soaked, and the corresponding dry, porous
cellulosic material, it is evident that the moisture content of the water-soaked sample
surpasses the fiber saturation point. The excess water must therefore be retained in
the inter-fiber pore space. The water retention capacity of a paper is not an intrinsic
property of the fibers but rather related to the pore structure of the fiber network (e.g.,
connectivity, size and distribution of pores) and the surface chemistry.

The amount of inter-fiber water held in a specimen can be quantified by a measure
of the fraction of inter-fiber pore space occupied by the liquid, i.e. the macroscopic de-
gree of liquid saturation S. In engineering an empiric relationship between macroscopic
capillary pressure (pressure difference between non-wetting phase and wetting phase)
and saturation is typically used to characterize the fiber network interaction with the
inter-fiber water. Moreover, such relation generally also exhibits hysteresis. The mech-
anisms proposed for the hysteresis in the inter-fiber water are ink-bottle effects or pore
blocking effects (cf. Fredriksson, 2019, and references therein). These are distinctly

26



different mechanisms from those proposed to explain the moisture sorption hysteresis
of the cell wall (Engelund et al., 2013).

The use of Young–Laplace equation is widespread when dealing with capillary pres-
sures and porous media. The equation describes the pressure equilibrium across an
interface meniscus sustained by surface tension. For a general shape of the interface the
equilibrium is described as

∆p = γ̄lg∇ · n̄, (2.9)

where ∆p is the pressure difference across the interface, γ̄lg is the surface tension for the
liquid–gas interface and n̄ is the surface normal. However, the complexity of natural
pore structures renders the general format difficult to use. In particular it is common to
assume that the complex pore space can be approximated by a distribution of equivalent
representative radii and a single contact angle. The pressure equilibrium across an
interface meniscus of a cylindrical pore takes the form,

∆p =
2γ̄lg cos(θc)

r
, (2.10)

where θc is the interface contact angle and r is the pore radius. It should be noted that
these equations hold on the microscale, just at the interface.

On microscale the contact angle θc between the liquid–gas interface and the liquid–
solid interface determines if the pore is characterized as hydrophilic (θc < 90◦) or
hydrophobic (θc > 90◦). The natural surfaces of cellulose fibers are hydrophilic, hence
a network of such fibers will readily absorb water into its inter-fiber pore space. To
change the surface properties of cellulose fibers and prevent rapid liquid absorption,
papers may be internally sized (e.g., by addition of sizing chemicals such as AKD or
ASA). The sizing compound spread and interact with the fiber in the manufacturing
process, which result in internal hydrophobic surfaces of the network. Contact angle
measurements was carried out using optical measurements on droplets on paper surfaces
in the works of Modaressi and Garnier (2002) and von Bahr et al. (2004). The reported
pseudo-equilibrium contact angles for various AKD hydrophobization was in the range
83◦ < θc < 110◦ (Modaressi and Garnier, 2002) and θc ≈ 110◦ for an advancing contact
angle (von Bahr et al., 2004).

The capillary pressure–saturation relation is temperature dependent as a conse-
quence of the influence of temperature on interface tensions. Already in the 1950s
Philip and de Vries (1957) suggested the influence of temperature on the empirical rela-
tionship between capillary pressure and saturation, used in hydrology and soil science,
could be modelled by accounting for the change in interfacial tension with tempera-
ture. However, as was pointed out by Grant and Salehzadeh (1996) and She and Sleep
(1998) this type of assumption has consistently failed to capture the total tempera-
ture induced changes of the capillary pressure function. They therefore proposed to
incorporate temperature dependence of the wetting coefficient (cos(θc)) and relate it to
the heat of wetting. Petke and Ray (1969) investigated the contact angles of various
liquids on polymeric solids and found temperature sensitivity of the contact angles in
the interval [−0.2, 0.2] deg/K.

As the retention of liquid in a networks of cellulose depends on the pore structure,
the pore size distribution is an important ingredient in understanding the interaction
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of the network structure with water. The pore size distribution can be inferred from
experiments by, for instance, mercury intrusion porosimetry measurements or image
analysis (cf. Aslannejad and Hassanizadeh, 2017; Johnson et al., 2015; Reardon, 1994;
Ramaswamy and Ramarao, 2004). Ramaswamy and Ramarao (2004) obtained a poros-
ity distribution for bleached softwood kraft fibers and found the significant part of the
inter-fiber porosity in the range 2–20 µm equivalent pore radius, with a mode around
r = 10 µm. From the literature survey by Reardon et al. (1999) it was concluded
that a unimodal two-parameter distribution was sufficient for modelling pore frequency
distribution in paper and paperboard. Reardon (1994) proposed the use of the beta
distribution to capture the general features of the pore size distribution in paper mate-
rials. In the work of Weineisen and Stenström (2007) the experimental data by Tietz
(1992) on low basis weight tissue paper was described using another two-parameter
unimodal distribution, namely, a log-normal distribution. Based on image analysis of
µCT scans Aslannejad and Hassanizadeh (2017) and Johnson et al. (2015), respectively,
obtained the pore volume distribution of printing paper and pore frequency distribution
of multi-ply paperboard for liquid packaging. Both studies found that the majority of
the inter-fiber porosity was observed below r = 25 µm.

In Paper D, the inter-fiber water saturation was modelled as a function of the chemi-
cal potential of the pore liquid, which was related to the surface interactions via Young–
Laplace equation assuming a parallel pore bundle model with an independent distribu-
tion of contact angles. To derive the saturation relation in Paper D, data from Johnson
et al. (2015) was fitted with a beta distribution function, see Figure 2.5.

The model presented in Paper E generalized the model proposed in Paper D by
incorporating temperature dependence of the contact angle, as well as, accounting for
the temperature dependency of the surface tension of water.
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Figure 2.5: Pore size distribution for paperboard (Johnson et al., 2015) modelled using the beta
distribution adopted in Paper D.
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2.2 Transport mechanisms in cellulose fiber compos-
ites

In a porous network of hygroscopic fibers, transport of mass can occur by several mech-
anisms. The hygroscopicity allow for water to migrate through the fibers and across
fiber bonds. Simultaneously liquid can propagate through the tortuous inter-fiber pore
space, in addition to bulk and diffusive mechanisms for gas transport.

For toilet paper, the capacity to rapidly absorb water is a key property. For printing
paper, controlled spreading of the ink and fast drying is critical for a good quality. In
packaging materials for liquid foods, the ability to repel liquid water in order to maintain
package integrity is central to its performance. In all these cases the transport properties
are fundamentally different, and understanding them are of utmost importance to each
process. In the next sections transport mechanisms in paper materials will be addressed
and the associated material properties discussed.

2.2.1 Water vapor diffusion

The common approach in porous media research regarding vapor diffusion is to use an
effective diffusion coefficient with some conjugated driving force, which vary depending
on the model. The effective diffusion coefficient is related to the innate properties
of molecular diffusion of water vapor in air and structural/topological factors of the
media in which it is diffusing. The concept of an effective coefficient is a macroscopic
construction and such property can therefore not be defined on microscale. From a
modelling perspective the notion of a Fickian coefficient related directly to properties
of the water vapor–air system is convenient as it gives a theoretical upper bound and a
narrow range of possible values. Grathwohl (1998) proposed a general model for porous
media diffusion, here stated for vapor as

Deff
v =

Df
vϕδ

τ
, (2.11)

where Df
v is the binary diffusion coefficient of water vapor in air, ϕ is the porosity, δ is

the constriction factor, and τ is the tortuosity factor. The tortuosity is defined as the
ratio of the actual length of a path to the shortest distance between the end points. In
porous materials, such as paper and paperboard, the inter-fiber connected pore space
can be expected to be highly tortuous (Ramaswamy and Ramarao, 2004). Akanni and
Evans (1987) investigated effective transport coefficients in heterogeneous materials and
proposed that the effective diffusion could be expressed as:

Deff
v

Df
v

= f(structural parameter). (2.12)

Other more lumped approaches have been used on wood (cf. Stanish, 1986) where the
effective diffusion coefficient is scaled by a single factor αa called the attenuation factor
to account for hindrance of diffusion by the structure i.e., Deff

v = αaD
f
v . Stanish

(1986) reported best fit for an attenuation factor, for vapor diffusivity in wood, at αa =
1.6× 10−3 where use was made of a two pathway transport model. This corresponded
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to flow out-of-plane, and it is noted that in general the tortuosity is anisotropic for
fibrous materials. Reardon et al. (1999) modelled multiphase flow in paper drying
applications. Therein the effective diffusivity of paper was modelled in a similar way
as in the work of Stanish (1986). However, the attenuation factor was described as a
function of saturation and porosity as αa = 0.4ϕ(1− S).

Ramaswamy and Ramarao (2004) investigated the structure of paper and paper-
board using X-ray tomography for 300 g/m2 handsheets and proposed an exponential
function for the porosity dependency of the tortuosity factor. Gupta and Chatterjee
(2003b) adopted an effective water vapor diffusion coefficient of Deff

v = 5.24 × 10−7

m2/s for 230 g/m2 BKP, which correspond to a tortuosity of τ ≈ 28. In the work of
Zapata et al. (2013) on printing paper the effective vapor diffusivity was reported for
in-plane and out-of-plane as 1.5× 10−5 m2/s and 3× 10−6 m2/s, respectively.

The temperature and pressure dependence of the binary diffusivity of water vapor
in air can be modelled as (Massman, 1998)

Df
v (θ, pg) = Df,0

v

p0g
pg

( θ
θ0

)a1
, (2.13)

which is a good approximation to the kinetic theory of gases and the Chapman–Enskog
theory (Bird et al., 2006). The superscript (•)0 denotes the reference state. In the
review by Massman (1998) the binary coefficients for the gases was characterized by
equation (2.13) where a1 was used as a fitting parameter to account for the strength
of the temperature dependency. For the water vapor–air system an absolute error of
7% was obtained fitting a number of experiments with the coefficient a1 = 1.81 and
Df,0
v = 2.18×10−5 m2/s. A similar model structure (i.e., (θ/θ0)a1) for the temperature

dependence has been used in several other works that focuses on applications, e.g.,
a1 = 1.75 (Stanish, 1986), a1 = 1.5 (Reardon et al., 1999), and a1 = 1.667 (Dal Pont
et al., 2011; Askfelt and Ristinmaa, 2017b).

Nilsson and Stenström (1995) discussed the gas diffusion through fibrous sheets and
developed a model based on an idealized microstructure and compared it to experimen-
tal data. From their study one can deduce that the factor corresponding to ϕ/τ (cf.
(2.11)) ranges from 0.2 to 0.04 in the porosity range 0.7 to 0.4. For very high poros-
ity materials (about 90% porosity) in through-plane drying Weineisen and Stenström
(2008) found tortuosity values (out-of-plane) in the range 1.03–1.515. Hägglund et al.
(1999) performed transient measurements of water sorption to determine the effective
vapor diffusion coefficient. Several sheets with different grammage with experimental
data for transient responses to change in ambient humidity were measured. The results
were used to fit the three parameters in their model; one of which was the effective
vapor diffusion coefficient, found to be 2.95 × 10−8 m2/s in ZD. In Table 2.5 results
from some studies on effective vapor diffusivity in cellulose based materials are shown.
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Table 2.5: Expermimental results and models for the effective water vapor diffusivity in various
cellulose materials reported in the literature.

Material Effective vapor diffusivity (m2/s) Reference

Newsprint (ZD) 6.45× 10−6(1− S) Reardon et al. (1999)

Bleached kraft paperboard (ZD) 5.24× 10−7 Gupta and Chatterjee (2003a)

Wood 1.6× 10−3Df,0
v

(
θ

273.15

)1.75(
101325
pg

)
Stanish (1986)

Paper (ZD) Df,0
v · 10(0.475·log(K

eff
g ·1015)−2.28) Baggerud (2004)

Printing paper (ZD) 3× 10−6 Zapata et al. (2013)

Printing paper (in-plane) 1.5× 10−5 Zapata et al. (2013)

Bleached kraft softwood handsheet (ZD) 1.5× 10−6 Massoquete et al. (2005)

Bleached kraft paperboard (ZD) 6.3× 10−7 Bandyopadhyay et al. (2000)

It is assumed that the constriction factor can be approximated with the gas vol-
ume fraction ng and that the tortuosity factor τi (i = MD,CD,ZD) has directional
dependency and is a function of porosity. Thus the full vapor diffusion tensor can be
modelled as

Deff
v = ngD

f
v

∑

i

1

τi
ei ⊗ ei, i = {MD,CD,ZD}. (2.14)

The Fickian vapor diffusivity used in Paper A was assumed to be constant for the
narrow temperature and pressure range considered. The temperature dependency on
the effective vapor diffusivity found in the model presented in Paper A is a consequence
of the transformation to the chemical potential as the driving potential.

In the model presented in Paper D the vapor diffusion coefficient in air was taken at
room temperature and standard pressure, thus Df

v = 2.58 × 10−5 m2/s. The effective
Fickian vapor diffusion tensor Deff

v was modelled according to (2.14) where the tortu-
osity function was described as an exponential function of the porosity with different
coefficients for the different material directions (Ramaswamy and Ramarao, 2004). The
same model concept was adapted in Paper E with the extension to account for the
temperature and pressure dependence of the parameter Df

v according to (2.13) with
a1 = 1.81 (Massman, 1998).

2.2.2 Fiber water diffusion

Water that has been associated with the fiber cell walls via absorption or adsorption
can migrate in the cellulose structure. Whether the transport is of molecular nature or
of any other nature is not completely understood, but is consistently referred to as a
diffusion process in the literature.

The fiber water diffusive mechanism corresponds to the moisture migration through
the tortuous network of fibers. In other works, this effect has been referred to by various
different names such as, e.g., moisture diffusion (Ramarao et al., 2003), bound water
diffusion (Gupta and Chatterjee, 2003a; Wadsö, 1988) and liquid diffusion (not to be
confused with capillary transport) (Baggerud, 2004). A range of different driving forces
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has been proposed. The most common one being the gradient in dry base moisture
content (moisture ratio). However, vapor content (tacitly assumes local equilibrium
with vapor) (Wadsö, 1988) and chemical potential (Anoua et al., 2014) are also used.

The diffusion of water through the fibers occurs simultaneously with water vapor
diffusion and mass exchange. Therefore these mechanisms are often lumped together
to describe an effective moisture transport, which has been shown to be non-Fickian in
nature (Wadsö, 1994). Leisen et al. (2002) used MRI to track the water during an out-of-
plane transport process in beaten softwood kraft pulp and found that it was necessary to
include a non-equilibrium mass interaction as well as fiber phase diffusivity to describe
the observations. From random walk simulations of tracer substances through simulated
fiber structures Hellén et al. (2002) showed that the diffusion was apparently non-Fickan
when local non-equilibrium between fibers and pore vapor was considered.

In the study of moisture transport by Hashemi et al. (1997) it is found that the in-
plane diffusivity is significantly larger than out-of-plane diffusivity. Furthermore they re-
port that the diffusion coefficient is a strong function of moisture. Hashemi et al. (1997)
suggest that the moisture diffusivity is dependent on temperature, moisture content as
well as structural anisotropy. The experiment conducted by Hashemi et al. (1997) on
in-plane moisture transport included multiple mechanisms, e.g., the measurements at
high moisture ratios certainly included capillary water. The pronounced anisotropy be-
tween in-plane and out-of-plane directions was motivated by order of magnitude longer
diffusion paths for weakly consolidated paper, as compared to, predominant diffusion
along fibers. They point out that the apparent anisotropy cannot primarily be due to
vapor transport since the tortuosity of the vapor path is not sufficiently anisotropic to
explain this observation.

Li et al. (1992) used the pulsed gradient spin-echo method to obtain a two-part
diffusion coefficient for fiber networks. They claimed that one part was related to
the inter-fiber water transport and one represents the water transport in never-dried
bleached softwood kraft fibers. The experiment was carried out at high moisture ratios
with an independently measured FSP of ≈1.4 g/g. The intrinsic fiber diffusion coeffi-
cient was found to be in the range 1.6 × 10−10–4.9 × 10−10 m2/s which gives insight
into the water mobility in the near FSP regime.

Ramarao et al. (2003) discussed the fiber matrix diffusion explicitly, i.e., separated
from vapor diffusion and mass interaction. They separated the effects of intrinsic fiber
diffusion and the effects of tortuosity. Furthermore, they argued that the intrinsic
fiber diffusivity should be a strong function of moisture regardless of which model one
uses for the bonding of the water to the fibers. Several mechanisms for the moisture
dependency was proposed, including capillary tubes, free volume concepts and solution
theory for the cell wall. These concepts result in a upper limit for the diffusivity in the
high moisture region. Gupta and Chatterjee (2003a) proposed an exponential model
for fiber diffusivity based on the premise that the diffusivity represents the number
of pathways available for transport. Moreover, it was assumed that the increase in
pathways is proportional to the number of pathways, hence an exponential expression
was found.

Foss et al. (2003) studied drying of bleached kraft laboratory sheets where the out-
of-plane diffusivity was calculated indirectly. Their model was based on coupled mass
balances for water vapor and fiber water. In the derivation they argued the dominance
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of vapor transport in order to omit the fiber diffusion spatially, such that only vapor
boundary conditions where required. The differential equations was solved for a pseudo-
steady state approximation to obtain a parabolic moisture profile in the fiber cross-
section. Further, after linearising the sorption isotherm they got an expression for the
mass interaction coefficient based on pore diffusivity and radial fiber diffusivity. The
intrinsic fiber diffusivity was then fitted for the given pore diffusivity which resulted in
the constant value 3.8 × 10−14. The main assumption was that the mass interaction
was governed by the radial fiber diffusion into the cell wall.

Lin (1990) adopted a simple exponential function to incorporate the moisture de-
pendency of the diffusion coefficient of cellulosic materials, i.e.

Dω(ω) = Dω,0 exp (a1ω). (2.15)

The gradient in ω was proposed as the driving force for the flux. This approach is
solely based on the premise of a single diffusion representation with a non-linear dif-
fusion. Thus the approach is crude and does not capture the non-Fickian nature from
experimental observations, as was described by Ramarao et al. (2003). Structurally the
equation is identical to the one presented by Gupta and Chatterjee (2003a), however,
in their work it represent only the fiber diffusion whereas in the works by Lin (1990,
1991) it correspond to the total transport. The values for Dω,0 and a1 was found to
be 2.616 × 10−10 m2/s and 0.5, respectively, for kraft paper. In the work of Anoua
et al. (2014) the radial diffusivity of wood was calculated by radially draining a piece of
wood in a humidity controlled chamber. Therein a model based on a chemical potential
gradient and assumed local equilibrium was used to deduce a single diffusion coefficient
as a function of moisture content in the low moisture region. Table 2.6 summarizes
(selected) models and experimental measurements of the fiber water diffusivity that
has been reported the literature.

Table 2.6: Reported values for moisture diffusivity.

Material Moisture diffusivity (m2/s) Reference

Standard kraft handsheet (in-plane) 2.95× 10−6 exp(−0.505/ω) Hashemi et al. (1997)

Newsprint (ZD) 3.89× 10−12 Amiri et al. (2002)

Newsprint (in-plane) 9.44× 10−12 Amiri et al. (2002)

Bleached kraft paper (intrinsic) 3.8× 10−14 Foss et al. (2003)

Bleached kraft paperboard (ZD) 3.821× 10−12 exp(398ω/18.02) Gupta and Chatterjee (2003a)

Kraft paper (in-plane) 2.616× 10−10 exp(0.5ω) Lin (1990)

Bleached kraft paperboard (ZD) 6.01× 10−13 exp(465.64ω/18.02) Bandypadhyay et al. (2002)

Bleached kraft pulp (ZD) 1× 10−9(1− exp(−174ω3.7)) Baggerud (2004)

Kraft pulp (intrinsic) 4.9× 10−10 Li et al. (1992)

The temperature dependence on the fiber diffusion coefficient is often not clearly dis-
tinct from the inter-fiber water transport when studies are carried out at high moisture
ratio. When dealing with diffusive mechanisms in solids the Arrhenius type tempera-
ture dependence is widely used. Assuming the tortuosity or the number of fiber–fiber
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contacts does not change to any large extent it is reasonable to assume that the tem-
perature dependence of the fiber diffusion can be related to the enhanced migration
rates of molecules through or across the fiber walls. In the scientific literature the Ar-
rhenius equation has been investigated with respect to effective moisture migration and
to bound water diffusion for wood and cellulose.

Lin (1991) investigated moisture transport in oil-free and oil-soaked kraft paper
by assuming a single diffusive mechanism. The author extended the total diffusion
coefficient to account for temperature as

Dω(ω, θ) = Dω,0 exp(a1ω) exp
(Ea
R

[ 1

θ0
− 1

θ

])
, (2.16)

where experimentally a linear equation of the logarithm of the diffusion coefficient
and the reciprocal temperature was found, suggesting an Arrhenius type temperature
dependence. The temperatures investigated ranged from room temperature up to 80
◦C. Lin (1991) did not separate the different transport pathways, i.e. the vapor and
mass exchange were lumped in the model. Moreover, since oil-soaked material was
considered it can be assumed that there was limited transport of vapor, hence the fiber
diffusion was the dominant mechanism for water migration.

Skaar and Siau (1981) investigated the moisture dependency of the activation en-
ergy Ea(ω). They found an approximately linear moisture dependency up to the fiber
saturation for wood. In the works Cloutier and Fortin (1993); Simpson (1993) and
Stanish (1986) an Arrhenius type scaling of the moisture diffusivity is employed. The
activation energy Ea is described in Cloutier and Fortin (1993) as a moisture dependent
quantity similar to the model proposed by Skaar and Siau (1981). The investigation
was carried out on aspen sapwood in both the tangential and radial direction using
desorption experiments. It was found that the water migration rate increased about
250% by changing the temperature from 20 ◦C to 50 ◦C. Activation energies for ω = 0.2
was reported radially and transversely as 52.84 and 33.44 kJ/mol, respectively. Table
2.7 shows reported activation energies in different published studies on wood and paper.

Table 2.7: Reported activation energies of moisture diffusion in wood and paper.

Material Activation energy Ea (kJ/mol) Reference

Kraft paper 67.20 Lin (1991)

Wood, fiber direction 50.19 Stamm (1959)

Wood, transverse (ω = 0.1) 35.55 Choong (1965)

Wood (ω = 0.02) 39.73 Skaar and Siau (1981)

Wood (ω = 0.28) 29.69 Skaar and Siau (1981)

Wood, aspen sapwood, radial (ω = 0.2) 52.84 Cloutier and Fortin (1993)

Wood, aspen sapwood, tangential (ω = 0.2) 33.44 Cloutier and Fortin (1993)

Wood (generic) 43.90 Simpson (1993); Stamm (1964)

Wood (ω = 0.1) 35.56 Stanish (1986); Stamm (1959)
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Fiber water diffusion was considered in the theoretic development in Paper C, how-
ever an implementation of the transport mechanism was not included until Paper D
where the evolution of diffusivity was simulated in conjunction with vapor sorption and
vapor diffusion. Therein the fiber water diffusivity was considered using a fitting func-
tion to the experimental data by Tufvesson, Eriksson and Lindström (2007), with the
functional form:

Dω
i (ω) = ai

{
a1

[
arctan

(
a4
ω − a3
a5 − a3

)
+
π

2

]
+ a2

}
, i = {MD,CD,ZD}. (2.17)

The generalization to account for temperature in Paper E was heuristically made by
scaling with an Arrhenius factor in the same manner as Lin (1991) with an assumed
activation energy of Ea = 67.2 kJ/mol.

2.2.3 Bulk fluid flow

One of the main differences between a homogeneous material and porous media is that
a porous material allows for transport of fluids through the pore space. Fluid motion
in porous media is important in a huge range of applications. In papermaking, the
dewatering of the material in the press section is possible because of transport of liquid
water through the pore structure of the paper. Additionally, bulk transport of gas
is prominent in the subsequent drying. Thus it is evident that fluid flows through the
inter-fiber pore space of cellulose based materials are important to consider. Principally
the pressure driven transport of fluid through a porous material can be investigated by
means of fluid mechanics on the microscale. For most applications it is difficult to assess
the microscale flow and instead macroscopic theories have emerged to warrant this.

For slow flows with low Reynolds numbers (Re ≤ 1) the measured flux is, with
good agreement, proportional to the pressure gradient. For 1D flow the original Darcy
equation can be adopted to describe the fluid transport through a porous material

Q = −K
pA

µ̃α

∆pα
th

, (2.18)

where Q is the volumetric flow rate, Kp is the permeability coefficient, A is the cross
section area of the sample exposed to flow, µ̃α is the dynamic viscosity of the fluid, ∆pα
is the fluid pressure difference and th the thickness of the material. The generalization
of (2.18) to multidimensional flow may be written as

vα = −K
p

µ̃α
·
(
∇(pα)− ραg

)
, (2.19)

and it is the most commonly used model in the porous media literature to describe
single-phase flow. Here vα is the fluid flow velocity, pα the fluid pressure, ρα the
fluid density and g is the gravitational acceleration. The permeability tensor Kp is
also called the intrinsic permeability tensor in the context of multiphase flow. It is a
material property related to the internal structure and is thus independent of the fluid
and sample size (Reardon et al., 1999).

Darcy’s law is valid under the assumption of slow, steady, incompressible flow and for
more complicated flow situations other models are used to describe the linear momentum
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transfer. This includes the Forchheimer correction to account for non-linear dependence
on the pressure gradient (Hassanizadeh and Gray, 1987; Joseph et al., 1982). In order
to capture rapid processes for compression on small time scales Askfelt and Ristinmaa
(2017b) adopted such correction to model transport of gas in paperboard.

The macroscopic permeability of fibrous materials is a well established and well re-
searched concept (e.g., Rudman and Patterson, 2001; Rasi, 2013). Rasi (2013) points
out that in general the permeability for fibrous materials is a strong function of the
porosity (and other structural properties), particularly when porosity is approaching
zero a dramatic decrease in permeability is seen. The impact of mechanical load on
the permeability was experimentally investigated by Rasi (2013) who proposed an ex-
ponential model to describes the intrinsic permeability as a function of the minimum
volume fraction of fibers (corresponding to the fiber volume fraction at bone-dry state).

A range of models exists that estimates the saturated (intrinsic) permeability for
materials based on structural idealizations where the most commonly employed theory
was proposed by Kozeny and Carman in the early 20th century (Kozeny, 1927; Car-
man, 1937). Reardon (1994) adopts this model and compare with experimental data
for paper utilizing a pore size distribution to obtain macroscopic average properties.
It was found that the Kozeny–Carman approach predicted permeabilities an order of
magnitude higher than what was observed from experiments. The conclusion was that
due to non-uniform pore size distribution, variable pore shapes, and the tortuosity ratio
for fibrous materials, the traditional theory falls short.

Analytical models for predicting permeability of pulp and paper was proposed by
Nilsson and Stenström (1997). In their work they used idealized geometries for fibers
and calculated permeability based on microscopic flow fields around arrays of cylinder-
shaped and band-shaped objects. They found that single-phase flow through handsheets
could be captured by a band-shaped fiber model with a cross-section aspect ratio of
about 3.5.

Due to the orientation of the fibers in papermaking the permeability tensor pos-
sesses orthotropic symmetry. Lindsay (1988) obtained approximately twice as high
permeability in-plane as compared to the out-of-plane, with permeability in MD larger
than that in CD. Therein phenomenological fitting functions for both in-plane and out-
of-plane permeabilities was proposed as simple exponential functions of porosity, i.e.
Kp = Kp,0 exp(a1ϕ), where a1 > 0. Experimental data on permeability for paper-
board used in the model by Askfelt and Ristinmaa (2017b) had almost two orders of
magnitude difference in permeability between MD and ZD, which is significantly larger
anisotropy than what was observed by Lindsay (1988). In Table 2.8 reported intrinsic
permeabilities for a range of paper materials are shown.

Simulations accounting for the bulk fluid flow are presented in Paper A, Paper D and
Paper E. The intrinsic permeability in these papers were described using a functional
form dependent on the porosity available for the fluid flow as

Kp
i = Kp,0

i

ϕai

1− ϕ, i = {MD,CD,ZD}, (2.20)

where Kp,0
i and ai are material parameters incorporating the anisotropy. The func-

tion fitted to the experimental data for kraft paperboard adopted from Askfelt and
Ristinmaa (2017b) is shown in Figure 2.6.
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Table 2.8: Models and measurements of intrinsic permeability of various cellulse based materials.

Material Intrinsic permeability (m2) Reference

Liner (ZD) 23× 10−15 Nilsson and Stenström (1997)

Cardboard (ZD) 7.2× 10−15 Nilsson and Stenström (1997)

Sulfite handsheet (ZD) 540× 10−15 Nilsson and Stenström (1997)

Newsprint (ZD) 4.9× 10−15 Reardon (1994)

Handsheets (ZD) 9.5× 10−15 Reardon et al. (1999)

Kraft paper (ZD) 11.6× 10−15 Reardon et al. (1999)

Linearboard handsheets (ZD) 7.327× 10−26 exp(34.861ϕ) Lindsay (1988)

Linearboard handsheets (in-plane) 1.397× 10−22 exp(25.589ϕ) Lindsay (1988)

Jute fiber mats (in-plane) 2.51× 10−10–4.816× 10−10 Masoodi (2010)

Kraft paperboard (MD, CD, ZD) K0
i
ϕai

1−ϕ Askfelt and Ristinmaa (2017b)

K0
MD = 1.05× 10−12, aMD = 2.4

K0
CD = 0.72× 10−12, aCD = 2.4

K0
ZD = 0.06× 10−12, aZD = 4
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Figure 2.6: The anistropic intrinsic permeability for kraft paperboard as a function of porosity,
adapted from Askfelt and Ristinmaa (2017b).

Note that due to the different modelling approach used in Paper A, as compared to
the latter papers, the gas volume fraction was used as the independent variable in the
permeability function instead of the porosity.
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2.2.4 Unsaturated liquid water transport

In contact with water, an untreated cellulose network will spontaneously absorb water
by capillary action due to the hydrophilic nature of the cellulose surfaces. The liquid
mass transport occurring inside the pore space of a porous material is referred to by
many names, e.g., filtration, seepage, or inter-fiber liquid flow. For most natural porous
media, the primary mechanism for transport of mass into an unsaturated porous media
is capillary transport. Therefore this process is often commonly denoted as capillary
flow in multiphase flow theory. The process is traditionally modelled as driven by a
pressure gradient, and in particular for capillary transport the driving pressure is the
capillary pressure.

Early attempts to model penetration of liquid water into paper-like materials adopted
the Lucas–Washburn analytical model (Lucas, 1918; Washburn, 1921). The Lucas–
Washburn equation describes capillary flow occurring in a parallel bundle of cylindrical
tubes and yield a penetration depth Ld proportional to the square root of time t. To ar-
rive at this equation Hagen–Poiseuille flow is assumed, with inertia and gravity omitted.
The equation may be written as (Masoodi and Pillai, 2010)

Ld =

√
γ̄lgr cos(θc)t

2µ̃l
. (2.21)

In many applications for non-swelling media the Lucas–Washburn equation has been
successful in predicting the water invasion. The simplicity of the model has really been
the key for its widespread use. In the case of a more complicated situation where the
material is simultaneously interacting with water, the model assumptions breaks down
and predictions for swelling materials have been observed to deviate from the propor-
tionality to t1/2 (Salminen, 1988; Bristow, 1971). Moreover, Salminen (1988) argues
that many processes are known to occur simultaneously as liquid capillary penetration,
such as: change in contact angle, diffusion, and swelling; none of which are accounted
for by the Lucas–Washburn equation. According to Roberts (2004) having fluid flow
proportional to t1/2 is not a sufficient argument for capillary flow as sole physical mech-
anism because sorption, vapor diffusion, surface diffusion, and fiber diffusion clearly has
a role too.

Since conventional wicking models, i.e. Darcy’s law and the Lucas–Washburn equa-
tion, does not account for swelling they are unable to adequately describe experimental
observations in paper-like materials (Masoodi and Pillai, 2010). In the work of Ma-
soodi and Pillai (2010) they enhance the traditional models with a sink term to account
for swelling by incorporating evolution of porosity. The authors also points out the
important advantage the Darcy based approach have over the Lucas–Washburn type
approach, that is, the latter describes only unidirectional wicking while the former can
be used in three-dimensional flow situations.

In multiphase flow modelling in porous media an extension of the classical Darcy’s
law can be made by introducing the relative permeability concept to encompass unsat-
urated flow situations. This means that the permeability tensor is decomposed into an
intrinsic and a relative permeability component (Couture et al., 1996),

vα = −K
pκα
µ̃α

·
(
∇(pα)− ραg

)
. (2.22)
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It is not well established how the relative permeability κα is influenced by the mi-
croscopic flow situation, however, it is commonly presented as a function of the fluid
saturation in the pores. Theoretically the relative permeability (κα) of any flowing com-
ponent is constrained by 0 ≤ κα ≤ 1. The intrinsic permeability tensor Kp represents
the structural information and is independent of the fluid.

Relative permeability is difficult to measure, partly because it exists in interacting
multiphase systems. Although, due to its relevance in soil and petroleum sciences, in
particular, extensive research aiming to find constitutive equations for it has been pub-
lished. The methods for estimating relative permeability was divided into two groups
by Couture et al. (1996): 1) those based on capillary pressure measurements and 2)
those using power laws of saturation. Couture et al. (1996) emphasized the difficulty
to quantify a relative permeability for systems consisting of water and its vapor, and
even more so in swelling solids such as wood.

Growing availability of computational power have enabled numerical experiments
on tomographic reconstructions, or computer generated microscale geometries, to be
used to obtain macroscopic representations of the response of an RVE to various flow
situations, e.g., Johnson et al. (2015); Aslannejad and Hassanizadeh (2017). In both
these works the relative permeability for the wetting phase (water) was found to be a
concave upward function of saturation. Johnson et al. (2015) modelled the relative liquid
permeability as κl = a1S

4 + (1− a1)S3 which was fitted to microscale flow simulations.
Robertson (1963) performed measurements on the relative liquid permeability for fiber
pads, i.e. unconsolidated pulp, and found a strong dependence on the air intrusion.
Solutions of Stokes flow on domains generated by X-ray tomography scans of uncoated
paper (Aslannejad and Hassanizadeh, 2017) and multi-ply paperboard (Johnson et al.,
2015), suggest significantly smaller sensitivity to air intrusion than what was observed
by Robertson (1963). Examples of relative permeability models for cellulose based
materials are shown in Table 2.9.

Table 2.9: Models for relative permeability in wood and paper reported in the literature.

Model Reference

κg = 1− S Reardon et al. (1999); Ramaswamy (1990)

κl = a1S
4 + (1− a1)S3 Johnson et al. (2015)

κl =
(
S−Sirr

1−Sirr

)a1
, κg =

(
1−S

1−Sirr

)a2
, S > Sirr Spolek and Plumb (1981); Couture et al. (1996)

κl = Sa1 , κg = (1− S)a2 Couture et al. (1996)

κl = Sa1
(

minS<s<1
|∂pc(s)/∂S|
∂pc(S)/∂S|

)
, 0 < a1 < 1 Couture et al. (1996)

The relative permeability is included in the simulations presented in Paper D and
Paper E. Relative liquid and gas permeability was modelled, respectively using a power
law format of S and 1−S which is a common way to describe two phase flow where both
phases are continuous at all points (Couture et al., 1996). Qualitatively the adapted
format approximates findings from the microscopic investigations by Johnson et al.
(2015) and Aslannejad and Hassanizadeh (2017).
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2.2.5 Heat transport

Under non-isothermal conditions heat will be transferred through any material. In a
porous media the transport of heat can occur by conduction, convection and radiation.
The conductive transport is associated with the heat transport under temperature gra-
dients whereas the convective transport occurs by movement of mass through the porous
material, i.e., by heat carried by inter-fiber fluid species. Thermal radiation takes place
from all matter above the absolute zero. however, the effect is strongly temperature
dependent and only significant for large temperature differences.

Transport of heat in cellulose based materials has high industrial importance due to
its central role in controlled and effective drying of wood and paper. In applications such
as printing, thermal properties are also a key factor in ensuring good quality. There-
fore numerous publications exist that model, measure and predict, e.g., the thermal
conductivity of paper materials.

The most common way to describe heat conduction in cellulose based materials is
to adopt an effective Fourier type equation (e.g., Reardon, 1994; Baggerud, 2004)

qcond = −K · ∇(T ), K =
∑

α

keffi ei ⊗ ei, i = {MD,CD,ZD}, (2.23)

where K and keffi represent the effective thermal conductivity tensor and directional
effective thermal conductivity, respectively. Here qcond denotes the conductive heat flux.
The utilization of effective properties is a macroscopic representation that lumps the
complexity of the microscale into a single parameter. In reality the conduction occurs
through the different phases of the material within the irregular network. Additionally,
for the representation with a single temperature to be justifiable, one has to assume
that the temperatures of each phase are identical in a local sense.

Experimental investigations of the effective thermal conductivity reveal that, unsur-
prisingly, the parameter depends on a range of different factors, representing structure
and composition of the material. For various pulps and papers it was found that the
effective thermal conductivity increases with increasing density and that it was also
dependent on humidity as well as temperature (Baggerud, 2004). Moreover, distinctive
differences between dry and moist paper exist (Reardon et al., 1999).

Nederveen and Finken (1992) showed that thermal conductivity increased with mois-
ture, which is consistent with liquid having higher conductivity than gas. However, their
measurements even surpassed the conductivity of pure water, which indicate that other
effects such as heat piping occurred as well (cf. Baggerud, 2004). Heat piping means
that locally the temperature cause evaporation which is transported via convection to a
colder region, where it condenses and releases heat, resulting in a higher energy trans-
port than pure conduction. Evidently this is not conduction of heat, hence caution must
be taken when interpreting data from global measurements where several mechanisms
may be active. It is emphasized that the heat piping effect, i.e., convective transport
and mass exchange, are modelled separately in this thesis.

Hunt et al. (2008) developed a finite element model to simulate the effective thermal
conductivity of a wood cell wall. They presented a thermal conductivity of the cell wall
substance of 0.410 W/(m·K) and bound water in the cell wall as 0.680 W/(m·K). More-
over, Hunt et al. (2008) also presented a thermal conductivity of 0.489 W/(m·K) for the
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cell wall at the FSP. It should be noted that these were reported as intrinsic properties,
thus the macroscopic effective properties will depend on the structural arrangements
as well. However, this gives an indication of the moisture sensitivity of the thermal
conductivity of the fibers.

Estimations of the thermal conductivity of blotting paper and hardwood handsheets
using synchrotron images was made by du Roscoat et al. (2008). The thermal properties
was calculated assuming intrinsically isotropic fiber and pore thermal conductivities of
0.33 and 0.026 W/(m·K), respectively. The result from the calculations was that the in-
plane conductivity of the handsheets was around 0.13 W/(m·K) and the corresponding
out-of-plane conductivity around 0.08 W/(m·K).

In order to account for compositional variations, the effective conductivity of paper
and paperboard is often assumed to be described either as a parallel, serial, or combined
parallel and serial description of the phases. This type of viewpoint is an idealization
where phases are considered as individually contributing to the overall conduction.
The serial/parallel idealization is equivalent to the corresponding concepts in electrical
conductivity, i.e.,

kpar =
∑

α

nαkα, kser =
(∑

α

nα(kα)−1
)−1

, (2.24)

where kα is the intrinsic thermal conductivity of the phase α. In the literature the
volume fraction nα is consistently used as the weight factor for each component. This
kind of model is readily implemented in a mixture theory approach since the dependency
on various components and composition arise naturally from the presence of volume
fractions as the weight functions. The phase decomposition (inter-fiber water (l), gas
(g) and fiber (s), see Section 3.2.1) for paperboard yield the description as

kpar = Sϕkl + (1− S)ϕkg + (1− ϕ)ks,

kser =
(Sϕ
kl

+
(1− S)ϕ

kg
+

1− ϕ
ks

)−1
.

(2.25)

Better predictions are obtained by weighting the series and parallel descriptions with
an additional parameter. The interpretation of such parameter is not directly related
to any specific physical property of the material but rather a macroscopic parameter
lumping the effects of the microscopic complexity such as connectivity, pore geometry,
tortuosity and fiber anisotropy. The effective conductivity described by the mixed model
is given as

keffi = aik
ser + (1− ai)kpar or keffi =

(1− ai
kser

+
ai
kpar

)−1
, (2.26)

where 0 < ai < 1 is a fitting parameter. Reardon et al. (1999); Baggerud (2004); Karls-
son and Stenström (2005a); Lavrykov and Ramarao (2012) and Askfelt and Ristinmaa
(2017b) adopted this model concept in their description of the effective thermal con-
ductivity. Karlsson and Stenström (2005a) used the combined parallel and serial model
for application to paperboard drying (i.e., out-of-plane conduction) where they made
the heuristic assumption aZD = 0.5. Lavrykov and Ramarao (2012) performed an
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experimental study on the thermal conductivity of copy paper accounting for surface
resistances, filler content and ash content. In their work they compared the experimen-
tal observations with different models, including the parallel-series model and a unit cell
based lumped model, both with good results. The thermal conductivity was measured
out-of-plane and the best fit value was aZD = 0.285. Lavrykov and Ramarao (2012)
found that the effective conductivity was temperature dependent. They estimated the
temperature sensitivity to 1 × 10−4 (W/(m·K))/K and it could thus be described by
changes in conductivity of the fiber water or air, without assuming a change of the
intrinsic cellulose thermal conductivity, as was done in Askfelt and Ristinmaa (2017b).
Therein the dry fiber component thermal conductivity was taken as 0.335 W/(m·K) and
assumed temperature independent. Figure 2.7 shows the model predictions of the ef-
fective thermal conductivity at constant temperature, pressure and porosity for various
moisture ratio and inter-fiber water saturation.
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Figure 2.7: Effective thermal conductivity prediction for a parallel description of a series–parallel
model: (left) as function of moisture ratio with no inter-fiber water and (right) at FSP (ω = 0.69).
Both cases are at atmospheric pressure with 50% RH in room temperature and the material porosity
is 49%. Component thermal conductivities are modelled in accordance with Paper E.

Apart from the parallel/serial models other authors have attempted to directly fit
the effective sheet conductivity to functions of moisture, e.g., the weight based par-
allel description of Wilhelmsson (1995) and the moisture dependent effective thermal
conductivity by Heikkilä (1993). Foss et al. (2003) proposed a model for the effective
heat transfer in paper based on the porosity and tortuosity; derived from idealizations,
and measurements from micrographs. Heat can be transported through various obsta-
cles, thus the geometric tortuosity does not constrain the heat to be transported in the
inter-fiber domain. Therefore the concept of tortuosities in relation to heat transport is
generally not considered. Different models for effective thermal conductivity of paper
materials are presented in Table 2.10.
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Table 2.10: Examples of models to describe the effective thermal conductivity of paper materials
found in the literature.

Model Reference

keff = a1k
ser + (1− a1)kpar Askfelt and Ristinmaa (2017b)

keff =
(

1−a1
kpar + a1

kser

)−1
Reardon (1994)

keff = ks+ωkl
1+ω Wilhelmsson (1995)

keff = 0.08 + 0.57ω3

0.0853+ω3 Heikkilä (1993)

keff =
ϕkg
τg

+ (1−ϕ)ks
τs

Foss et al. (2003)

In Table 2.11 some values for effective thermal conductivities of cellulose materials
are given.

Table 2.11: Some effective thermal conductivity values for cellulose based materials reported in the
literature.

Material keff (W/(m·K)) Reference

Groundwood pulp (varying ω) (ZD) 0.1–0.8 Nederveen and Finken (1992)

Copy paper (varying temperature) (ZD) 0.08–0.115 Lavrykov and Ramarao (2012)

Copy paper (varying density) (ZD) 0.05–0.25 Lavrykov and Ramarao (2012)

Newsprint (calendered and uncalendered) (ZD) 0.127–0.169 Kerekes (1980)

Solid fiber wall 0.157 Reardon et al. (1999)

Cellulose 0.335 Hartley and Richards (1974)

Paperboard (varying density)(ZD) 0.05–0.15 Askfelt and Ristinmaa (2017b)

Bleached sulfite softwood 0.016–0.02 Lavrykov and Ramarao (2012)

Hardwood handsheet (ZD) 0.08 du Roscoat et al. (2008)

Hardwood handseets (in-plane) 0.13 du Roscoat et al. (2008)

In the simulations performed in Paper A the effective thermal conductivity is ap-
proximated as a parallel description of phases in CD and a serial description in ZD.
In Paper E the description is refined and the thermal conductivity is modelled using a
combined series and parallel approach (e.g., Askfelt and Ristinmaa, 2017b; Baggerud,
2004; Lavrykov and Ramarao, 2012).
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Chapter 3

Mixture theory

In numerous naturally occurring and manufactured materials it is possible to deduce
that the measurable response on macroscale is dependent on the interactions of different
phases and the structure on microscale. In particular porous materials can be considered
to behave in this way. A porous material consists of one (or sometimes multiple) solid
component that constitutes the frame relative to which fluids can move and interact.
In order to model and quantify the material response, theories of how the macroscopic
behaviour emerge from the microscopic interactions are necessary. There are different
ways how the information from the microscale can be propagated to a higher scale in
the hierarchy. This is, in and of itself, a large research field with a range of different
methods that are not elaborated on here.

Mixture theory, or theory of mixtures, is not a single coherent theory. It encompass
various different theories aimed at describing the physics of multicomponent systems.
Thus there exist a wide range of approaches and different methods to describe the
kinematics and derive balance laws. The widespread usage of the term mixture theory
suggest it is fully developed theory, but it is in fact a still open research field (Klika,
2014). Reviews on various versions of mixture theory can be found in, e.g., Atkin and
Craine (1976), Bedford and Drumheller (1983) and Klika (2014). In this thesis the
attention is focused specifically on macroscopic mixture theory based on averaging.

In its essence mixture theory is a model framework for multiphase systems based on
continuum mechanics where the macroscopic response is derived from interactions of
several overlaying continua. The fundamental assumption is that at every time instance,
and in every material point, all the components are present. A major advantage of this
kind of theoretical approach is that the number of assumptions are kept to a minimum
and they are introduced at the macroscopic scale, which is the same scale that the
experimental observations generally take place (Hassanizadeh and Gray, 1990).

The origin of mixture theory (also commonly referred to as Theory of Mixtures)
can be traced back to the works of Truesdell and Toupin (1960) and Truesdell and Noll
(1965). It was later formulated for miscible mixtures by Bowen (1976).
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The basis for the continuum theory was the now well known “metaphyiscal princi-
ples” (Truesdell, 1984), stated as:

• All properties of the mixture must be mathematical consequences of the properties
of the constituents.

• So as to describe the motion of a constituent, we may in imagination isolate it
from the rest of the mixture, provided we allow properly for actions of the other
constituents upon it.

• The motion of the mixture is governed by the same equations as is a single body.

Since its original formulation multiple authors have extended the theory to en-
compass an assembly of immiscible components (i.e., phases), by means of averaging
theories. Principally this process involves applying local volume averaging techniques
to derive macroscopic balance laws from the corresponding microscopic ones (e.g., Has-
sanizadeh and Gray, 1979a,b; Bennethum, 1994; de Boer, 2000).

A basic premise for the application of continuum theory on a heterogeneous material
is the existence of a representative volume element (RVE) (here in the sense of Bear
(1972)). It means that we may identify a domain in the system whose macroscopic
properties are independent of the size of this domain above some threshold value. For
the system to be well represented using continuum mechanics the size of the RVE must
be much smaller than the domain. The upscaled balance relations are obtained by
averaging over a representative volume element, where typically an indicator function
is used to trace phase distribution within the integration volume (cf. Hassanizadeh and
Gray, 1979a). Consequentially, volume fractions for the individual phases appear in the
macroscopic laws. The fact that the resulting macroscopic quantities are deduced from
their microscopic counterparts gives the macroscopic variables a clear interpretation
(Klika, 2014). The emergent theoretical framework for heterogeneous mixtures may be
viewed as a combination of the mixture theory for miscible mixtures (Bowen, 1976) with
the concept of volume fractions (e.g., Bowen, 1980, 1982; Ehlers, 2002; de Boer, 2000;
Acartürk, 2009; Bluhm and de Boer, 1997). Within the framework, general theories
incorporating interfaces (e.g., Hassanizadeh and Gray, 1990; Achanta et al., 1994),
and multiscale descriptions (e.g., Bennethum, 1994; Murad and Cushman, 1996) has
also been presented. Moreover, numerous publications enhancing and/or clarifying the
theory for different classes of problems has also been put forward, to name a few:
Bennethum and Cushman (1996a); Bennethum et al. (2000); Bennethum and Cushman
(2002a,b); Steeb and Diebels (2003); Ehlers (2009), and Steeb and Renner (2019).

Constitutive theories are developed at the macroscale, and may either be introduced
by direct postulation or in a systematic way to be compatible with the second law of
thermodynamics. The latter approach is known as the Coleman and Noll method
(Coleman and Noll, 1963), and it is attractive as it yields physical and thermodynamic
descriptions for multiphase processes (Hassanizadeh and Gray, 1990).

When mixture theory is adopted to address real-life problems, formulation of bound-
ary value problems are typically required, which necessitates development of boundary
conditions. Describing boundary conditions for mixtures can bring great difficulties as
it is often problem dependent. The boundary conditions are typically given for the
total mixture and how to transform them into conditions on the mixture’s components
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is sometimes straightforward, but most of the time non-trivial and requires additional
constitutive theory to be developed (Rajagopal et al., 1986; Rajagopal and Tao, 1995).

The mixture theory used as the basis for this work has historically been adopted to
model a range of different materials. Applications include: saturated and unsaturated
rocks and soils (Hassanizadeh and Gray, 1979b, 1980, 1990; Gray and Hassanizadeh,
1991; Graf, 2008; Sullivan, 2013), swelling clays (Eringen, 1994; Bennethum and Cush-
man, 1996b,c; Murad and Cushman, 1996, 2000), polymeric drug delivery systems (We-
instein, 2005), foodstuff (Takhar, 2011; Bensal et al., 2014), concrete (Johannesson,
2000; Jensen, 2014), charged hydrated porous media (Acartürk, 2009), polymeric foams
(Markert, 2005; Landervik and Larsson, 2007), porous ceramics (Ghadiani, 2005), fiber
composite manufacturing (Rouhi et al., 2013; Larsson et al., 2012), and superabsorbent
hydrogels (Saurwein and Steeb, 2018). Recently paperboard during rapid compression
and heating (Askfelt and Ristinmaa, 2017b) and adhesion failure in paper based lam-
inates (Askfelt and Ristinmaa, 2017a) have been addressed within the mixture theory
framework. The wide range of materials successfully modelled using the robust math-
ematical framework and the systematic way of obtaining constitutive relations have
proven the usefulness and versatility of mixture theory for solving of a vast array of
engineering problems.

3.1 The concepts of mixture theory

Consider a material that can be conceptually decomposed into a number of distin-
guishable phases. It means that there exist clear phase boundaries, i.e., interfaces.
In addition to the immiscible phases each phase may consist of a number of miscible
constituents making up the phase.

Each of the phases, constituents and interfaces is considered to be an individual
continuum. At each time t and spatial position x the mixture is viewed as the super-
position of all components of the system. Let the subscript α denote the phase, αj the
jth constituent in phase α, αβ the interface between phase α and phase β and αβj the
jth constituent in interface αβ. The material coordinate of constituent j in phase α is
denoted Xαj in the reference configuration Ω0

αj
. The constituents motion is described

by the map χαj : Ω0
αj
× t→ Ω ⊂ R3 where Ω denotes the current configuration, thus

x = χαj (Xαj , t). (3.1)

Analogous to a single phase continuum the deformation gradient associated to this
motion is defined according to

Fαj
=
∂χαj

∂Xαj

. (3.2)

Each constituent is allowed to have its independent motion. The response of the mix-
ture continuum is modelled as the superposition of all system components. Figure 3.1
illustrates the kinematic view taken in mixture theory.

To obtain continuous bijective mappings it is necessary to assume that the Jacobian
of the mapping is strictly positive, i.e., Jαj

= det(Fαj
) > 0. The volume of the RVE is
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Figure 3.1: Representation of the kinematics of mixture theory.

denoted v and within each incremental volume all components have an associated mass
(mαj

,mα,m) and volume (vαj
, vα, v). Due to the miscibility assumption the volume

occupied by a constituent in a phase is identical to the phase volume vα. The densities
are defined by

ρ =
m

v
, ρα =

mα

vα
, ραj

=
mαj

vα
. (3.3)

The macroscopic surface excess mass density (Hassanizadeh and Gray, 1990) of an
interface and a constituent of an interface is defined in v as the mass of the interface
(mαβ , mαβj

) divided by the total area of that interface āαβ in v, i.e.,

Γαβ =
mαβ

āαβ
, Γαβj

=
mαβj

āαβ
. (3.4)

The volume fraction nα occupied by the phase α in the system and the interface area
per unit volume aαβ are, respectively, defined by

nα =
vα
v
, aαβ =

āαβ
v
. (3.5)

The sum of the partial volumes of all phases must sum up to v, thus

∑

α

nα = 1. (3.6)

Figure 3.2 exemplifies the volume fraction concept. From the definitions (3.3), (3.4)
and (3.5) it follows that the densities are related via

ρ =
∑

α

nαρα, ρα =
∑

j

ραj , Γαβ =
∑

j

Γαβj . (3.7)
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Figure 3.2: Conceptual view of the volume fractions and interacting continua in mixture theory for
immiscible mixtures.

The velocities associated with the components of the system are defined as the mass
averages

v =
1

ρ

∑

α

nαραvα, vα =
1

ρα

∑

j

ραj
vαj

, (3.8)

where v, vα and vαj are respectively associated with the mixture, phase and constituent.
Similarly the interface velocity is defined by (Achanta et al., 1994)

vαβ =
1

Γαβ

∑

j

Γαβj
vαβj

, (3.9)

where vαβ and vαβj are the interface velocity and the jth interface constituent velocity,
respectively. For the purpose of developing constitutive theory, relative velocities are
introduced,

vK,L = vK − vL, (3.10)

where K and L represent a component of the system such

K,L ∈ S, K 6= L, S = {α, αj , αβ, αβj}. (3.11)

Specifically for the situation K = αj and L = α the notation wαj
= vαj

−vα is adopted
and is referred to as a diffusion velocity. The diffusion velocities are constrained by the
relation

∑

j

ραjwαj = 0, (3.12)

which is deduced from definition (3.8). For future reference the material time derivatives
of the system components are defined as

DK(•)
Dt

=
∂(•)
∂t

+∇(•) · vK , (3.13)
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where K ∈ S. Consequently changing the material time derivative to follow the motion
of another component of the system is given by

DK(•)
Dt

=
DL(•)
Dt

+∇(•) · vK,L, K, L ∈ S. (3.14)

3.1.1 Conservation relations at the macroscale

In this thesis it is assumed that the material is microscopically non-polar, which results
in symmetric Cauchy stress tensors. Additionally, it is assumed that the material under
consideration are in local thermal equilibrium, meaning that all components locally have
the same temperature. The conservation relations for a multiphase system with phases
and interfaces subject to the previously mentioned assumptions are given in this section
(cf. Achanta et al., 1994; Bennethum, 1994).

Balance of mass:

Dαj
(nαραj

)

Dt
+ nαραj

∇ · vαj
=
∑

β 6=α
ê
αj

αβ + r̂αj
, (3.15)

Dαβj
(aαβΓαβj

)

Dt
+ aαβΓαβj∇ · vαβj = −êαj

αβ − ê
βj

αβ +
∑

γ 6=α,β
ê
αβj

αβγ + r̂αβj . (3.16)

Hatted terms represent interaction terms (defined in Table 3.1). The interaction terms
are a product of the averaging process as all phases are present at every point in space.
By summation of the constituents in each phase and interface respectively, the corre-
sponding mass balances are obtained

Dα(nαρα)

Dt
+ nαρα∇ · vα =

∑

β 6=α
êααβ , (3.17)

Dαβ(aαβΓαβ)

Dt
+ aαβΓαβ∇ · vαβ = −êααβ − êβαβ +

∑

γ 6=α,β
êαβαβγ , (3.18)

where the following definitions were made

êααβ =
∑

j

ê
αj

αβ , (3.19)

êαβαβγ =
∑

j

ê
αβj

αβγ . (3.20)

Moreover, the interactions that occur between the constituents in a phase must vanish
in the phase description, which result in the following necessary conditions

∑

j

r̂αj = 0, (3.21)

∑

j

r̂αβj
= 0, (3.22)

∑

ξη=αβ,αγ,βγ

ê
ξηj
αβγ = 0. (3.23)
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Table 3.1: Notation - mass exchange interactions.

r̂αj
Net rate of gain of mass of the jth constituent in phase α from exchange with
other constituents in the same phase.

r̂αβj
Net rate of gain of mass of the jth constituent in interface αβ from exchange
with other constituents in the same interface.

ê
αj

αβ Net rate of gain of mass of the jth constituent in phase α from exchange
across interface αβ.

êααβ Net rate of gain of mass of phase α from exchange across interface αβ.

êαβαβγ Net rate of gain of mass of interface αβ from exchange with the contact line
αβγ.

ê
αβj

αβγ Net rate of gain of mass of the jth constituent in interface αβ from exchange
with the contact line αβγ.

Balance of linear momentum:

nαραj

Dαj
(vαj

)

Dt
−∇ · (nασαj

)− nαραbαj
=
∑

β 6=α
T̂
αj

αβ + îαj
, (3.24)

aαβΓαβj

Dαβj
(vαβj

)

Dt
−∇ · (aαβSαβj

)− aαβΓαβj
bαβj

= −(T̂
βj

αβ + ê
βj

αβvβj )− (T̂
αj

αβ + ê
αj

αβvαj ) +
∑

γ 6=α,β
Ŝ
αβj

αβγ + (ê
αj

αβ + ê
βj

αβ)vαβj + îαβj
,

(3.25)

where σK , K ∈ {α, αj} denotes the Cauchy stress tensor, SK , K ∈ {αβ, αβj} is the
surface stress tensor (interface tension) and bK , K ∈ S is the specific body force vector.
Momentum interaction terms are defined in Table 3.2. Summation of the constituents
up to the next level of the hierarchy provides the momentum balances

nαρα
Dα(vα)

Dt
−∇ · (nασα)− nαραbα =

∑

β 6=α
T̂ ααβ , (3.26)

aαβΓαβ
Dαβ(vαβ)

Dt
−∇ · (aαβSαβ)− aαβΓαβbαβ

= −(T̂ βαβ + êβαβvβ)− (T̂ ααβ + êααβvα) +
∑

γ 6=α,β
Ŝαβαβγ + (êααβ + êβαβ)vαβ , (3.27)
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where the following definitions were made

σα =
∑

j

(
σαj
− ραj

wαj
⊗wαj

)
, (3.28)

Sαβ =
∑

j

(
Sαβj

− Γαβj
vαβj ,αβ ⊗ vαβj ,αβ

)
, (3.29)

ραbα =
∑

j

ραj
bαj

, (3.30)

Γαβbαβ =
∑

j

Γαβjbαβj , (3.31)

T̂ ααβ =
∑

j

(
T̂
αj

αβ + ê
αj

αβwαj

)
, (3.32)

Ŝαβαβγ =
∑

j

(
Ŝ
αβj

αβγ + ê
αβj

αβγv
αβj ,αβ

)
. (3.33)

Additionally the following constraints must be satisfied

∑

j

(
îαj

+ r̂αj
vαj

)
= 0, (3.34)

∑

j

(
îαβj

+ r̂αβj
vαβj

)
= 0, (3.35)

∑

ξη=αβ,αγ,βγ

(
Ŝ
ξηj
αβγ + ê

ξηj
αβγvξηj

)
= 0. (3.36)

Table 3.2: Notation - interal momentum interactions.

T̂ ααβ Net rate of gain of momentum of phase α from interface αβ.

T̂
αj

αβ Net rate of gain of momentum of the jth constituent in phase α from interface
αβ.

îαj Net rate of gain of momentum of constituent j from interactions with other
constituents in the same phase.

îαβj Net rate of gain of momentum of constituent j from interactions with other
constituents in the same interface.

Ŝαβαβγ Net rate of gain of momentum of interface αβ from interactions with the
contact line αβγ.

Ŝ
αβj

αβγ Net rate of gain of momentum of constituent j in interface αβ from interac-
tions with the contact line αβγ.
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Balance of energy:

nαραj

Dαj (uαj )

Dt
− nασαj

: ∇(vαj
) +∇ · (nαqαj

)− nαραj
rαj

=
∑

β 6=α
Q̂
αj

αβ + Êαj
,

(3.37)

aαβΓαβj

Dαβj
(uαβj

)

Dt
− aαβSαβj

: ∇(vαβj
) +∇ · (aαβqαβj

)− aαβΓαβj
rαβj

= −
[
Q̂
αj

αβ + T̂
αj

αβ · vαj ,αβj + ê
αj

αβ

(
uαj − uαβj +

1

2
vαj ,αβj · vαj ,αβj

)]

−
[
Q̂
βj

αβ + T̂
βj

αβ · vβj ,αβj + ê
βj

αβ

(
uβj − uαβj +

1

2
vβj ,αβj · vβj ,αβj

)]

+
∑

γ 6=α,β
Q̂
αβj

αβγ + Êαβj
, (3.38)

where uK , K ∈ S is the specific internal energy, qK , K ∈ S is the heat flux vector
and rK , K ∈ S is the external heat source. Note that qK is defined positive when heat
enters the body (de Boer, 2000). The energy exchange terms are listed in Table 3.3.
Summation of the constituents in each phase and interface, respectively, result in the
energy balances

nαρα
Dα(uα)

Dt
− nασα : ∇(vα) +∇ · (nαqα)− nαραrα =

∑

β 6=α
Q̂ααβ , (3.39)

aαβΓαβ
Dαβ(uαβ)

Dt
− aαβSαβ : ∇(vαβ) +∇ · (aαβqαβ)− aαβΓαβrαβ

= −
[
Q̂ααβ + T̂ ααβ · vα,αβ + êααβ

(
uα − uαβ +

1

2
vα,αβ · vα,αβ

)]

−
[
Q̂βαβ + T̂ βαβ · vβ,αβ + êβαβ

(
uβ − uαβ +

1

2
vβ,αβ · vβ,αβ

)]
+
∑

γ 6=α,β
Q̂αβαβγ .

(3.40)

Herein the following notations were introduced

ραuα =
∑

j

ραj

(
uαj

+
1

2
wαj
·wαj

)
, (3.41)

Γαβuαβ =
∑

j

Γαβj

(
uαβj

+
1

2
vαβj ,αβ · vαβj ,αβ

)
, (3.42)

qα =
∑

j

(
qαj
− σαj

·wαj
+ ραj

wαj

[
uαj

+
1

2
wαj
·wαj

])
, (3.43)

qαβ =
∑

j

(
qαβj

− Sαβj
· vαβj ,αβ + Γαβj

vαβj ,αβ
[
uαβj

+
1

2
vαβj ,αβ · vαβj ,αβ

])
, (3.44)

ραrα =
∑

j

ραj

(
rαj

+ bαj
·wαj

)
, (3.45)
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Γαβrαβ =
∑

j

Γαβj

(
rαβj + bαβj · vαβj ,αβ

)
, (3.46)

Q̂ααβ =
∑

j

(
Q̂
αj

αβ + T̂
αj

αβ ·wαj + ê
αj

αβ

[
uαj − uα +

1

2
wαj ·wαj

])
, (3.47)

Q̂αβαβγ =
∑

j

(
Q̂
αβj

αβγ + Ŝ
αβj

αβγ · vαβj ,αβ + ê
αβj

αβγ

[
uαβj − uαβ +

1

2
vαβj ,αβ · vαβj ,αβ

])
.

(3.48)

The variables are constrained by the conditions

∑

j

(
Êαj + îαj ·wαj + r̂αj

[
uαj +

1

2
wαj ·wαj

])
= 0, (3.49)

∑

j

(
Êαβj + îαβj · vαβj + r̂αβj

[
uαβj +

1

2
vαβj · vαβj

])
= 0, (3.50)

∑

ξη=αβ,αγ,βγ

(
Q̂
ξηj
αβγ + Ŝ

ξηj
αβγ · vξηj + ê

ξηj
αβγ

[
uξηj +

1

2
vξηj · vξηj

])
= 0. (3.51)

Table 3.3: Notation - energy transfer interactions.

Q̂ααβ Net rate of energy gain of phase α transferred across interface αβ.

Q̂
αj

αβ Net rate of energy gain of constituent j in phase α transferred across interface
αβ.

Q̂αβαβγ Net rate of energy gain of interface αβ transferred from the contact line αβγ.

Q̂
αβj

αβγ Net rate of energy gain of constituent j in interface αβ transferred from the
contact line αβγ.

Êαj
Net rate of energy gain of constituent j from interaction with other con-
stituents within the same phase.

Êαβj Net rate of energy gain of constituent j from interaction with other con-
stituents within the same interface.
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In the theoretical framework the second law of thermodynamics can also be con-
sidered on the macroscale to allow for a systematic way of obtaining the constitutive
equations. Introducing an entropy production term ΛK , K ∈ S, the general macro-
scopic entropy balance for the constituents of the system are given as

Balance of entropy:

nαραj

Dαj (ηαj )

Dt
+∇ · (nαφαj

)− nαραj
bαj

=
∑

β 6=α
φ̂
αj

αβ + η̂αj
+ nαραj

Λαj
, (3.52)

aαβΓαβj

Dαβj
(ηαβj

)

Dt
+∇ · (aαβφαβj

)− aαβΓαβj
bαβj

= −(φ̂
αj

αβ + ê
αj

αβηαj )− (φ̂
βj

αβ + ê
βj

αβηβj ) + (ê
αj

αβ + ê
βj

αβ)ηαβj
+
∑

γ 6=α,β
φ̂
αβj

αβγ

+ η̂αβj + aαβΓαβjΛαβj , (3.53)

where φK , K ∈ S is the entropy flux and bK , K ∈ S is the external entropy source.
The entropy interactions terms are given in Table 3.4. A summation of the constituent
equations up to phase level result in the following

nαρα
Dα(ηα)

Dt
+∇ · (nαφα)− nαραbα =

∑

β 6=α
φ̂ααβ + nαραΛα, (3.54)

aαβΓαβ
Dαβ(ηαβ)

Dt
+∇ · (aαβφαβ)− aαβΓαβbαβ

= −(φ̂ααβ + êααβηα)− (φ̂βαβ + êβαβηβ) + (êααβ + êβαβ)ηαβ +
∑

γ 6=α,β
φ̂αβαβγ

+ aαβΓαβΛαβ , (3.55)

where the notation is defined in accordance with

ραηα =
∑

j

ραjηαj , (3.56)

Γαβηαβ =
∑

j

Γαβj
ηαβj

, (3.57)

φα =
∑

j

(
φαj

+ ραj
ηαj
wαj

)
, (3.58)

φαβ =
∑

j

(
φαβj

+ Γαβj
ηαβj

vαβj ,αβ
)
, (3.59)

ραbα =
∑

j

ραj
bαj

, (3.60)

Γαβbαβ =
∑

j

Γαβj
bαβj

, (3.61)
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φ̂ααβ =
∑

j

(
φ̂
αj

αβ + ê
αj

αβ

[
ηαj
− ηα

])
, (3.62)

φ̂αβαβγ =
∑

j

(
φ̂
αβj

αβγ + ê
αβj

αβγ

[
ηαβj

− ηαβ
])
, (3.63)

ραΛα =
∑

j

ραjΛαj , (3.64)

ΓαβΛαβ =
∑

j

Γαβj
Λαβj

. (3.65)

The necessary conditions are

∑

j

(
η̂αj

+ r̂αj
ηαj

)
= 0, (3.66)

∑

j

(
η̂αβj

+ r̂αβj
ηαβj

)
= 0, (3.67)

∑

ξη=αβ,αγ,βγ

(
êξηjηξηj + φ̂

ξηj
αβγ

)
= 0. (3.68)

Table 3.4: Notation - entropy transfer interactions.

φ̂ααβ Net rate of entropy gain of phase α transferred across interface αβ.

φ̂
αj

αβ Net rate of entropy gain of constituent j in phase α transferred across inter-
face αβ.

φ̂αβαβγ Net rate of entropy gain of interface αβ transferred from the contact line
αβγ.

φ̂
αβj

αβγ Net rate of entropy gain of constituent j in interface αβ transferred across
from the contact line αβγ.

η̂αj
Net rate of entropy gain of constituent j in phase α from interactions within
the same phase.

η̂αβj
Net rate of entropy gain of constituent j in phase α from interactions within
the same interface.
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3.1.2 The dissipation inequality

Any set of constitutive equations that is thermodynamically consistent necessarily sat-
isfy the second law of thermodynamics which states that a system must have a non-
negative entropy production. Following Achanta et al. (1994), the entropy production
for the material can be stipulated as the summation over the components’ entropy
production, which yields

ρΛ =
∑

α

∑

j

nαραj
Λαj

+
∑

αβ

∑

j

aαβΓαβj
Λαβj

≥ 0. (3.69)

Although a sufficient condition would be to fulfill the inequality for each component, it
has proven to be too restrictive in porous media theory (de Boer, 2000). The assumption
of local thermal equilibrium makes it straightforward to cast the inequality on the form

D = θρΛ =
∑

α

∑

j

θnαραjΛαj +
∑

αβ

∑

j

θaαβΓαβjΛαβj ≥ 0, (3.70)

where D is the dissipation. From the dissipation inequality a set of physically admissible
constitutive relations can be derived. It is important to highlight that the dissipation
does not provide a unique description, rather it constrain the choices to physically
possible processes.

The dissipation inequality is derived using the assumptions that the entropy flux
and external entropy sources are purely due to heat flux and heat source, respectively,
an assumption used by Coleman and Noll (1963), i.e.,

bαj =
rαj

θ
, bαβj =

rαβj

θ
,

φαj
=
qαj

θ
, φαβj

=
qαβj

θ
.

(3.71)

Introduce the Helmholtz free energy of the constituents in phases and interfaces by
means the Legendre transformations

Aαj
= uαj

− θηαj
, Aαβj

= uαβj
− θηαβj

, (3.72)

where the Helmholtz free energies are assumed related via

ραAα =
∑

j

ραj
Aαj

,

ΓαβAαβ =
∑

j

ΓαβjAαβj .
(3.73)

It is now possible to rewrite (3.70) using the assumption (3.71) and the above Leg-
endre transformations in combination with the entropy and energy balances from the
previous section (along with the associated conditions). The total dissipation D of the
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system is written as

D =−
∑

α

nαρα

[Dα(Aα)

Dt
+ ηα

Dα(θ)

Dt

]
−
∑

αβ

aαβΓαβ

[Dαβ(Aαβ)

Dt
+ ηαβ

Dαβ(θ)

Dt

]

+
∑

α

nα
[
σα +

∑

j

ραjwαj ⊗wαj

]
: dα

+
∑

αβ

aαβ

[
Sαβ +

∑

j

Γαβjv
αβj ,αβ ⊗ vαβj ,αβ

]
: dαβ

+
∑

α

∑

j

[
nασαj

− nαραj
Aαj

I
]

: ∇⊗wαj

+
∑

αβ

∑

j

[
aαβSαβj

− aαβΓαβj
Aαβj

I
]

: ∇⊗ vαβj ,αβ

+
∑

α

nα

[
− qα +

∑

j

(
ραj

(
Aαj

+
1

2
wαj
·wαj

)
wαj
− σαj

·wαj

)]
· 1

θ
∇(θ)

+
∑

αβ

aαβ

[
− qαβ +

∑

j

(
Γαβj

(
Aαβj

+
1

2
vαβj ,αβ · vαβj ,αβ

)
vαβj ,αβ

− Sαβj · vαβj ,αβ
)]
· 1

θ
∇(θ)

−
∑

α

∑

j

[
∇(nαραj

Aαj
) + τ̂αj

]
·wαj

−
∑

α

vα,s · τ̂α

−
∑

αβ

∑

j

vαβj ,αβ ·
[
∇(aαβΓαβj

Aαβj
)− (T̂

αj

αβ + ê
αj

αβvαj
)− (T̂

βj

αβ + ê
βj

αβvβj
)

+
∑

γ 6=α,β
Ŝ
αβj

αβγ + îαβj + (ê
αj

αβ + ê
βj

αβ)vαβj

]

−
∑

αβ

vαβ,s ·
[ ∑

γ 6=α,β
Ŝαβαβγ + (êααβ + êβαβ)vαβ − (T̂ ααβ + êααβvα)− (T̂ βαβ + êβαβvβ)

]

+
∑

αβ

(
êααβ + êβαβ

)(
Aαβ +

1

2
vαβ,s · vαβ,s

)

−
∑

α

∑

β 6=α
êααβ
(
Aα +

1

2
vα,s · vα,s

)

−
∑

αβ

∑

γ 6=α,β
êαβαβγ

(
Aαβ +

1

2
vαβ,s · vαβ,s

)

−
∑

α

∑

j

(
r̂αj

+
∑

β 6=α
ê
αj

αβ

)1

2
wαj
·wαj

−
∑

αβ

∑

j

(
r̂αβj +

∑

γ 6=α,β
ê
αβj

αβγ − (ê
αj

αβ + ê
βj

αβ)
)1

2
vαβj ,αβ · vαβj ,αβ ≥ 0,

(3.74)
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where use was made of the constraints (3.49)–(3.51) and (3.66)–(3.68) to eliminate the
interaction terms for energy and entropy. Herein one of the phases, denoted s, was used
as the reference for determining the relative velocities, e.g., vα,s = vα − vs where s is
in the set of α. The rate of deformation tensor dK , K ∈ {α, αβ} was introduced, i.e.,

dK =
1

2

(
∇(vK) + (∇(vK))T

)
(3.75)

Moreover, the following notation was used for the momentum interaction terms

τ̂αj = îαj +
∑

β 6=α
T̂
αj

αβ ,

τ̂α =
∑

β 6=α
T̂ ααβ .

(3.76)

Bennethum (1994) highlights that in subsequent treatment all variables in the dissi-
pation inequality are not independent, which can exemplified by considering density,
volume fraction and volume change. These variables are related via the conservation of
mass and thus cannot be specified independently. A common method to warrant this is
to impose constraints on the dissipation inequality (e.g., Bennethum, 1994; Bennethum
and Cushman, 1996c; de Boer, 2005; Ehlers, 2002) following the Lagrange multiplier
method (Liu, 1972). The consequence is that during the treatment of the inequality the
constrained variables can be considered independent. The extended dissipation inequal-
ity D∗ ≥ 0 is formed by adding the mass balances, as well as the condition imposed on
the diffusive velocities (3.12) in gradient format (cf. Bennethum et al., 2000; Sullivan,
2013; Askfelt, 2016). Thus,

D∗ = D +
∑

k

λkRk ≥ 0, (3.77)

where λk and Rk are the kth Lagrange multiplier and kth constraint, respectively. By
systematic treatment of D∗ ≥ 0 a set of thermodynamically consistent relations can be
proposed.

3.2 Specifying mixture theory to cellulose based ma-
terials

To obtain solutions to engineering problems the theory must necessarily be specified by
deriving a set of constitutive equations that captures the physics of the target material
and application. Indeed by specifying the theory to a targeted system, by physical and
experimental arguments, a closed system of equations may be derived. Such system of
equations can be used to solve practical problems.

In this thesis the theory is specified to modelling of paperboard in environments
with potentially high water activity, large temperature variations and elevated pressure.
However, the assumptions made to this end hold more generally for swelling cellulose
based materials.
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3.2.1 Conceptual view of cellulose based materials

An important step in developing a material model for multiphysical processes in porous
materials is the decomposition of the mixture into its basic components, in this case:
the phases, interfaces and constituents. The decomposition is not necessarily unique
and the choices will play a central role in the modelling. A rule of thumb is to keep the
model as simple as possible while still capturing the essential physics of the situation.
Thus, based on the problem under consideration the conceptual view of the material
must be appropriately motivated and sufficiently detailed.

Two different views of paperboard is investigated in this work. The view held in
Paper A and Paper B (see Figure 3.3) is that the material is a three-phase aggregate
consisting of a dry fiber phase (f), a bound water phase (b) and a pore gas phase (g).
Due to the central role of water in cellulose based systems the gas is further decomposed
into a water vapor (gv) and a dry air (ga) constituent.

Paperboard

Dry �ber

Water vapor Dry air

Constituents

Phases

Mixture

Bound water

Gas

Figure 3.3: Conceptual view of cellulose based materials adopted in Paper A and Paper B.

Note that in this chapter the notations for the dry fiber phase and bound water
phase do not coincide with the one used in Paper A and Paper B. The reason for this
is to avoid confusion with regard to the meaning of the subscripts as, e.g., the bound
water (denoted l in Paper A and Paper B) is physically different from the inter-fiber
water (denoted l in Paper C to Paper E).

Bound water Water vapor

Adsorption / Desorption

Figure 3.4: Schematic representation of the mass exchange interaction between the different water
states adopted in Paper A and Paper B.
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In Paper A the aim was to model transport of moisture under variations in ambient
climate. Therein it is assumed that the transport of water occurs primarily through
the vapor phase and that the coupling between the mass exchange, heat of sorption
and vapor transport are the central features to model. The conceptual view held in
Paper B is identical to Paper A, as the considerations of elasto-plastic deformation and
non-Darcian gas flow can be captured using the same decomposition. In the models
presented in Paper A and Paper B the moisture range is relatively narrow compared to
the sorption capacity of cellulose, hence the influence of swelling deformation is omitted.
In these papers mass exchange takes place between the bound water and water vapor
as shown in Figure 3.4.

In the Paper C to Paper E the material interaction with liquid water was an impor-
tant aspect to consider. To incorporate physical phenomena such as swelling, multiple
mass exchange interactions and fiber water diffusion; the conceptual view of the ma-
terial was re-imagined. The decomposition adopted in Paper A and Paper B could
feasibly account for the fiber swelling directly, from the change in volume fraction of
the bound water. However, it becomes unintuitive if the fiber swelling is not equal to
the volume change of water, as would be the case, if sorption compression is accounted
for (see discussion in Section 2.1.4).

Paperboard

Fiber

Dry �ber Fiber water Water vapor Dry air

Liquid-Solid Solid-Gas Liquid-Gas

Interfaces

Constituents

Phases

Mixture

Inter-�ber 

water
Gas

Figure 3.5: Conceptual view of cellulose based materials adopted in Paper C, Paper D and Paper E.

The conceptual view of paperboard is reconsidered for the theoretical development
in Paper C. The new description includes an inter-fiber water phase and fiber water con-
stituent (miscible component). This leads to the presence of multiple exchange pathways
which is explored under deformable conditions using local investigations. To reduce the
complexity of the system it is considered under isothermal conditions. The model is
implemented and applied to boundary value problems with parameters representative
of paperboard in Paper D. The physical mechanisms accounted for in the model allows
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for modelling of water invasion through the inter-fiber pore space, which is important
for a range industrial problems. To connect the modelling endeavour more closely to
the real situation, hydrophobization is considered. The development presented in Paper
E extends the model to non-isothermal conditions where the constitution is expanded
to cover the range of temperatures relevant for sterilization of paperboard packages.

The conceptual view of swelling cellulose material adopted in Paper C to Paper E
(see Figure 3.5) includes three phases, namely, fiber (s), inter-fiber water (l) and pore
gas (g). The fiber phase consist of the fiber water (sw) and dry fiber (ss). Association
of the swelling water to the fiber as a miscible component conforms with the notion of
the fiber cell wall as a gel (Barkas, 1949). Similarly as the view held in Paper A and
Paper B the gas phase is considered a miscible mixture of water vapor (gv) and dry
air (ga). In these works the interaction of the phases are explicitly considered to occur
via the interfaces that separates the three phases: liquid–solid (ls), solid–gas (sg) and
liquid–gas (lg). In the final formulation the interface conservation laws are not solved
as the corresponding quantities are constrained by assumptions to close the system of
equations. A schematic representation of the incorporated mass exchange interactions
in Paper C to Paper E is given in Figure 3.6.

Fiber water Water vapor

Inter-�ber water

Adsorption / Desorption

Evaporation / CondensationAbsorption / Exsorption

Figure 3.6: Schematic representation of the possible mass exchange interactions between the different
water states adopted in Paper C, Paper D and Paper E.

The internal mass exchange combined with the flux through the external boundary
of the system guide the choice of the reference for motion to the dry constituent of the
fiber, as it is the only component that contains the same set of particles at all times.
The deformation is therefore characterised by the deformation gradient Fss which is
multiplicatively split into the elastic part, swelling part and thermal expansion part,

Fss = F essF
ω
ssF

θ
ss , (3.78)

where, in this work the thermal expansion contribution is assumed negligible (F θss ≈ I).
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3.2.2 Choice of closure conditions

The systematic treatment of the dissipation inequality provides a consistent set of con-
stitutive equations. In combination with the field equations, i.e., the conservation re-
lations for mass, momentum, and energy, a set of equations is obtained to describe
the unknown fields. For miscible mixtures (Bowen, 1976) the number of balance and
constitutive equations is equal to the number of unknown variables, which means that
the system is closed (de Boer, 2000).

The generalization to immiscible mixtures, by introduction of volume fractions that
smear out properties to be able to treat them in continuum mechanics, results in a
discrepancy of equations. Volume fractions are inherently macroscopic quantities and
emerge from upscaling of a heterogeneous material. A similar issue arises from the
introduction of interfaces at macroscale, where the interface area per unit volume aαβ
holds the same role as volume fractions for phases. The lack of equations to close the
system is known in the field as the closure problem (Bennethum and Cushman, 1996c;
de Boer, 2000). The closure problem can be interpreted as the loss of microscopic
information from the upscaling procedure.

For a mixture of MP phases and MI interfaces the number of required conditions
are M = MP +MI . However, as sum of the volume fractions must equal unity (referred
to as the saturation condition (3.6)), (MP − 1) + MI closure conditions are needed to
close the system of equations.

In Paper A and Paper B the cellulose material is considered as a three phase sys-
tem (Figure 3.3) hence two closure conditions were necessary to impose. The narrow
temperature range covered in Paper A warranted the postulate of an intrinsically in-
compressible and temperature independent bound water phase density, that is ρb = ρ0b .
Additionally the presumed lack of deformation in the application motivated an approach
with a rigid network. The rigidity assumption constrains the system in a way that the
mass balance for the fiber component is redundant. Moreover, the system is closed by
taking the intrinsic dry fiber density and the fiber volume fraction respectively constant
i.e. ρf = ρ0f and nf = n0f , while also dropping the mass conservation of fiber from the
set of equations.

The incorporation of deformation into the framework in Paper B necessitates a
different set of closure conditions. It is chosen therein that the dry fiber phase remains
intrinsically incompressible, thus ρf = ρ0f . A constitutive equation is stipulated for the
evolution of the bound water relating it linearly to its conjugated term in the dissipation
inequality, i.e.

Df (nb)

Dt
= a1

(
pb − pgv − pga − psb

)
, (3.79)

where a1 ≥ 0. The term psb denotes the liquid–solid interaction pressure. This consti-
tutive choice is similar to the dynamic capillary pressure description by Hassanizadeh
and Gray (1990).

The new class of problems involving inter-fiber liquid and substantial swelling en-
countered in Paper C, Paper D and Paper E required a reconsideration of the conceptual
view of the material (Figure 3.5). In these papers the macroscopic response of the pa-
perboard material (mixture) is separated from the fiber swelling. A consequence of
the choice to separate the phenomena of fiber and network leads to a discrepancy in
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macroscopically obtainable variables, which have to be addressed with constitutive as-
sumptions. In Paper C it was assumed that the volume change of the swelling fiber is
related to the change in sorbed moisture (incorporating the notion of sorption compres-
sion as discussed by Stamm and Seborg (1935) and Barkas (1949)). In mathematical
terms the above reasoning can be described in a unit volume as,





dmss = 0,

dmw + dmsw = 0,

dvs + dvl = ∆v,

(3.80)

where mw denotes the total mass of water external to the fibers. The notion is illus-
trated in Figure 3.7, from which the following incremental relation was derived under
isothermal conditions

− 1

ρ2ss
dρss =

C
ρl
dω, (3.81)

where C(ω) is related to the sorption compression and as a result ρss = ρss(ω). It
is emphasised that the inclusion of the factor C makes the result different from the
assumption ρb = ρ0b adopted in Paper A.

Figure 3.7: Illustration of the incremental local uptake of water with a sorption compression as
C = 1−∆v/dvl.

Since the constitutive equation describing ρss does not include the impact of pressure
it is tacitly assumed that the cell wall gel is incompressible, hence volume changes due
to pressure therefore only impact the porosity. The evolution of porosity can be inferred
from the macroscopic volume change, Jss = det(Fss), where

Jss =
ρ0ssn

0
s

ρssns
. (3.82)

This couples the description of the fiber swelling to the total response of the material de-
scribed by the deformation gradient, which includes the contributions from hygroscopic
expansion and elastic deformation. Intrinsic incompressibility of the inter-fiber water
was chosen as the second closure condition, meaning that ρl = constant. In Figure 3.8
the evolution of the fiber density ρs = ρss(1 + ω) is seen as function of moisture for
different temperatures and sorption compressions.
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Figure 3.8: Illustration of the instrinsic fiber density ρs = ρss (1 + ω) for C = 1 (solid lines) and
C = 1− 0.1 exp(−2ω) (dashed lines). Other constitutive parameters taken from Paper E.

The material decomposition chosen in Paper C to Paper E includes three interfaces,
hence three additional conditions have to be imposed to close the system. These choices
are made such that the interface area aαβ can be described as functions of the saturation
S and porosity ϕ with the macroscopic surface tension γαβ held constant, see Paper C
for details. Moreover, Paper D utilizes the same closure conditions as Paper C.

In Paper E, the reintroduction of temperature requires that the closure conditions
are modified. Thus the intrinsic inter-fiber water density is extended to account for tem-
perature, ρl = ρl(θ). Similarly the closure conditions for the interface are generalized
to include temperature. For simplicity it is assumed that the intrinsic thermal expan-
sion of the fiber is incorporated through the water expansion, such that ρss = ρss(ω, θ)
where

∂ρss
∂θ

= Cωρ
2
ss

ρ2l

∂ρl
∂θ

. (3.83)

The surface tension is known to depend on the temperature hence the closure con-
ditions are more generally cast in the form aαβγαβ = f(S, ϕ, θ). As the interfaces
are only used in intermediate derivations the explicit format of the functions are not
given. Instead the incorporation of interfaces provide means for the interpretation of
coupling terms such as interaction pressures. Table 3.5 summarize the choices of closure
conditions adopted in Paper A to Paper E.
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Table 3.5: Summary of the closure conditions adopted in Paper A–Paper E.

Closure conditions

Paper A: (1) ρb = ρ0b , (2) Rigidity: ρf = ρ0f , nf = n0f

Paper B: (1)
Df (nb)
Dt = a1

(
pb − pgv − pga − psb

)
, (2) ρf = ρ0f

Paper C: (1) ρl = ρ0l , (2) ρss = ρss(ω), (3-5) aαβ = aαβ(S, ϕ), γαβ = constant

Paper D: (1) ρl = ρ0l , (2) ρss = ρss(ω), (3-5) aαβ = aαβ(S, ϕ), γαβ = constant

Paper E: (1) ρl = ρl(θ), (2) ρss = ρss(ω, θ), (3-5) aαβγαβ = f(S, ϕ, θ)

3.2.3 Free energy dependencies

The Helmholtz free energy dependencies are fundamental in the derivations of con-
stitutive relations in the theoretical framework adopted in this thesis. The choice of
which variables the respective free energy function depend on will dictate the physical
phenomena that can be captured by the model. Most generally one may allow the free
energy for each phase and interface to depend on all independent variables. However,
with insight into the physics of the target system the dependencies can be chosen as a
subset of the independent variables.

In classical thermodynamics the Helmholtz free energies are dependent on the vol-
ume and temperature. In rational thermodynamics (Truesdell, 1984) additional depen-
dencies may be added. However, such generalization introduce ambiguities in the strict
definition of thermodynamic quantities as was pointed out by e.g., Gray and Miller
(2007).

In Paper A the Helmholtz free energy functions are specified explicitly, which make
derivations of subsequent constitution easy to handle. Therein it is assumed that all
the system components have temperature dependent free energy in order to be able
to model non-isothermal conditions. The gas components, i.e., the dry gas and water
vapor are postulated as perfect gases, and the corresponding gas mixture as ideal. As
a consequence of the rigidity assumption the free energy of the fiber skeleton Af is not
deformation dependent. A central part of this paper is the thermodynamic description
of the sorption process, hence the bound water free energy Ab is prescribed as a function
of the amount of bound water, represented by the nb.

In order to be able to model elasto-plastic deformation in Paper B, the dry fiber
skeleton component is expanded to depend on the elastic part of the deformation gra-
dient as well as internal variables associated to the plastic response. Moreover, in this
work a departure is made from the assumption about an intrinsically incompressible
bound water phase, thus the bound water density is included as an independent variable
in the free energy function for the bound water. In contrast to Paper A, none of the
other papers explicitly gives the free energy functions. Instead they are used as vehicles
to implicitly define constitutive properties.
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The conceptual view held in Paper C to Paper E includes a swelling fiber phase
and interfaces. The incorporation of interface energy, separated from the notion of bulk
phase free energies, allow for a re-interpretation of constitutive properties. An example
of this is that the definition of liquid–solid interaction pressure (principally represented
by the capillary pressure) is related to the properties of the interfaces rather than the
bulk phases. This makes sense from an intuitive point of view, since capillary effects
are known to be caused by interface phenomena.

The interface Helmholtz free energies are proposed to depend on the interface area
aαβ and surface excess mass Γαβ as well as the liquid saturation S and porosity ϕ.
Paper C and Paper D adopts the same dependencies of Helmholtz free energy, whereas
in Paper E an extension to account for temperature is introduced. Table 3.6 compares
the choices of free energy dependencies used in the different papers of this thesis.

Table 3.6: Summary of the chosen Helmholtz free energy dependencies in Paper A–Paper E. Here

κ
(k)
f denotes hardening parameter k for the plastic response of the fiber network.

Helmholtz free energy dependencies

Paper A: Af (θ), Ab(θ, nb), Agv (θ, ρgv ), Aga(θ, ρga)

Paper B: Af (θ,F ef , κ
(k)
f ), Ab(θ, ρb, ω), Agv (θ, ρgv ) Aga(θ, ρga)

Paper C: As(F
e
ss , ω), A0

l , Agv (ρgv ), Aga(ρga), Aαβ(aαβ ,Γαβ , S, ϕ)

Paper D: As(F
e
ss , ω), A0

l , Agv (ρgv ), Aga(ρga), Aαβ(aαβ ,Γαβ , S, ϕ)

Paper E: As(θ,F
e
ss , ω), Al(θ), Agv (θ, ρgv ), Aga(θ, ρga), Aαβ(θ, aαβ ,Γαβ , S, ϕ)

3.2.4 Example: triphasic model for swelling cellulose

To make the theory more tangible, in this section the governing equations and the
dissipation inequality are presented for a cellulose based system. The conceptual view
presented in Figure 3.5 is adopted for illustrative purposes. Thus the system components
are given by

α ∈ {s, l, g}, αj ∈ {sw, ss, gv, ga}, αβ ∈ {ls, lg, sg}, αβγ = slg, (3.84)

Due to the interdependency between the constituents and their phase a set T is defined
as the set of system components, chosen as

T = {l, ss, sw, ga, gv, ls, lg, sg}. (3.85)

Assuming that the contact line does not exchange mass, the interfaces does accumulate
mass, and that no chemical reactions takes place between constituents, it follows that
êαβαβγ = 0, êααβ + êβαβ = 0 ∀αβ and r̂αj

= 0 ∀αj . The mass exchange rate m̂α:β are
introduced to represent the transfer of mass from phase α to phase β, which for the
view presented in Figure 3.6 takes the form
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m̂s:g = −êssg = −êswsg = êgsg = êgvsg ,

m̂l:g = −êllg = êgvlg = êglg,

m̂l:s = −êlls = êswls = êsls.

(3.86)

Using the saturation condition (3.6) the material time derivatives of the volume fractions
nα may be expressed in terms of liquid saturation S and porosity ϕ, since ns = 1− ϕ,
nl = ϕS and ng = (1 − S)ϕ. Rewriting the motion of each component relative to the
reference constituent (ss) using the transformation

DK(•)
Dt

=
Dss

Dt
+∇(•) · vK,ss , K ∈ T , (3.87)

yield based on (3.15), (3.17) and (3.18) the mass balances for the system as

Inter-fiber water balance of mass:

ρlϕ
Dss(S)

Dt
+ Sρl

Dss(ϕ)

Dt
+ nl

Dss(ρl)

Dt
+ nlρlI : dss +∇ · (Jl) + m̂l:s + m̂l:g = 0.

(3.88)

Water vapor balance of mass:

− ϕρgv
Dss(S)

Dt
+ ρgv (1− S)

Dss(ϕ)

Dt
+ ng

Dss(ρgv )

Dt
+ ngρgvI : dss +∇ ·

(ρgv
ρg
Jg

)

+∇ · (JDgv )− m̂s:g − m̂l:g = 0. (3.89)

Dry air balance of mass:

− ϕρga
Dss(S)

Dt
+ ρga(1− S)

Dss(ϕ)

Dt
+ ng

Dss(ρga)

Dt
+ ngρgaI : dss +∇ ·

(ρga
ρg
Jg

)

−∇ · (JDgv ) = 0. (3.90)

Fiber water balance of mass:

− ωρss
Dss(ϕ)

Dt
+ nsρss

Dss(ω)

Dt
+ nsω

Dss(ρss)

Dt
+ nsρswI : dss +∇ · (Jsw)

+ m̂s:g − m̂l:s = 0. (3.91)

Dry fiber balance of mass:

− ρss
Dss(ϕ)

Dt
+ ns

Dss(ρss)

Dt
+ nsρssI : dss = 0. (3.92)
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Interface balance of mass:

aαβ
Dss(Γαβ)

Dt
+ Γαβ

Dss(aαβ)

Dt
+∇ · (aαβΓαβv

αβ,ss) + aαβΓαβI : dss = 0, ∀αβ
(3.93)

where the fiber moisture ratio was introduced (ω = ρsw/ρss) and use was made of the
identity ∇ · vss = I : dss . The flux terms were defined according to

Jl = nlρlv
l,ss ,

Jg = ngρgv
g,ss ,

Jsw = nsρswwsw − nsρswwss = (1 + ω)nsρswwsw ,

JDgv = ngρgvwgv = −ngρgawga ,

(3.94)

where use was made of (3.12) to obtain the equalities for the diffusion velocities.
Assuming slow flow conditions with no body force (bK = 0, ∀K ∈ T ), the linear

momentum (3.24), (3.26) and (3.27) (with notation from (3.76)) for the components in
T takes the form

∇ · (nlσl) + τ̂l = 0,

∇ · (ngσgv ) + τ̂gv = 0,

∇ · (ngσga) + τ̂ga = 0,

∇ · (nsσsw) + τ̂sw = 0,

∇ · (nsσss) + τ̂ss = 0,

∇ · (aαβSαβ)− (T̂ βαβ + T̂ ααβ) + Ŝαβslg = 0, ∀αβ.

(3.95)

Based on the slow flow approximation, terms quadratic in velocity, acceleration
terms and momentum exchange terms of the form m̂α:βvK , K ∈ T are considered
negligible compared to other terms. Summation of the momentum balances in (3.95)
provides the total momentum balance for the system,

Mixture balance of linear momentum:

∇ ·
(
nlσl + ngσg + nsσs +

∑

αβ

aαβSαβ

)
= 0, (3.96)

where use was made of (3.23), (3.28), (3.33), (3.36) and (3.76). In a similar fashion the
energy balance for the mixture can be obtained. The sum of the energy balances for
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each component (here without utilizing (3.86)) may be written as

∑

α

∑

j

nαραj

Dss(uαj )

Dt
+
∑

αβ

aαβΓαβ
Dss(uαβ)

Dt

+
∑

αβ

∑

j

ê
αj

αβ(uαj − uβj )−
(∑

α

∑

j

nασαj +
∑

αβ

aαβSαβ

)
: dss

−
∑

α

∑

j

uαj∇ · (nαραjv
αj ,ss)−

∑

αβ

uαβ∇ · (aαβΓαβv
αβ,ss)

+∇ ·
(∑

α

∑

j

nαqαj
+
∑

αβ

aαβqαβ +
∑

α

∑

j

nαραj

(
uαj
I − σαj

ραj

)
· vαj ,ss

+
∑

αβ

aαβΓαβ

(
uαβI −

Sαβ
Γαβ

)
· vαβ,ss

)
= 0.

(3.97)

In the derivation of (3.97) use was made of (3.87) to transform the material time
derivatives to follow the motion of component (ss). To eliminate the energy transfer
interaction terms, conditions (3.19), (3.20), (3.34)–(3.36) and (3.41)–(3.51) were utilized
as well as the slow flow approximation and the linear momentum equations (3.24) and

(3.25). Additionally, the assumptions for the mass exchange, êαβαβγ = 0 and r̂αj
= 0 was

incorporated.
In particular, if the contributions from the interface motions are omitted, as well as,

supposing that the energy storage capacities of the phases are significantly larger than
for the interfaces, the energy balance may be written for the given system as

Mixture balance of energy:

nlρl
Dss(ul)

Dt
+ ngρgv

Dss(ugv )

Dt
+ ngρga

Dss(uga)

Dt
+ nsρss

Dss(uss)

Dt
+ nsρsw

Dss(usw)

Dt

+
(
ρlulS − ρsus + (1− S)ρgug

)Dss(ϕ)

Dt
+
(
ϕρlul − ϕρgug

)Dss(S)

Dt

+ nlul
Dss(ρl)

Dt
+ ngugv

Dss(ρgv )

Dt
+ nguga

Dss(ρga)

Dt
+ nsus

ρs
ρss

Dss(ρss)

Dt

+ nsρssusw
Dss(ω)

Dt
+∇ ·

{
nlql + nsqss + nsqsw + ngqga + ngqgv +

∑

αβ

aαβqαβ

+
(
uswI −

σsw
ρsw

)
· Jsw +

[(
ugvI −

σgv
ρgv

)
−
(
ugaI −

σga
ρga

)]
· JDgv

+
(
ugI −

σg
ρg

)
· Jg +

(
ulI −

σl
ρl

)
· Jl
}

+
{
nlρl

(
ulI −

σl
ρl

)
+ ngρg

(
ugI −

σg
ρg

)
+ nsρs

(
usI −

σs
ρs

)}
: dss = 0,

(3.98)

where mass balance (3.15) was used to eliminate the mass exchange terms and the
material time derivatives were introduced for saturation and porosity in the same way
as for (3.88)–(3.92).
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A consistent set of constitutive relations are derived using the dissipation inequality.
Expanding the dissipation inequality (3.74) with constraints in accordance with (3.77)
result in

Dissipation inequality:

D∗ = D + λl

[
ρlϕ

Dss(S)

Dt
+ nl

Dss(ρl)

Dt
+ Sρl

Dss(ϕ)

Dt
+ nlρlI : dss + nlρl∇ · vl,ss

+ vl,ss · ∇(nlρl) + m̂l:s + m̂l:g

]

+ λgv

[
− ϕρgv

Dss(S)

Dt
+ ρgv (1− S)

Dss(ϕ)

Dt
+ ng

Dss(ρgv )

Dt
+ ngρgvI : dss

+ ngρgv∇ · vg,ss + vg,ss · ∇(ngρgv ) + ngρgv∇ ·wgv +wgv · ∇(ngρgv )

− m̂s:g − m̂l:g

]

+ λga

[
− ϕρga

Dss(S)

Dt
+ ρga(1− S)

Dss(ϕ)

Dt
+ ng

Dss(ρga)

Dt
+ ngρgaI : dss

+ ngρga∇ · vg,ss + vg,ss · ∇(ngρga) + ngρga∇ ·wga +wga · ∇(ngρga)
]

+ λss

[
− ρss

Dss(ϕ)

Dt
+ ns

Dss(ρss)

Dt
+ nsρssI : dss

]

+ λsw

[
− ωρss

Dss(ϕ)

Dt
+ nsρss

Dss(ω)

Dt
+ nsω

Dss(ρss)

Dt
+ nsρswI : dss + nsρsw∇ ·wsw

+wsw · ∇(nsρsw)− nsρsw∇ ·wss −∇(nsρsw) ·wss + m̂s:g − m̂l:s

]

+
∑

αβ

λαβ
[
aαβ

Dss(Γαβ)

Dt
+ Γαβ

Dss(aαβ)

Dt
+ aαβΓαβ∇ · vαβ,ss + vαβ,ss · ∇(aαβΓαβ)

+ aαβΓαβI : dss

]

+ Λs :
[
nsρss∇⊗wss +∇(nsρss)⊗wss + nsρsw∇⊗wsw +∇(nsρsw)⊗wsw

]

+ Λg :
[
ngρga∇⊗wga +∇(ngρga)⊗wga + ngρgv∇⊗wgv +∇(ngρgv )⊗wgv

]
≥ 0.

(3.99)

Introducing the material time derivative of Helmholtz free energy with the same depen-
dencies as for Paper E (see Table 3.6) and inserting the closure conditions ρl = ρl(θ)
and ρss = ρss(ω, θ) (cf. Section 3.2.2) in inequality (3.99) provide for the current system
after rearrangements:
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D∗ =dss :
[
nsσs + nlσl + ngσg +

∑

αβ

aαβSαβ + nlρlλlI + ngρgvλgvI + ngρgaλgaI

+ nsρswλswI + nsρssλssI +
∑

αβ

aαβΓαβλ
αβI − nsσeff

]

+∇⊗ vl,ss :
[
nlσl + nlρlλlI

]

+∇⊗ vg,ss :
[
ngσg + ngρgvλgvI + ngρgaλgaI

]

+
∑

αβ

∇⊗ vαβ,ss :
[
aαβSαβ + aαβΓαβλ

αβI
]

+∇⊗wss :
[
nsσss − nsρssAssI − nsσs + nsρssΛ

s − nsρswλswI
]

+∇⊗wsw :
[
nsσsw − nsρswAswI + nsρswΛs + nsρswλswI

]

+∇⊗wgv :
[
ngσgv − ngρgvAgvI + ngρgvΛg + ngρgvλgvI

]

+∇⊗wga :
[
ngσga − ngρgaAgaI + ngρgaΛg + ngρgaλgaI

]

+
Dss(θ)

Dt

[
− nsρsηs − nlρlηl − ngρgηg − nsρs

∂As
∂θ
− nlρl

∂Al
∂θ
− ngρg

∂Ag
∂θ

−
∑

αβ

aαβΓαβηαβ −
∑

αβ

aαβΓαβ
∂Aαβ
∂θ

+ (nsλss + nsωλsw)
∂ρss
∂θ

+ nlλl
∂ρl
∂θ

+ nsσ
eff : S̃θ

]

+
Dss(S)

Dt

[
ϕρlλl − ϕρgvλgv − ϕρgaλga −

∑

αβ

aαβΓαβ
∂Aαβ
∂S

]

+
Dss(ϕ)

Dt

[
Sρlλl + (1− S)ρgvλgv + (1− S)ρgaλga − ρssλss − ωρssλsw

−
∑

αβ

aαβΓαβ
∂Aαβ
∂ϕ

]

+
Dss(ω)

Dt

[
nsρssλsw +

∂ρss
∂ω

(nsλss + nsωλsw)− nsρs
∂As
∂ω

+ nsσ
eff : S̃ω

]

+
Dss(ρgv )

Dt

[
ngλgv − ngρg

∂Ag
∂ρgv

]

+
Dss(ρga)

Dt

[
ngλga − ngρg

∂Ag
∂ρga

]

+
∑

αβ

Dss(Γαβ)

Dt

[
aαβλ

αβ − aαβΓαβ
∂Aαβ
∂Γαβ

]

+
∑

αβ

Dss(aαβ)

Dt

[
Γαβλ

αβ − aαβΓαβ
∂Aαβ
∂aαβ

]
. . .
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· · · −
∑

αβ

vαβ,ss ·
[
Ŝαβslg − (T̂ ααβ + T̂ βαβ) + aαβΓαβ∇(Aαβ)− λαβ∇(aαβΓαβ)

]

−wss ·
[
∇(nsρssAss)− τ̂sw − nsρs∇(As) + λsw∇(nsρsw)−Λs · ∇(nsρss)

]

−wsw ·
[
∇(nsρswAsw) + τ̂sw − λsw∇(nsρsw)−Λs · ∇(nsρsw)

]

−wgv ·
[
∇(ngρgvAgv ) + τ̂gv − λgv∇(ngρgv )−Λg · ∇(ngρgv )

]

−wga ·
[
∇(ngρgaAga) + τ̂ga − λga∇(ngρga)−Λg · ∇(ngρga)

]

− vl,ss ·
[
τ̂l + nlρl∇(Al)− λl∇(nlρl) + nlρlηl∇(θ)

]

− vg,ss ·
[
τ̂g + ngρg∇(Ag)− λgv∇(ngρgv )− λga∇(ngρga) + ngρgηg∇(θ)

]

+ m̂s:g(As + λsw −Ag − λgv )

+ m̂l:g(Al + λl −Ag − λgv )

+ m̂l:s(Al + λl −As − λsw)

+
1

θ
∇(θ) ·

[
− nsqs − nlql − ngqg −

∑

αβ

aαβqαβ + ns
(
ρssAsswss + ρswAswwsw

− σss ·wss − σsw ·wsw
)

+ nsρsηsθwss + ng
(
ρgvAgvwgv + ρgaAgawga

− σgv ·wgv − σga ·wga
)
−
∑

αβ

aαβΓαβηαβθv
αβ,ss

]
≥ 0.

(3.100)

By use of the deformation gradient for the reference component of the system, the rate
of deformation tensor (dss) is given by

dss =
1

2

(
lss + lTss

)
, lss =

Dss(Fss)

Dt
· F−1ss . (3.101)

The deformation gradient (Fss) was multiplicatively split into an elastic part, a swelling
part and a thermal expansion part (superscripts (•)e, (•)ω and (•)θ respectively),

Fss = F essF
ω
ssF

θ
ss . (3.102)

The rate of deformation tensor may then be rewritten as

dss = dess + dωss + dθss , (3.103)

adopting the following definitions

dess =
1

2

(
less + (less)T

)
, less =

Dss(F ess)

Dt
· (F ess)−1,

dωss =
1

2

(
lωss + (lωss)T

)
, lωss = F essL

ω
ss(F ess)−1, Lωss =

Dss(F ωss)

Dt
· (F ωss)−1,

dθss =
1

2

(
lθss + (lθss)T

)
, lθss = F essF

ω
ssL

θ
ss(F ωss)−1(F ess)−1, Lθss =

Dss(F θss)

Dt
· (F θss)−1.

(3.104)
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In (3.100) use was made of the above to obtain

∂As
∂Ce

ss

:
Dss(Ce

ss)

Dt
= 2F ess ·

∂As
∂Ce

ss

· (F ess)T : dess , (3.105)

whereCe
ss denotes the elastic right Cauchy-Green deformation tensor (Ce

ss = (F ess)TF ess)
and the effective stress σeff is defined according to

σeff = 2ρsF
e
ss ·

∂As
∂Ce

ss

· (F ess)T . (3.106)

The terms S̃ω, S̃θ appearing in (3.100) are defined as

S̃ω = (F ess)−T · (Ce
ss : Sω) · (F ess)−1,

S̃θ = (F ess)−T · (Ce
ss : Sθ) · (F ess)−1.

(3.107)

For an assumed diagonal format of the fiber network swelling and thermal expansion,
i.e.

F ωss(ω) =
∑

i

Λωi (ω)ei ⊗ ei,

F θss(θ) =
∑

i

Λθi (θ)ei ⊗ ei,
(3.108)

the terms Sω and Sθ are given by

Sω =
∑

i

1

Λωi

∂Λωi
∂ω

ei ⊗ ei,

Sθ =
∑

i

1

Λθi

∂Λθi
∂θ

ei ⊗ ei.
(3.109)

Here Λωi and Λθi denote the directional moisture stretch and directional thermal expan-
sion, respectively. Moreover, ei is the ith principal material direction, i = {MD,CD,ZD}.

Inequality (3.100) is structured as a sum of a variables with corresponding con-
jugated bracketed groups. The dissipation inequality will subsequently be treated in
parts, and for ease of referencing the conjugated variables are collected into a set Z
given as

Z =
{Dss(θ)

Dt
,
Dss(S)

Dt
,
Dss(ϕ)

Dt
,
Dss(ω)

Dt
,
Dss(ρgv )

Dt
,
Dss(ρga)

Dt
,
Dss(Γαβ)

Dt
,
Dss(aαβ)

Dt
,

∇⊗ vl,ss ,∇⊗ vg,ss ,∇⊗ vαβ,ss ,dss ,∇⊗wgv ,∇⊗wga ,∇⊗wss ,∇⊗wsw
wss ,wsw ,wgv ,wga ,v

l,ss ,vg,ss ,vαβ,ss , m̂s:g, m̂l:g, m̂l:s,∇(θ)
}
.

(3.110)

For illustrative purposes treatment of (3.100) is exemplified here by separating the

dissipation inequality into parts D∗ =
∑11
n=1Dn where each part Dn is associated with
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one or more variables which are included in the corresponding subset Zn of Z, such
that

Z =

11⋃

n=1

Zn. (3.111)

Note that each element in Z only belongs to one subset Zn (i.e. Zn ∩Zm = ∅, m 6= n).
In the following, the parts D1–D5 and D11 are non-dissipative, whereas D6–D10

contain dissipative mechanisms. The dissipative part includes constitution for bulk and
diffusive mass flow, heat flow and internal mass exchange. It should be emphasized
that the specification is based on a priori knowledge of the system. The constitution is
thus not unique and involves a set of assumptions, which has been discussed throughout
Section 3.2.

First consider the variables Z1 = {∇ ⊗ vl,ss ,∇ ⊗ vg,ss ,∇ ⊗ vαβ,ss ,dss} and their
respective brackets. The conjugated variables vary independently and are allowed to
have arbitrary values, thus to fulfill the inequality it is found that

σl = −ρlλlI = −plI,
σg = −(ρgvλgv + ρgaλga)I = −pgI,
Sαβ = −Γαβλ

αβI = γαβI,

σs = σeff − (ρswλsw + ρssλss)I = σeff − p̄sI,

(3.112)

where pl and pg represent physical pressures, γαβ is the surface tension and p̄s =
ρswλsw +ρssλss . The result is D1 = 0, i.e. non-dissipative contribution. Using the same
argument D2 with the variables in Z2 = {Dss(ρgv )/Dt,Dss(ρga)/Dt,Dss(Γαβ)/Dt, }
provides the identification of the stress multipliers

λgv = ρg
∂Ag
∂ρgv

,

λga = ρg
∂Ag
∂ρga

,

λαβ = Γαβ
∂Aαβ
∂Γαβ

.

(3.113)

The part D3 associated with variables Z3 = {∇ ⊗ wss ,∇ ⊗ wsw ,∇ ⊗ wgv ,∇ ⊗ wga}
yield on the same basis the following

nsσss − nsρssAssI − nsσs + nsρssΛ
s − nsρswλswI = 0,

nsσsw − nsρswAswI + nsρswΛs + nsρswλswI = 0,

ngσgv − ngρgvAgvI + ngρgvΛg + ngρgvλgvI = 0,

ngσga − ngρgaAgaI + ngρgaΛg + ngρgaλgaI = 0.

(3.114)

Recalling the summations of Helmholtz free energy (3.73), density (3.7) and stress (3.28)
(under slow flow conditions), allow us to pairwise combine the identities found in (3.114)
to identify Λg = AgI and Λs = AsI. Moreover, the constituent pressures and chemical
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potentials are introduced, respectively, as

σsw = −pswI,
σgv = −pgvI,
σga = −pgaI,

(3.115)

and

Ass −
psw
ρss

= As − ωλsw ,

µsw = Asw +
psw
ρsw

= As + λsw ,

µgv = Agv +
pgv
ρgv

= Ag + λgv ,

µga = Aga +
pga
ρga

= Ag + λga .

(3.116)

The brackets associated with Z4 = {Dss(S)/Dt,Dss(ϕ)/Dt,Dss(ω)/Dt}, assumed non-
dissipative, provide

p̃sl = pg − pl,
χ = Spl + (1− S)pg − p̄s,

λsw =
ρs
ρss

∂As
∂ω
− ps
ρ2ss

∂ρss
∂ω
− 1

ρss
σeff :

(1

3

∂ρss
∂ω

1

ρss
I + S̃ω

)
,

(3.117)

where use was made of previous identification of the Lagrange multipliers, cf. (3.112).
The interaction pressures p̃sl and χ are defined as

p̃sl = − 1

ϕ

∑

αβ

aαβΓαβ
∂Aαβ
∂S

,

χ =
∑

αβ

aαβΓαβ
∂Aαβ
∂ϕ

.

(3.118)

The entropy is constituted from the bracket conjugated with Dss(θ)/Dt (Z5). Herein
the constitution of entropy is stipulated for each phase (instead of a total entropy as
would be sufficient) i.e.,

ηs = −∂As
∂θ

+
ps

ρssρs

∂ρss
∂θ

+
1

ρs
σeff :

(1

3

∂ρss
∂θ

1

ρss
I + S̃θ

)
,

ηl = −∂Al
∂θ

+
pl
ρ2l

∂ρl
∂θ

,

ηg = −∂Ag
∂θ

,

ηαβ = −∂Aαβ
∂θ

,

(3.119)
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where use was made of (3.112).
Non-equilibrium mass exchange is a dissipative mechanism where the exchange is

zero at equilibrium. The following postulated format ensure D6 is non-negative (Z6 =
{m̂s:g, m̂l:g, m̂l:s}),

m̂s:g = ζs:g(µsw − µgv ),

m̂l:g = ζl:g(µl − µgv ),

m̂l:s = ζl:s(µl − µsw),

(3.120)

where ζα:β are non-negative coefficients. The chemical potentials were introduces based
on (3.116) and µl = Al + pl/ρl. Constitutive equations for the bulk fluid flow (Z7 =
{vl,ss ,vg,ss}) are obtained from

D7 =− vl,ss ·
[
τ̂l + nlρl∇(Al)− λl∇(nlρl) + nlρlηl∇(θ)

]

− vg,ss ·
[
τ̂g + ngρg∇(Ag)− λgv∇(ngρgv )− λga∇(ngρga) + ngρgηg∇(θ)

]
≥ 0.

(3.121)

The expression can be simplified by insertion of linear momentum equation (3.95)
together with definitions from (3.112) and (3.113). Additionally, utilizing the definitions
of entropies from (3.119) and the Helmholtz dependencies (cf. Table 3.6 for Paper E)
yield

D7 =− vl,ss · nl∇(pl)− vg,ss · ng∇(pg) ≥ 0. (3.122)

The flow is dissipative, thus D7 must be non-negative, using a quadratic format ensures
this, e.g.

Jl = −ρlRl · ∇(pl),

Jg = −ρgRg · ∇(pg),
(3.123)

where Rl and Rg are positive definite tensors.
Part D8 is associated with diffusive gas flow (Z8 = {wgv ,wga}) and is given by

D8 =−wgv ·
[
∇(ngρgvAgv ) + τ̂gv − λgv∇(ngρgv )−Λg · ∇(ngρgv )

]

−wga ·
[
∇(ngρgaAga) + τ̂ga − λga∇(ngρga)−Λg · ∇(ngρga)

]
≥ 0.

(3.124)

Eliminating the internal momentum interaction terms by insertion of (3.95) then using
Λg = AgI, (3.115), (3.116) and (3.12), makes it possible to rewrite as

D8 =− ngρgvwgv · ∇(µgv − µga) ≥ 0. (3.125)

Furthermore, with the prescribed the Helmholtz free energy dependencies for the gas
constituents, Agv (ρgv , θ) and Aga(ρga , θ), (3.28), (3.113) and (3.116) it is possible to
eliminate ∇(µga). The following constitutive relation is thus admissible

JDgv = −Rgv
ρg
ρga
·
[
∇(µgv ) + ηg∇(θ)− 1

ρg
∇(pg)

]
, (3.126)
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where Rgv is a positive definite tensor. The format of the fiber water flux is obtained
from treatment of the brackets associated with Z9 = {wss ,wsw},

D9 =−wss ·
[
∇(nsρssAss)− τ̂sw − nsρs∇(As) + λsw∇(nsρsw)−Λs · ∇(nsρss)

]

−wsw ·
[
∇(nsρswAsw) + τ̂sw − λsw∇(nsρsw)−Λs · ∇(nsρsw)

]
≥ 0.

(3.127)

Inserting Λs = AsI, (3.7), (3.73), (3.95), (3.114), (3.115) and (3.116) into (3.127)
provides

D9 = −nsρswwsw · ∇(µsw) + nsρswwss · ∇(µsw) ≥ 0. (3.128)

Combining the terms by enforcing (3.12) the following form is proposed

Jsw = −Rsw · ∇(µsw), (3.129)

where the constitutive tensor for fiber diffusion Rsw is required to be positive definite
to fulfill the dissipation inequality.

Next consider the constitution of the heat fluxes, which involve treating terms asso-
ciated with Z10 = {∇(θ)}. Take the part of the dissipation inequality D10 and introduce
the combined heat flux q̃ as,

q̃ = nsqs + ngqg + nlql +
∑

αβ

aαβqαβ . (3.130)

Together with the introduction of the chemical potentials (cf. (3.116)) insertion into
D10 yield,

D10 =
1

θ
∇(θ) ·

[
− q̃ + nsρss(AssI −

σss
ρss

) ·wss + nsρswµswwsw + nsρsηsθwss

+ ngρgvµgvwgv + ngρgaµgawga −
∑

αβ

aαβΓαβηαβθv
αβ,ss

]
≥ 0.

(3.131)

A generalized format of the Fourier law is assumed for q̃, such that

q̃ = −K · ∇(θ) + nsρss(AssI −
σss
ρss

) ·wss + nsρswµswwsw + nsρsηsθwss

+ ngρgvµgvwgv + ngρgaµgawga −
∑

αβ

aαβΓαβηαβθv
αβ,ss .

(3.132)

Insertion of this postulated format into (3.131) yield

D10 =
1

θ
∇(θ) ·K · ∇(θ) ≥ 0, (3.133)

which is satisfied ∀∇(θ) for any positive definite K.
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The final part of the dissipation inequality is related to the interface area and the
interface velocity, Z11 = {Dss(aαβ)/Dt,vαβ,ss}. D11 is given by

D11 =
∑

αβ

Dss(aαβ)

Dt

[
Γαβλ

αβ − aαβΓαβ
∂Aαβ
∂aαβ

]

−
∑

αβ

vαβ,ss ·
[
Ŝαβslg − (T̂ ααβ + T̂ βαβ) + aαβΓαβ∇(Aαβ)− λαβ∇(aαβΓαβ)

]
≥ 0.

(3.134)

Take the rate of interface area to vary arbitrarily. Therefore,

λαβ = aαβ
∂Aαβ
∂aαβ

. (3.135)

It is seen from (3.112) and (3.113) that the following holds

λαβ = aαβ
∂Aαβ
∂aαβ

= Γαβ
∂Aαβ
∂Γαβ

= − γαβ
Γαβ

. (3.136)

Using (3.95), (3.112), expanding the gradient ∇(Aαβ) and utilizing the above result,
it is possible to obtain

D11 = −
∑

αβ

vαβ,ss ·
[
−∇(aαβγαβ) + aαβΓαβ

∂Aαβ
∂ϕ
∇(ϕ) + aαβΓαβ

∂Aαβ
∂S
∇(S)

− aαβΓαβηαβ∇(θ)
]
≥ 0.

(3.137)

Principally this expression could be treated similarly to e.g. D7. However, data for
volume averaged interface flow properties are typically not available. Therefore the
assumption is made that the bracket should be zero for all gradients. This could be
interpreted as the interface chemical potential being instantaneously balanced across
the whole body, since the terms in the bracket can be written as ∇(µαβ) (with interface
chemical potential defined as µαβ = Aαβ − γαβ/Γαβ). The result is

aαβΓαβ
∂Aαβ
∂ϕ

=
∂(aαβγαβ)

∂ϕ
,

aαβΓαβ
∂Aαβ
∂S

=
∂(aαβγαβ)

∂S
,

− aαβΓαβηαβ =
∂(aαβγαβ)

∂θ
.

(3.138)

Furthermore, stipulating that the interface motions are of second order importance
to the problem (terms with interface velocities may be omitted), the solution of the
interface mass balances become redundant (corresponding variable Γαβ thus remains
undetermined). Consequently explicit or implicit assumptions that define aαβγαβ =
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f(ϕ, S, θ) for the system interfaces closes the system. In Paper C this was made with
the assumptions aαβ(S, ϕ) = ϕãαβ(S), ãls + ãsg = ãs, ãlg = ã0lg, γαβ = γ0αβ and a
proposed format of p̃sl (S) (recall relation (3.118)).

To summarize, there are five balances of mass (3.88)–(3.92), one total momen-
tum balance (3.96) and one total energy equation (3.98). For each field equation a
primary variable is chosen. For instance, in Paper E the variables were chosen as
P = {pl, µgv , pga , µsw ,u, θ}, where due to the lack of flux term the dry fiber mass
balance (3.92) was integrated locally, such that ϕ = ϕ(ρss ,u).

In this section an example of triphasic model for a swelling cellulose based mate-
rial was discussed where balance equations were established and the formats of the
constitutive equations were derived. However, in order to obtain a solvable and rep-
resentative system the physical behavior of the particular material must be incorpo-
rated into the constitutive parameters. This includes specifying mass and heat fluxes
(Jl, Jg, J

D
gv ,Jsw , q̃) and mass exchange interactions (m̂s:g, m̂l:g, m̂l:s) together with

their associated material dependent parameters. It also includes the description of
thermodynamic properties (e.g., ul, ugv , uga , uss , usw), as well as, representation of
other effects such as swelling, sorption and mechanical response (e.g., by constitutive
relations for ρss , S, ω and σeff ). In Chapter 2 such physical aspects of paper ma-
terials were discussed in relation to experiments and modelling (cf. also Paper C to
Paper E). The next chapter considers model applications, where different realizations
of the model (Paper A–Paper E) have been implemented in order to simulate material
behavior under various conditions.
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Chapter 4

Model applications

Inherently all models are limited in their scope. Even the most general models are
premised on a set of assumption and axioms. Therefore an important aspect to con-
sider in the model development is the application. Depending on the nature of the
inquiry sometimes a highly detailed and complex model is necessary, whereas other
times simpler models are sufficient. A desired feature of a model is to keep it as simple
as possible while capturing the essence of the problem.

The purpose of this chapter is to give an overview of the capabilities of the different
realizations of the macroscopic models presented in Paper A to Paper E. Common to all
papers in this thesis is the aim to capture the physics of cellulose based materials. The
constitutive assumptions made in the papers are however different, since they target
different applications. A benefit of working in a rigorous framework (such as mixture
theory) is that the impact of the introduced assumptions can be tracked, due to the
systematic treatment of the dissipation inequality.

The models developed in this work have become gradually more complex from Paper
A to Paper E in order to capture more physical mechanisms of cellulose based materials
(cf. Table 2.1). A range of different applications has been found for the various stages of
the model development. This includes simulation of moisture transport in paperboard
rolls, investigations of non-equilibrium mass exchange, simulation of edge wicking and
simulation of the retorting process for paperboard packages.

Adaptation of the models to the specific applications included theoretical devel-
opment within the mixture theory framework, development of constitutive equations,
description of appropriate boundary conditions and initial conditions to solve boundary
value problems and various numerical considerations. In this chapter a brief discussion
of the different applications and some of the key results from the papers are given,
for more details see the corresponding paper. Table 4.1 gives a short summary of the
applications considered in the papers.
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Table 4.1: Summary of the simulation studies in the papers of this thesis.

Paper A:

Primary variables P = {θ, nb, ρgv , ρga}
Conceptual view see Figure 3.3

Assumptions/setting Slow flow, non-isothermal, hygroscopic regime, rigid network

Application/simulation Paperboard roll response to change in RH (CD-ZD)

Paper B:

Primary variables P = {θ, nb, pgv , pga}a
Conceptual view see Figure 3.3

Assumptions/setting Rapid flow, non-isothermal, hygroscopic regime,

large temperature variation, elasto-plastic network

Application/simulation Dynamic adsorption/desorption for rapid temperature change (local)a

Paper C:

Primary variables P = {µl, µsw , µgv}a
Conceptual view see Figure 3.5

Assumptions/setting Slow flow, full moisture range, isothermal, swelling fibers and network,

elasticity, hydrophilic or hydrophobic

Application/simulation Dynamic redistribution of water with multiple mass exchange paths (local)a

Paper D:

Primary variables P = {µl, µsw , µgv , pg,u} (ϕ is integrated locally)

Conceptual view see Figure 3.5

Assumptions/setting Slow flow, full moisture range, isothermal, swelling fibers and network,

elasticity, spatially varying hydrophobicity

Application/simulation Estimation of fiber diffusivity (MD-CD)a, Edge wicking in paperboard (MD and MD-CD)

Paper E:

Primary variables P = {pl, µsw , µgv , pga ,u, θ} (ϕ is integrated locally)

Conceptual view see Figure 3.5

Assumptions/setting Slow flow, non-isothermal, full moisture range, large temperature range,

swelling fibers and network, elasticity,

temperature sensitive and spatially varying hydrophobicity

Application/simulation Retorting of paperboard packages (CD-ZD, MD-CD)

a Simulation example does not utilize the complete model.

4.1 Simulation of moisture transport in paperboard
rolls

Paperboard is manufactured in a continuous manner on a several meter wide production
line. At the end of the paper machine the produced paperboard is wound up into a
jumbo reel, which may weigh 30–40 tonnes. This massive reel is subsequently converted
into customer rolls of more manageable size (1–3 tonnes). A substantial part of the
paper machine consists of the drying section, where the paperboard is dried using
heated cylinders (see Section 1.1.2). As a result the paperboard contains residual heat.
The customer rolls are transported by trucks, trains and ships all over the world. During
storage and transport, the rolls are exposed to variations in temperature and humidity,
which could range from warm and humid tropical climates to dry subzero climates.
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The different climates impact the transport and sorption of moisture in the hygroscopic
cellulose.

In the production of packaging material and paperboard packages, the moisture
content of the paperboard is known to have an impact on the performance of the
converting processes. Uneven moisture distribution within a roll or large variations in
moisture content between rolls can therefore cause problems. In Paper A, transport of
moisture in a non-isothermal setting is investigated in a paperboard roll. The presented
model assumes the transport of water molecules to occur in the vapor state by bulk and
diffusive flow in the inter-fiber pore space. The internal mass exchange between water
vapor and fiber is incorporated via non-equilibrium adsorption/desorption interaction.

Due to the rotational symmetry of a paperboard roll, a cross section in ZD-CD was
used as the domain for the simulation. Figure 4.1 shows a sketch of the computational
domain used to investigate the response due to a step change in ambient relative hu-
midity. The system of governing equations was solved using an in-house FE code based
on four-node isoparametric elements and a monolithic solution scheme with backward
Euler time integration.

Figure 4.1: Graphical representation of the modelled section of a paperboard roll adopted in Paper
A to simulate the response to changes in ambient conditions.

A situation where the ambient climate was ramped from 50% to 80% relative hu-
midity was considered. The humidity was changed over a period of 4 hours while the
ambient temperature was maintained constant to be able to distinguish between the ef-
fect of energy release due to sorption and the effect of the heat supplied via boundaries.
The obtained moisture profiles in the radial direction (ZD) and axial direction (CD)
are shown in Figure 4.2. It is seen that under the given conditions the resulting profiles
are non-homogenous and the anisotropy in transport properties are clearly reflected by
the size of the affected zone. This indicate that, unless measures are taken to reduce
the vapor supply, there will be substantially different properties for the outmost axial
regions and the first layers of paperboard more than 30 days after the change in ambient
humidity.

The release of heat from vapor sorption did not affect the temperature profile to any
noticeable extent. The main reasons for this were that the heat release was confined to
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Figure 4.2: Simulated moisture profile in radial direction (at z = 0) and axial direction (at r = rcore),
respectively. The paperboard roll was subjected to a ramp in relative humidity from 50% to 80%.
Results from Paper A.

the regions closest to the boundary and the heat transport was relatively high compared
to the rate of heat release due to sorption, hence the heat accumulation became minimal.

It was found that the amount of water in the system was primarily controlled by the
vapor diffusion whereas the distribution of the moisture in the material was determined
by an interplay of vapor transport and sorption kinetics. Initially the high sorption
rates were localized close to the boundaries. When these regions approached the equi-
librium moisture ratio the sorption zone propagated inwards with a more diffuse spatial
distribution of adsorption. Figure 4.3 depicts the evolution of the driving force for mass
exchange.

0.48 0.485 0.49 0.495 0.5 0.505
−45

−40

−35

−30

−25

−20

−15

−10

−5

0

 

 

10 days

20 days

30 days

D
ri
v
in
g
fo
rc
e,

∆
µ
[J
/
k
g
]

Radial position, r [m]

Figure 4.3: Simulated evolution of the driving force ∆µ = µb − µgv for mass exchange in radial
direction (at z = 0). The paperboard roll was subjected to a ramp in relative humidity from 50% to
80%. Results from Paper A.
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4.2 Investigations of non-equilibrium mass exchange

Many authors, including Leisen et al. (2002) and Ramarao et al. (2003), emphasize
the necessity of resolving the non-equilibrium mass exchange in order to describe the
experimentally observed behavior in moisture transport experiments.

In Paper B the sorption kinetics was studied for a material in the hygroscopic regime
that was subjected to rapid heating. A sorption kinetics study was also made in Paper
C under isothermal conditions where the investigation was focused on understanding
the interplay of the different mass exchange pathways, i.e. adsorption/desorption, evap-
oration/condensation and absorption/exorption, in the presence of a liquid phase while
accounting for the effects of swelling.

4.2.1 Dynamic phase exchange of water under rapid heating

In Paper B, a study on the impact of desorption on pore pressure evolution was made.
The effects of flow were avoided by restricting the study to local conditions. The system
was idealized by removing the effects of deformation and assuming a homogeneous state,
thus only selected parts of the model derived in Paper B were used in the study. The
system response to heating from room temperature to 165 ◦C in 1 s was investigated
for various initial moisture ratios. As the inital state corresponded to the material in
equilibrium with its moisture ratio, the relative humidity in the pore space were initially
different as well. The system was solved using Matlab’s ordinary differential equation
solver (ode15s) to integrate the governing equations.

The rapid change in temperature facilitated desorption, which consequently in-
creased the vapor pressure in the pore space as the process progressed. Note however
that in this work the effect of temperature on the kinetic coefficient was not accounted
for. In Figure 4.4 (left) the deviation from the equilibrium represented in terms of
activities is shown. The large difference in activity is attributed to two separate effects:
1) the dramatic reduction in relative humidity with increased temperature due to the
strong temperature dependency of the saturation vapor pressure and 2) the increase
of the activity of the sorbed water represented by the temperature dependence of the
sorption isotherm.

The built up pressure in the pore space is shown in Figure 4.4 (right). At the end of
the rapid temperature ramp, the pressure increase due to thermal expansion of the ideal
gases reached 50 kPa, independently of the initial moisture ratio. However, unless the
material was initially very dry, desorption of moisture resulted in continued pressure
increase at maintained heating. In fact, the pressure reached sufficiently high values to
cause out-of-plane failure (delamination) of the material.
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Figure 4.4: Time evolution of the activity difference aw − φ (left) and gas pressure evolution (right)
for different initial moisture ratios W 0 simulated in Paper B. The system was subject to heating from
room temperature to 165 ◦C in 1 s.

4.2.2 Dynamic phase exchange with multiple interacting phases

The presence of a liquid phase was considered in the model development in Paper C. This
generalization opened up multiple mass exchange pathways. Based on the conceptual
view proposed in Paper C, three different modes of mass interactions were identified
viz. transfer of mass from the inter-fiber liquid and from water vapor, respectively, to
the swelling fiber and the mass exchanged between liquid and vapor in the pore space,
cf. Figure 3.6. In Paper C, simulations of the local redistribution dynamics of water,
assuming a homogeneous system released from a hypothetical non-equilibrium state,
was made. By assuming a gradient free system the governing equations were integrated
locally under various conditions with the aim to study the mass exchange dynamics.
A parameter study was carried out to investigate the deviations from the commonly
made assumption that the vapor and liquid are in instantaneous equilibrium as long as
there is liquid present. Figure 4.5 shows the path to equilibrium for a sample in initial
moisture equilibrium at standard atmospheric conditions (50% RH, 23 ◦C) which was
subjected to instantaneous water soaking. The path was described in the space S−ω−φ
(liquid saturation–fiber moisture ratio–relative humidity), where the equilibrium curve
corresponded to the condition µl = µgv = µsw . The relative exchange rate parameters
qv and ql was introduced to relate the evaporation and absorption rates, respectively,
to the experimentally obtainable adsorption rate.

A comparison between hydrophilic and hydrophobic fibers revealed the difference
in dynamics originating in the difference in liquid–fiber contact. From the result it
was observed that the hydrophilic material, which maintained a better liquid contact,
attained its final fiber moisture ratio significantly faster than the hydrophobic material,
see Figure 4.6.
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Figure 4.6: Evolution of fiber moisture with time for hydrophilic and hydrophobic material, taken
from Paper C.

Swelling of paper-like materials are highly anisotropic, where the out-of-plane direc-
tion (ZD) exhibits the largest dimensional change. It was found that by constraining
movement in ZD a noticeable difference could be observed in the mass exchange dy-
namics. The phenomenon could be explained by the change in porosity caused by the
intrinsic swelling of the fibers, which effects the saturation and contact areas. In turn
these properties influence the mass exchange rate. Thus the interconnectedness of mass
exchange, swelling deformation and material properties influencing the flows (e.g., per-
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meability and effective diffusivity) are important to account for in non-steady state
conditions. In Figure 4.7, the impact of the swelling constraints on the mass interaction
dynamics found in Paper C is presented.
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equilibrium state (S, ω, φ) = (0.99, 0.07, 1.0) subject to different swellnig constraints. Figure adopted
from Paper C.

4.3 Simulation of edge wicking in paperboard

In a range of everyday applications cellulose based materials come in contact with
liquid water. In nature, trees and other plants are exposed to rain and groundwater.
Dewatering of pulp suspensions and pressing of unconsolidated paper materials are
examples from the paper manufacturing process where liquid water flow in cellulose
fiber composites are prominent. In paper end-use applications liquid contact can occur
from surface condensation, immersion in water, exposure to water based liquids or
outdoor conditions.

The surfaces of cellulose fibers are naturally hydrophilic and as a consequence porous
media formed thereof will be spontaneously wetted. For a number of paper products,
such as printing paper and hygiene products, this is an important property for their
functionality. The properties of paper materials are strongly influenced by moisture.
This include the network cohesion and the strength of the individual fibers. Therefore
the presence of liquid is detrimental to the material performance in structural applica-
tions, where strength and integrity are of highest importance.

The uptake of water by the material caused by the capillary action is called wicking.
The wicking behavior is primarily determined by the surface energy properties and the
pore structure of the material. In-plane invasion of water into thin porous media is
referred to as edge wicking and its quantification is an important performance indi-
cator for paperboard that is used in liquid packaging applications. It is desired that
paperboard packages for such applications have low edge wicking, as it is indicative
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of the material’s ability to maintain its dimensions, strength, stiffness and package in-
tegrity at long-term exposure to liquid water. High edge wicking may lead to material
delamination, structural instability and loss of package integrity.

In the material composites used as liquid packaging materials, the top and bottom
external surfaces of the paperboard are laminated with polymer films and commonly
also with an aluminium layer. Such lamination is performed to protect the paperboard
from being subjected to water and moisture from the ambient environment as well as
from the packaged liquid product. This results in a packages that can efficiently protect
its content from environmental influences. However, the edges of the paperboard are
still unprotected and exposed to the environment. A measure used to quantify the
water uptake from edge wicking is the so called edge wicking index (EWI), defined as
the mass increase per unit initial cross section area exposed to liquid, given by,

KEWI =
∆mwater

b0th,0
, (4.1)

where ∆mwater is the mass increase of water, b0 is the in initial exposed perimeter
length and th,0 is the initial thickness. The use of the initial dimensions are necessary
due to the dimensional change caused by the swelling.

To control the surface spreading or to minimize wicking, extensive use is made
of sizing treatments. For paperboard intended for use in liquid food packages internal
sizing is obtained by adding organic hydrophobization compounds in the manufacturing
process, e.g., alkyl ketene dimer (AKD). The presence of AKD on the fiber surfaces
changes the surface energy and with sufficient dosage spontaneous invasion of liquid is
inhibited. The hydrophobization of the material does not, however, prevent transport
of water by for instance, vapor diffusion and fiber water diffusion.

Production of packaging material involves converting operations. One such opera-
tion is creasing, which is a process creating internal damage along predefined lines, which
are subsequently used to enable easy folding of the material into a food container. In
the creases the induced damage decreases the fiber–fiber contact, thus exposing hy-
drophilic fiber surfaces not reached by the previous hydrophobization treatment of the
paperboard.

In Paper D the model developed in Paper C is adopted to solve boundary value prob-
lems in the presence of liquid water in the ambient environment. A description that
accounts for spatially varying hydrophobicity is developed which separates hydrophilic
and hydrophobic pores. The macroscopic model representation is obtained from inte-
gration of the distribution of pore sizes and hydrophobicity. The result is a model that
smoothly describes the capillary effects, from untreated to strongly sized material, with
spatial distribution. In Figure 4.8 the liquid saturation as a function of the reduced
chemical potential of the liquid, µ̄l = µl − (pg − p0g)/ρl for various hydrophobization
degrees ν, is shown.
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In Paper D the governing equations were implemented in an in-house FE code solved
by a staggered solution scheme, separating the solution of the momentum equation
from the mass balances. Figure 4.9 shows the evolution of EWI for various degrees of
hydrophobicity and mass exchange rates for edge wicking in MD. The EWI was investi-
gated for liquid invasion in MD where the EWI was broken down into the contributions
of fiber water and inter-fiber water.
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Figure 4.9: Edge wicking index calculated in Paper D for various degrees of hydrophobicity (ν) and
interaction rates (ql, qv), respectively. The model distinguishes between contributions of fiber water
and inter-fiber water.

The parametric study of the degree of hydrophobicity in Figure 4.9 (left) shows
that the largest variations between the different simulations were observed in the early
stages. As is seen, in the beginning the inter-fiber water contributions were dominating.
After about 200 seconds the slope of the total water sorption approaches that of the
fiber moisture ratio which suggests that the system was controlled by the absorption
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rate of the fibers. Figure 4.9 (right) shows that the total wicking curves coincide in the
start of the process, which also points to the dominant effect of the liquid invasion into
the pore space. The separation of the total uptake curves elucidate the transition to
when the fiber absorption kinetics controls the macroscopic response. The observations
from these simulations are qualitatively similar to the results of Bristow (1971) for water
absorption and swelling of fiber networks.

In-plane edge wicking in the MD-ZD plane of 50 × 50 mm paperboard samples
with a central symmetry line was considered. Along the creases the hydrophobicity
was reduced, creating a favorable path for water to invade the inter-fiber pore space.
The resulting distribution of inter-fiber water saturation and fiber moisture ratio are
shown in Figure 4.10. The non-equilibrium absorption interaction resulted in a gradual
increase of the fiber moisture ratio in the saturated regions. After 60 min it was seen
that the fiber moisture had been distributed to a domain broader than the creased
channels by the mechanisms of fiber diffusion, vapor diffusion and adsorption.

t=1 min t=4 min

S

t=10 min t=60 min

t=1 min t=4 min

ω

t=10 min t=60 min

Figure 4.10: Distribution of inter-fiber water saturation (upper) and fiber moisture ratio (lower), re-
spectively. Simulation results from Paper D with locally reduced hydrophobicty of the creased channels.
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4.4 Simulation of the retorting process for paper-
board based packages

Maintaining food safety and quality is the number one concern for a food container.
Thermal processing of foods can be used to limit or eliminate the potential of microbial
growth, resulting in an extended shelf-life. For many products a shelf-life of several
years can be obtained in this way.

Before undergoing sterilization the food is hermetically sealed, hence the package
also undergoes the procedure. The sterilization takes place through thermal treatment
in a pressure vessel, called autoclave or retort. Retorting is an industrially scaled batch
sterilization process that generally uses high temperature steam to accomplish good
heat transfer. The process was originally designed for containers of glass and metal and
has thus been extensively used for production of canned food. It is a remarkable idea
to use cellulose based packages in this process, considering that moisture has a well
known degrading effect on such materials. However, about two decades ago a paper
based package designed for retorting was introduced on the market.

The laminates based on paperboard that were developed to this end consist of a core
of paperboard, with thin layers of polymers on both sides and an aluminium foil on the
inside to increase its barrier properties (cf. Figure 1.6). The paperboard designed for
this process is strongly internally sized in order to prevent spontaneous wetting. Figure
4.11 shows a sketch of a retort used for paperboard packages.

Packaged food product

Package rack

Water spray nozzles

Water drain Air and steam inlet

Pressure relief valve

Circulation pump

Heat exchanger

Steam inlet

Figure 4.11: Schematic illustration of an example retort for batch sterilization of filled food containers.
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The retorting process sets high demands on the packaging material, which must be
able to withstand high temperatures and pressures in a wet and humid environment
for an extended time period. The appropriate control of process parameters during the
different stages of the retorting has proven to be important for limiting the sorption of
water and avoiding material delamination.

Understanding the intricate interplay of interaction and transport mechanisms active
in the paperboard material when undergoing a retorting process is challenging. Mod-
elling can be a worthwhile enterprise to obtain valuable knowledge about the connection
between the material and process design and their relation to the physical mechanisms.

The model proposed in Paper E was designed for the retorting application. The
governing equations include mass, momentum and energy balances. The constitutive
framework accounts for large temperature variations and over-hygroscopic moisture
contents. Figure 4.12 illustrates the setup for investigations of a CD-ZD cross section
as presented in Paper E. Note that the influences of the polymer (PP) and aluminium
(Al) films were considered through boundary conditions.

Paperboard

PP (top)

PP (bot) Al-foil

Product

Retort environment

...
CD

ZD

MD

Figure 4.12: Illustration of the simulation setup for idealized retorting in CD-ZD in Paper E.

Principally three distinct stages in the retorting process can be identified, viz. heat-
ing, cooking and cooling. The sterilization of the packed product mainly takes place in
the cooking stage, while controlled and properly performed heating and cooling stages
are important for its impact on the paper based containers. In Figure 4.13 an example
of a retorting process cycle and the corresponding temperature difference across the
material (ZD) is shown. Depending on what product the package contains, different
retorting process cycles are used in practice to ensure sufficient sterilization effect.

Simulations of the retorting cycle, with various changes to the constitution of the
material and boundary conditions, revealed the relative influence of different mecha-
nisms on the macroscopic response, see Figure 4.14. From this investigation it was
found that, for instance, the swelling marginally increased water uptake, whereas a
substantial portion of the total water uptake was attributed to the vapor transport
through the top polymer film. The simulations revealed that diffusion of fiber water
had a non-negligible contribution to the overall moisture, due to the high moisture
contents and high temperatures attained in the process.
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Figure 4.13: The reference retorting process cycle and the corresponding temperature difference over
the material, respectively. Adopted from Paper E.
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Figure 4.14: Simulation of net water uptake of paperboard during a retorting process. Results from
Paper E.

Figure 4.14 (right) shows that the moisture uptake in a pure vapor environment
was significantly larger, as compared to the same process in a mixed gas environment.
The reason for this was that the presence of dry air reduced the vapor transport, by
making it primarily a diffusive process, in contrast to bulk flow in the pure vapor
system. Moreover, the study confirms the proposition posted by Tufvesson, Aksberg
and Lindström (2007), that there is accelerated moisture uptake at the cool side towards
the open edge, caused by vapor condensation and rapid absorption (in the simulation
the vapor is assumed to be directly absorbed by the fiber).

During the retorting cycle the material may become fully or partially submerged
into water. If water covers the edges, the change in temperature will result in pressure
variations in the pore space that can cause water to be sucked into the paperboard, if
the energetic barrier caused by hydrophobization is insufficient to withstand the pres-
sure drop. Figure 4.15 shows the spatial distribution of inter-fiber water saturation (S),
fiber moisture ratio (ω) and porosity (ϕ) 8 minutes after contact with water at differ-
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ent stages in the a retorting cooling stage. From the simulations it was found that an
important factor contributing to the water invasion was the mass of confined gas when
the edge became covered with liquid. This factor is controlled by the pressure, temper-
ature and composition of the retort environment. The simulation indicated that, if the
retorting pressure is kept constant after contact with water, larger edge soaking will
occur for earlier contact (higher temperature and pressure). By reducing the pressure
as the cooling progresses (bottom row, Figure 4.15) the water uptake can be drastically
reduced.

Saturation S [-] Moisture ratio ω [-] Porosity ϕ [-]

tC = 85 min
pl = pg,r(tC)

tC = 80 min
pl = pg,r(tC)

tC = 75 min
pl = pg,r(tC)

tC = 75 min
pl = pg,r(t)

Figure 4.15: Saturation, moisture ratio and porosity distribution in CD-ZD at t− tC = 8 min after
the contact with water. Dimension in mm. Figure adopted from Paper E.

4.4.1 Effects of in-plane hydrophobicity distribution in retort-
ing process

As is indicated in Paper D, the effects of spatial variations in hydrophobicity can greatly
effect the distribution of water in the material. Converting operations are one way that
such effects can be introduced into the material due to the breaking of fiber–fiber bonds
and thus exposing new fiber surfaces. In Paper E, a study was made to explore the
impact of creasing channels with reduced resistance to capillary transport on the water
uptake in the retorting process.

A 2D simulation model that spanned MD-CD was set up for a domain consisting
of 20 × 10 mm paperboard with a central cross representing creased material. Three
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different hydrophobization levels of the creased channels were considered, representative
of internally sized material with mean contact angle θ̄0c ∈ {105◦, 95◦, 80◦} at room
temperature.

Saturation S [-]

t− tC = 5 min t− tC = 10 min

Homogeneous θ̄0c = 105◦ Homogeneous θ̄0c = 105◦

Channel θ̄0c = 95◦ Channel θ̄0c = 95◦

Channel θ̄0c = 80◦ Channel θ̄0c = 80◦

Moisture ratio ω [-]

t− tC = 5 min t− tC = 10 min

Homogeneous θ̄0c = 105◦ Homogeneous θ̄0c = 105◦

Channel θ̄0c = 95◦ Channel θ̄0c = 95◦

Channel θ̄0c = 80◦ Channel θ̄0c = 80◦

Figure 4.16: Distribution of inter-fiber water saturation and fiber moisture, respectively, for various
hydrophobization of the channels. The contact with liquid water occurs at tC = 75 min into the
reference retorting process. Dimensions in mm. Figure adopted from Paper E.
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The system considered in Paper E is non-isothermal and thus pressure differences
caused by temperature changes induce capillary flow for the sized material, which does
not imbibe under standard conditions. The resulting saturation and moisture ratio
distributions are shown in Figure 4.16.

At homogeneous hydrophobization a diffuse low saturation front was observed (top),
which is in contrast to the well defined channels with high saturation, in the case of large
spatial variation in hydrophobicity (bottom). Moreover, the front propagated through
the domain in < 5 min, for θ̄0c = 80◦. In the intermediate situation, θ̄0c = 95◦, inter-fiber
water transport was observed both within and outside of the creased domain, however,
with a distinct difference in saturation. From the simulations it was found that the
values for the edge wicking index were similar whereas the distribution of the water for
the different cases were distinctly different, see Figure 4.16. This is a demonstration of
the inadequacy of considering only the macroscopically measurable EWI as an indicator
measure for more complex problems.
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Chapter 5

Conclusions and future work

5.1 Conclusions

In this thesis a macroscopic thermodynamically consistent model for cellulose based
materials has been developed using the mathematically rigorous mixture theory frame-
work. The set of constitutive equations was derived fulfilling the macroscopic dissipation
inequality. An advantage of systematically obtaining the constitutive theory was the
emergence of necessary couplings and the propagation of assumptions. The utilization
of the dissipation inequality allowed for extensions of the model to be derived system-
atically, as has been done in the papers of this thesis.

The derived model is versatile and a range of applications has been investigated
including moisture transport in rolls, edge wicking in paperboard and retorting of pa-
perboard based packages. A central part of the modelling work was the incorporation
of the appropriate and necessary physics to describe the material behavior under a
large span of moisture ratios and temperatures, while simultaneously being mechani-
cally loaded. More generally this work can be considered to be a tool for analysing
and building knowledge of the material behavior of cellulose based materials through
numerical simulations.

The physics addressed in this model includes swelling, elasto-(plasticity), fiber diffu-
sion, vapor diffusion, bulk gas flow, inter-fiber water flow, heat conduction, heat convec-
tion and three-way mass exchange (i.e., adsorption/desorption, evaporation/condensation
and absorption/exorption). The temperature dependent sorption up to FSP was in-
cluded and the mechanisms were coupled via thermodynamic considerations. Addi-
tionally, variations in hydrophobicity from untreated to strongly sized materials were
considered.

Qualitative investigations with the developed model showed the importance of con-
sidering the distinct states of water in the material and the importance of combining
measures of moisture distribution together with macroscopic values such as EWI to un-
derstand the underlying mechanisms. This was especially relevant for conditions with
spatially varying hydrophobicity.
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5.2 Future work

This project, involving the development of a theoretical framework, constitutive theory
and associated numerics, and its application to paperboard can be considered a small
step in the endeavour to understand of the intricate interactions in cellulose based
material.

The model features demonstrated in this work has been qualitative in nature, since
it is based on constitutive properties collected from a range of different sources. Con-
sequently the model is not predictive of the behavior of any specific real material.
Calibration of the long list of constitutive functions is therefore necessary if one aims
for quantitative predictions. Due to the high complexity of the model and its intercon-
nectedness the calibration towards any material is far from trivial. In particular the
intrinsic behaviour of the mass exchange is experimentally difficult to decouple from,
e.g. the pore vapor transport. However, the dynamic mass exchange behaviour under a
large range of moistures and temperatures is central to accurate predictions of sorption
behavior. In the author’s point of view a natural next step would be to calibrate and
validate the model based on an experimental data set of a single material. Extending
the range of experimental investigations to encompass a large range of temperature and
moisture levels is important, yet difficult, for the ability to calibrate the model and
verify model predictions.

Boundary conditions are generally quite difficult to formulate in mixture theory and
in order to obtain a predictive modelling framework, more work is needed to derive
accurate representation of real boundary conditions.

From a modelling perspective there are aspects of cellulose based materials that were
not considered in this work, which could be interesting avenues for future research. The
inclusion of thermodynamically consistent moisture sorption hysteresis within the mix-
ture theory framework is one example. Modelling of delamination and failure criteria is
another interesting prospect to consider in conjunction with softening effects of moisture
and temperature in the presence of mechanical loading.

On the numerical side the main limitation is the abrupt transition from single-phase
inter-fiber flow to two-phase inter-fiber flow when liquid water forms from e.g. conden-
sation of supersaturated vapor. Thus a future challenge is to model such transitions in
a robust way.
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Summary of the papers

Paper A: A constitutive model for paperboard is developed within the mixture theory
framework. The material is conceptually decomposed into three phases: bound water,
cellulose fiber and air. The air is considered a miscible mixture of water vapor and
dry air for the purpose of modelling non-equilibrium mass exchange between vapor and
bound water. Coupling between heat and mass transport are incorporated in a consis-
tent fashion by deriving the net isosteric heat of sorption from the description of the
sorption isotherm. The derived model is used to investigate the moisture transport in
paperboard rolls during storage in climates with varying relative humidity.

Paper B: The model derived in Paper A is extended to consider deformable mate-
rial in a large strain setting. Plastic deformation is considered and the response of
moist paperboard is simulated under rapid temperature and pressure variations. For
this purpose non-linear constitutive laws for gas transport is included.

Paper C: The conceptual view of the material proposed in Paper A is reconsidered for
the purpose of capturing swelling cellulose based material in the presence of inter-fiber
water. In the theoretical development the paperboard includes an inter-fiber water
phase and the fiber water component is considered as a miscible constituent of the
fiber. This lead to the presence of multiple exchange pathways, which are explored un-
der isothermal and deformable conditions. The model distinguishes between hydrophilic
and hydrophobic material responses.

Paper D: The theory developed in Paper C is revisited and additional constitutive
theory is derived with the purpose of applying the model to solve boundary value prob-
lems. A model that captures spatial variations of hydrophobicity is proposed and the
model is used to simulate and qualitatively evaluate edge wicking in paperboard. The
model accounts for flow of inter-fiber water, fiber water, bulk gas and vapor diffusion
as well as their non-equilibrium mass exchange interactions in a swelling material.
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Paper E: The model used in Paper D is generalized and extended to account for non-
isothermal conditions. Thus coupled heat, mass and momentum transport are described
in a swelling multiphase system. Constitutive equations suitable for high temperature
and high moisture environments and boundary conditions representative of the retorting
process are derived. The proposed multiphysics model developed in the mixture theory
framework is used to analyse an idealization of the retorting process for food packages
and evaluate the influence of material and retorting process parameters.
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Reardon, S. A. (1994). A mathematical model for the simulation of paper drying energy
consumption, PhD thesis, University of Tasmania.

Reardon, S. A., Davis, M. R. and Doe, P. E. (1999). Construction of an analytical
model of paper drying, Drying Technology 17: 655–690.

Rhim, J. W. and Lee, J. H. (2009). Thermodynamic analysis of water vapor sorption
isotherms and mechanical properties of selceted paper-based food packaing materials,
Journal of Food Science 74(97).

Roberts, R. J. (2004). Liquid penetration into paper, PhD thesis, The Australian Na-
tional University.

Robertson, A. A. (1963). The physical properties of wet webs, Svensk Papperstidning
66(12).

Robertson, G. L. (2016). Food packaging: principles and practice, CRC press.

113



Robertsson, K., Borgqvist, E., Wallin, M., Ristinmaa, M., Tryding, J., Giampieri, A.
and Perego, U. (2018). Efficient and accurate simulation of the packaging forming
process, Packaging Technology and Science 31(8): 557–566.

Rouhi, M. S., Wysocki, M. and Larsson, R. (2013). Modeling of coupled dual-scale flow-
deformation processes in composite manufacturing, Composites: Part A 46: 108–116.

Rudman, I. and Patterson, T. (2001). Water and air permeability of wet sheets, Tech-
nical report, Institute of Paper Science and technology, Atlanta, Georgia.

Salmén, L. and Larsson, P. A. (2018). On the origin of sorption hysteresis in cellulosic
materials, Carbohydrate Polymers 182: 15–20.

Salmén, N. L. and Back, E. L. (1978). Effect of temperature on stress-strain properties
of dry papers, Svensk Papperstidning 81(10): 341–346.

Salminen, P. J. (1988). Studies of water transport in paper during short contact times,
PhD thesis, Åbo Akademi.
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